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SRINIVASA RAMANUJAN (1887-1920) 


Srinivasa Ramanujan, the greatest mathematical genius produced in 
India, was born on the 22nd December, 1887 in Tamil Nadu. He belonged 
to a poor Brahmin family. He earned a name for extra-ordinary mathematical 
ability even as a child. In 1913, Ramanujan joined the University of Madras 
as the first research scholar of the University. 1n 1914, he went to England 
where he collaborated with Hardy and Littlewood to produce some of the most 
outstanding work. In 1918, he was elected a Fellow of the Royal Society. In 
1917, Ramanujan fell ill in England and returned back to Madras in 1919, He 

passed away on the 26th April, 1920. Even on his deathbed, he produced 
research work of the highest order. Ramanujan used to write on notebooks. 
His notebooks contain more than three thousand important theorems. 


Ramanujan will be remembered not only because his work has kept first 
rate mathematicians busy for nearly seventy years even after his death, but 
also because he was able to do so without any formal training and without any 


means of support. 
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= is equivalent to 
{} set ; 
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& is not an element of ; 
: such that i 
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(Y... intersection 
$ the empty set 
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v for all 
N the set of natural numbers 
7 the set of integers 
Q the set of rational numbers 
Qt the set of positive rational numbers 
R the set of real munbers 
R* the set of positive real numbers 
c the set of complex numbers 


therefore 
because 


алс re 
Hindus were the first to use enit forthe various operations 
and the unknowns in algebra. For example, Ка (т) was used for 
square-root and the first letters of words for various coiours 
. were used for the unknowns. For example, € (for ef), ч (for їч) 
апа во оп. The method of solving a quadratic by completing 
the square was also given to the world: by Hindus. Today the 
solution of polynominal equations like. ax-+-b=0, ах?2--рх--с--0 
is regarded trivial. But once upon a time when people had по 
symbols to write an equation, the solution of even particular 
linear and quadratic equations was considered a great achiev- 
ment. People usually guarded the solutions and posed these 
as challenging problems. Hence the importance of symbolism. 
* Ж * 

As the sun eclipses the stars by its brilliance, so the man of 
knowledge will eclipse the fame of others in assemblies of 
people if he proposes algebraic problems, and still more if he 
solves them. 


--Вгайтадирїа 
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“PREFACE | 


сор бид oria avi 
The book has been specially designed as)artextifor use ini: class 
ХП of Senior Secondary Schools (under the 10--2 реа of 


education). In respect of subject matter content, it'strictly covers 
'^tlie- syllabus "prescribed “Бу” the ^ Central Board оѓ "Secondary 


Education, New Delhi. 39 # 


_In the preparation of the book, the authors have kept in view 
the idea of dn Integrated Approach to Mathematics which has now 
been” universally accepted as a sound pedagogical principle “іп 
Mathematics Education. Wherever possible, a new mathematical 
concept has been introduced in the setting of real life situations, as 
an abstracting “model, rather than an abstraction in itself. The 
concepts and techniques learnt have been sought to be applied to 
practical problems from yarious co-curricular subjects like Physics, 
Chemistry, Biology, Economics etc. Ап attempt has been made to 
present mathematics as a single entity. 


The exposition is simple, yet rigorous. The language is such 
as a student at this level can easily follow. Since sets provide the 
most convenient medium in which mathematical ideas find their 
simplest expression, therefore, the language of sets has been used 
throughout the book. A proper balance between the learning of 
concepts and proofs, and the mastery of skills has been sought to 
be achieved throughout the book. 


Short biographical notes have been added at appropriate 
places to give the student some idea about the Makers of Mathe- 
matics. Full page photographs of such mathematical giants as 
Jakob Bernoulli, George Boole, Arthur Cayley, Augustin Louis 
Cauchy, Lenohard Euler, Ronald A. Fisher, Carl Friedrich Gauss, 
Josiah Willard Gibbs, L’Hopital, Joseph Louis Lagrange, G.W. 
Leibniz, Blaise Pascal, John von Neumann, Issac Newton, Srinivasa 
Ramanujan, and George Bernhard Riemann have been included in 
the book to add to the historical perspective and to enhance the 
aesthetic appeal. Historical notes have been given wherever 
necessary. 


Throughout the book a large number of examples have been 
solved to illustrate the various concepts and techniques. The 
problems have been carefully selected and properly graded and the 
answers have been thoroughly checked. They have been given in 
the form of problem-sets at the end of each section, and their 
number is just the right one for having a proper understanding of 


1 


( xii ) 


the subject ав well as for acquiring the necessaty computational 
skills. A serious effort has been made to keep the book free from 
mistakes. 

At the end of each chapter аг brief summary of the chapter, 
a set of objective type questions, and a set of review exercises has 


been given. Trigonometric and logarithmic tables have been given 
at the end of the book. 


25 Ш is hoped that the book will be found useful by all those. for 
whom pit is meant, Suggestions for the improvement of the book 
will be gratefully received and acknowledged. 


Meerut; M.K. SINGHAL 
April-13, 1990 ASHA RANI SINGHAL 
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ARTHUR CAYLEY (1821-1895) 


Cayley was born on August 16, 1821 іп Richmond, England. Early in life 
he developed an amazing proficiency in numerical calulations, Encouraged by 
his teachers, he took to mathematics, winning over the resistance put up by his 
father. At the early age of twenty-one, Cayley became a Senior Wrangler in 
mathematical tripos. For fourteen years Cayley practised law but did not 
diyorce mathematics, After that the became a professional mathematician, 
Shy and reserved, the frail-looking Cayley was nevertheless a great pillar of 
physical as well as mental strength. Serene and enduring, his hobbies included 
tramping, mountaineering, water colour sketching and novelreading. He was 
blessed with a unique memory, He never ever forgot anything he had seen or 
heard. Through severely ill, Cayley continued fo create mathematics till his last 
day which was January 26, 1895, 

From the point of view of prolific inventiveness, Cayley must 3s putina 
class, the only two other members of which happen to be Ешег and. Cauchy. 
Cayley is best remembered for three things. The first of these’ is his theory of 
algebraic invariants which is of great importance to the physicists in the theory 
of relativity, and is a remarkably: beautiful piece of pure mathematics. The 
second is his invention of the geometry of higher space (space of n dimensions). 
But for this invention of Cayley, Klein should not have been known. for his 
Erlanger Programme, The third washis invention of matrices Sixty-seven 
years after the matrices were invented by Cayley, Heisenberg realised that they 
provided the algebraic tool needed by him in his revolutionary work іп quan- 


tum mechanics. 


СНАРТЕК 1 


Matrices and Determinants 


41. INTRODUCTION 

Matrices form one of the most important concepts of linear 
algebra. They have a wide variety of applications. There аге many 
situations when a large amount of data has to be stored for future 
use. This data is conveniently arranged in the form of a table with 
rows and columns. Whenever a problem reduces to a set of linear 
«equations, then matrix methods are applied to solve them. Matrices 
‘have important applications to geometry, electrical network theory, 
probability, graph theory etc. 

In the present chapter we shall study some basic concepts of 
matrices and apply them to solutions of systems of linear equations. 
12. DEFINITION OF A MATRIX 

Let S be any set. А set of mn elements of S arranged in a 
rectangular array of m rows and п columns as 

шан: 
ЭСЭЭ 


ату ат + айз 
ris called an m X n (“т by n") matrix over S. 
Illustrations 


1. ( i : 3) іа 2x3 matrix over the set N of natural num- 


Ybers. 


NIA 


Эн | is a 2X2 matrix over the set Z of integers, 
ЕЛ ( EN : " ) is a 2X3 matrix over the set R of real 


0 ы 
"numbers. 
1 i -1 
4. 2-і is a 3x3 matrix over the set C of 
4 5 79421 


«complex numbers. 


2 A TEXT-BOOK OF MATHEMATICS 


A matrix may be represented Бу the symbols | 4671, (ass), 
[a] or by a single letter such as A. Тһе аг/8 in a matrix are called 
the elements of the matrix. The indices i and -j of an element indi- 
cate respectively the row and the column in which the element ai; is 
located. Thus in the illustration 3 above, 4/3 is the (1, 3)th element 
s Situated in the first row and the third column. 

Since we shall be dealing only with matrices over the set of 
real numbers, therefore, henceforth it will be understood that the 
word ‘matrix’ stands for ‘matrix over R’ unless stated otherwise. 

The 1 хл matrices are called row vectors and the mX 1 matrices 
are called column vectors. The mxn matrix whose elements аге 
all 0 is called the null matrix (or zero matrix) of the type m Xn. It is 
usually denoted by Omen, or simply by О if there is no chance of 
confusion. 4 


If т=п, the matrix is called a square matrix of order погап 
n-rowed square matrix. The elements 411, дарь ‚атп of a square 
matrix A are said to constitute the main diagonal of A. А square 
matrix in which all elements except those in the main diagonal are 
zero, is called a diagonal matrix. Thus an n-rowed square matrix 
[ais] is a diagonal matrix iff aj =0 whenever ij. Ап n-rowed dia- 
gonal matrix [a;j] is sometimes also written as 

dia. |011, daa, Ann]. 

A diagonal matrix in which all the diagonal elements are equal, 
is called a scalar matrix. Thus, an m-rowed square matrix [aij] is a 
scalar matrix iff for some number К, 

dics k, when i=j, 
ший when ij. 

A scalar matrix in which each diagonal element is unity, is 
called a unit matrix ог an identity matrix. Thus, an n-rowed square 
matrix [ai] is a unit matrix iff 

4 | 1, whenever, i=j; 
2 0, whenever, ij. 

We shall denote the n-rowed unit matrix by the symbol In. 

The matrix of elements which remain after deleting any number 
of rows (of course not all!) and columns of a matrix A is called a 
submatrix of A. The number of rows deleted need not be the same 
as the number of columns deleted. 


Illustrations 


0 0 


2 1 
2. 4 9 |15 a 3-rowed square matrix ; 2, 3, 6 
TOS 6 ; 
constitute the main diagonal of this matrix. 


iif ( 9 х б ) is the 2X3 null matrix. 
8 
3 


hy 
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3 0 0 
3. 0 8 0 lisa 3-rowed diagonal matrix. 
0 0 6 
7 0 0 
4 0 7 0 jis a 3-rowed scalar matrix. 
0 0 7 
1 0 0 
5. 0 1 0 | is the 3-rowed unit matrix. We denote 
( 02504911 ) . 
it by Ig. 
4 9 3 4 
6. The matrix ( 2 ) is a sub-matrix of 7: 4 3 
0 2 2 


because it can be obtained from the latter by deleting the first row 
and the first and the third columns. 


13. EQUALITY OF MATRICES 

Two matrices are said to be comparable when each of them has 
as many rows and columns as the other.: Two matrices, А =[0/] 
and B—[b;;], are called equal if 

(i) they are comparable, 

(ii) au-b« for each pair of subscripts i and j. 

Thus for example, the matrices 

( 1 2 а ( 15:22:58 ) 
5 4 ) 3209404 0514, 

are not comparable ; the matrices 


7270 
OLIN 


are comparable but not equal ; the matrices 
( ا‎ geal 4 ы 1 E 
8 9-1 )an 429 1 
are equal. 


From the above definition, it can be easily verified that 
(i) If Aisany matrix, then A=A (reflexivity). 
(1) If A=B, then B=A (symmetry). 
(1) If A—B and B—C, then A=C (transitivity). 
In other words, the relation of equality in the set of all 
matrices is an equivalence relation. 
14. ADDITION OF MATRICES 
If А and В be two comparable matrices, their sum A+B is 
defined to be the matrix obtained by adding the corresponding ele- 
ments of A and B. 25 


4 А ТЕХТ-ВООК OF MATHEMATICS 


For example, if 


уыт) 


then : 
:2(::14:3::25-7 nos 
л+в-( 341 4-0 Кқ 4 4) 
Іп general, if 

a, Ge - Gin bu bua Бл 
AE ЭГ ‚в n on ? ын 
ату ата Amn bmi bmg >. bmn 

then X 
antbı азу, 33 Gin Pin 
AXB- nba Эсэн н aithin 
ami bm, ат ӛт -- dan+bmn 


15. PROPERTIES OF MATRIX ADDITION 
Let A, B, C be three comparable matrices, say each of type 
mxn. Then A+(B+C) and (A+B)-+C are also comparable, each 
being of type тхл. Denoting the (i, j)th element of A, B and C by 
aij, bij, Cig respectively and observing that 
aig (Бос) — (aig - bi) Hes, 
it follows that 
A+(B+C)=(A+B)+C. 
Hence addition of matrices is associative. 
Similarly it сап be shown that if A and В are any two compa- 
rable matrices, then Я 
А+В=В+А. 
That is, matrix addition is commutative. 
If A be any mXn matrix, and О be the mx» null matrix, then 
A+0=0+A=A. 
Finally, if A be any тхл matrix, then we can find an mx n 
matrix B such that 


A+B=B+A=0, 
О being the mx null matrix. Іп fact, if A—[ai], then B is the 
matrix whose (i, j)th element is —aij. The matrix B described just 
now is called the additive inverse (or negative) of A and is denoted 
by —A. A— B is often used to denote the sum A+(—B). 9 
r6. MULTIPLICATION OF A MATRIX BY A SCALAR 2 


If A=[ais] be an mXn matrix and К be апу real number, then 
КА ig defined to be the mXn matrix whose (i, j)th element is Kai;. 
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Thus for example, 
А 271 6 3 
if ^-( 7 9 y then зА=( 21 27 ) 
The matrix kA is called the scalar multiple of A byk. The 
following properties of scalar multiplication can be easily proved. 
(i) If A and B are comparable matrices and k is any real 
number, then 
ҚА--В)--КА--ЕВ 
(ii) -If k, 1 be апу real numbers and A be any matrix, then 
(kK+DA=kA+IA. 
ай) If k, 1 Бе any real numbers and A be any matrix, then 
k(IA)—(kl)A. 
(v) For each matrix A, 
IA=A. 
The simple pro fs of the above properties are left as exercises 
for the reader. 
17. LINEAR COMBINATIONS OF MATRICES 


Consider the matrices 
1 -і 3 TX 1.—2 
34, vo) 33 | 
4% А and В are both 2x3 matrices. Let us compute the matrix 
—2B. 


E ED 21-6 -2 4) 
3a=( $ 12 0) -ав-( Mig d Сб 


ЗА-28-43А--(-28) 
3 —3 9 ( —6 —2 4 ) 
-(6 12 0 )+ Eb елен oed 
-( 3—6 -3-2 9-4 ) 
А 6-4 1244 0-6 
-( -3 -5 13 
71-48 16 -6 

The martix 3A—2B is also a 2X3 matrix. We say that it is a 
linear combination of the matrices A and B. The matrices 6А--3В, 
—5A—2B and A+2B are also linear combinations of А and B. More 
generally, we have the following : 

Definition 11. If A and B are тХп matrices, and p, q are 
real numbers, then pA--qB is called a linear combination of the 
matrices A and B. 

Example 1. Find3A—Bif 

02 3 7: OE 
(2 1 BL 4 2 
(4.1.8.8.С.Е., 1984) 


a 


7. 


18. 


. If A= ( 
. Find a matrix X such that 
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Solution. 
06 9 _{-7 -6 a 
3a=( 613112 ) -в-( —1 -4 -5 
0-7 6-6 9-3 
зА-в-( 6-1 3-4 12-5 ) 
7 


EXERCISE 1 (a) 


. For each of the following matrices A and B, find A+B. 


юмс eed 


478 621 
() А-(1 1 5) »-(5 1 4) 
ae 
39.584 
3A, (—4)A, —A- 


Put 3 find a matrix X such that X--A—O. 


) write down the matrices 


2.8 9 


1221 
4Х-| 423). 
-1 9 7 


. Ргоуе the properties of matrix addition stated in the text. 
. Evaluate 


соѕ Ө sin 0 2 зїп Ө —cos 8 
кото (а 9 соѕ өніп В (S 0 sin 8) 


Prove the properties of multiplication of a matrix by a scalar 
stated in the text. j 


MULTIPLICATION OF MATRICES 
We shall now define the product of two matrices. Let А=[а] 


and В= [Р] be two matrices such that В has as many rows as A has 
columns. For the sake of definiteness, let A be of type mx n, and let 
B of type n X p. We shall construct an xp matrix and call it the 
product of A and B (denoted by AB). To determine the (i, j)th 
element of AB, we proceed as follows : 


Multiply the (i, 1)th element of A with the (1, j)th element of B, 


multiply the (i, 2)th element of A with the (2, j)th element of B, 


multiply the (№, n)th element of A with the (и, j)th element of B, 
and add all the products obtained above. The sum so obtained is the 
(i, j)th element of AB. 


1 
| 
! 
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As an example, consider the matrices 
8 1 
a=(3 Үл 1) в-|-4 5 
0 6, i 

Here the number of rows in B (—3) is the same as the number 
of columns in A. This ensures that we can talk of AB. Let AB—[cul, 
so that [ci] is a 2x2 matrix. 

Now, to write down суу, We take the elements of the first TOW 
of A, namely, 2, —1, 3 (in this order) and the elements of the first 
column of B, namely, 8, —4, 0 (in this order). We now form the 
products 2. 8, (— 1) (—4), 3.0 and then add them. We thus have 
ey =2.8-+(—1)(—4) +3.0=20. 1 

Similarly, 

сууг-2.1--(-1).54-3.6--15, 

(1 =3.8+4.(—4)+1.0=8, 

суа--3.1--4.5--1.6--29. 


Thus [ci] — (5 A is the desired product. 


We can state the above rule thus : 

To obtain the (i, j)th element of the product AB, we multiply the 
elements of the ith row of A by the corresponding elements of the jth 
column of B and add the resulting products. The sum so obtained is 
the desired (i, j)th element of АВ. 

To obtain the product of two matrices A and B, it is conveni- 
ent to arrange the working like this : 

Write the matrices A and B as shown below (See fig. LD: 
Now draw a pair of brackets to the right of A and below B where 
the product 18 to be written as in fig. 1.1. 


Consider the point of the pro- 
duct brackets where the ith 
row of A and the jth column 
of B intersect. The (i, J)th 
element of AB has to be enter- 
ed at this place. 


ith ROW 
OFA 


jth COLUMN OF B 


Fig. 1.1 


| 
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To write down the (i, j)th element of the product, we consider 
the ith row of A and the jth column of B which point to it. Multi- 
ply each element of the ith row of A (starting from the left) with the 
corresponding element of the jth column of B (starting from the top) 
and add the products, For example, cnnsider the matrices 


а а 
ЭНЕР 
2:4::2 

То write down the product, we shall procced thus : 


Fig. 1.2 


Since 2+0+2=4, we have put down 4 in the (1,1)th place of the 
product. І 


Proceeding іп this way, it сап be easily seen that the completed 


product is as shown below : 


193555 
( 3 ) 
2*1 2 
2 :01.1N4..4 212 
K 4 1 )05 22 2) 
We shall now formally define the product of two matrices. 
Definition 12, Let A=[ci], B=[bij] be mxn and nxp 
matrices respectively. The m x p matrix [cij], where 
n 
сайрар... атту Уа, 
k=1 
is called the product of the matrices A and B and is denoted b у АВ. 
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The above definition says that it is possible to talk of AB only 
when the number of columns in A equals the numbers of rows in.B. 
Two matrices A and B satisfying the above condition are said to be 
conformable to multiplication. 


EXERCISE 1 (5) 


1. Let. 
1 0 0 0 2-1 a DT 
"o -2 J B=| 3 1:77:01,С-4 --4--2 j 
2. ust 1-1 0-1 2 0) 1. d 
Write down 9 
(а) АВ (5) ВС (с) СА 
(4) ВА (е) СВ (f) AC 
(g) А(ВС) | (1) В(СА) (i) С(АВ) 
(ABC , (k) (BC)A (1) (CA)B. 


2. Perform the following multiplications : 


1 0 0V 7-123 
[o1 0][ 201) 
001 145 


show that AA=A. 


k^ 4 —1 —4 100 
| 4. If A2|3 0 —4 |, show that АА=[0 1 0 
j 3 —1 —3 0 0 1 


=2 32-11 Ізде 
5 ҒА-|-І 2-1) В-|2 2 —1 
-6 9-4 o0. іі 


verify that АВ--ВА. 
0100 


6. IfU= 


0010 
0-0 Q 1 | compute UU, (UU)U, ((UU)U)U. 
0000 

1. A= (58 а -sina ) в- (50% 8 —sin® ) 


sin а cos a sin 8 cos 87" 
show that AB—BA. t 4 
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32538 

505 

1 2211 0 
o) elo | 
Мо 0 

ь-( 2) show that 


бебе--бусу--І, and osoy=— бубу. 
10. нА-(| ) »-( 5) c=) verify that 
др 4 5) о 
А(ВС)=(АВ)С, and А (B+C)=AB+AC. 


-1 2 аз à 
11, If A— ( 2 A в-(1 D verify that 

(A+B)?=A?+AB+BA-+B?. ; 

Can this be put in the simpler form А2--2АВ--В2? 

12. D, and D, are two 3X3 diagonal matrices. Show that 

(i) D,D, is a diagonal matrix, 

(ii) D1D,—DjD;. 
1:9. PROPERTIES OF MATRIX MULTIPLICATION 

We shall now consider some properties of matrix multiplica- 
ition. 

Consider the matrices 

ГОЛ 17::0 
a-( 9): 8-0 0) 
It сап be easily seen that 
BESO 
АВ-( : n 
Ezy 

but BA= ( 0 d 
so that ABBA. This means that matrix multiplication is not com- 
mutative. In fact, for a given pair of matrices А and B, the products 
AB and BA may not be even comparable. For example, if А be a 


2x3 matrix and B be a 3x2 matrix, then AB would be a 2x2 
matrix, and BA would be a 3X 3 matrix. 


It can also happen that for a pair of matrices A and B, the 
product AB may be defined but the product BA may not be defined. 
For example, if А be a 2x 3 matrix and B be a 3X4 matrix, then 
AB would be a 2X 4 matrix, but it is not meaningful to talk of BA. 


It may be worthwhile to note that the statement *matrix multi- 
plication is not commutative’ does not mean that we can never have 
AB-BA. It simply means that AB- BA is not always true. (That is, 


) -1 1—1 
8. If A= ( 5 ) show that AA=A. 
9. If “-( 


ва c 


! 
d 
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there do exist some pairs of matrices A and B for which AB and BA 
are different.) } À 


Consider now the matrices 
12:41 10 
A-(1 1) 9 a 4) 
For these matrices, we have ав-(0 o) so that AB is a zero 
matrix, whereas none of A and B is a zero matrix. 
Thus in the context of matrices, АВ--О need not always imply 


that either A=O or B=O. The familiar cancellation law of multipli- 
cation for numbers fails to be true for matrix multiplication. 


Having seen that two important laws of multiplication, namely, 
commutativity of multiplication, and cancellation property for 
multiplication of numbers fail to be true for matrices, one might 
wonder whether any familiar property of multiplication (for 
numbers) will hold good for matrices. As we shall see below, some 
properties of multiplication for numbers do go over to matrices. 


1791. Associativity of Matrix Multiplication 
Consider the matrices 
Тү: 
ier) 
For these matrices, we have 4 
А во)-( % EM )- (Anc. 
The above equality is not a coincidence. The following theorem 


says that the statement A(BC)=(AB)C is always true. 


Theorem 1:1. Matrix multiplication is associative, That is, 
if A, B, C be of suitable sizes for the products LA(BC) and (AB)C to 
exist, then A(BC) —(AB)C. 


Proof. Let A=[aij], B-[bu], С--(с0) be three matrices of 
types тхл, n Xp, pq respectively. Then 


n 
AB=[uis] is an mx p matrix, where ш= >, аа bri. 
k=l 


р 
BC=[v,] is ап nxq matrix, where „= У, bir cks. 
k=l 
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(АВ)С = [%:3] is an тх д matrix, where 


р 
Wij— » Ui, Crj, 


r=1 
n n 
->(> Aik bre ) сез, 
г=1 kel 
п р 
= ( ав > ber сеј ) 
kel r=) 
n 
= > ib Уз. 
kel 


Therefore, wi; is also the (i, j)th element of the mx q matrix 
A(BC), Thus A(BC)=(AB)C. 

Hence matrix multiplication is associative. 
1:9:2. Distributive Property 

Consider the matrices 


45:53 ы ee ( 1 2) 


For these matrices 
К аб 21:10 
в-с-( 212 ) AB+o=( зей ) 


-f 23th P eiat 

ав-(2 NT ) Ас-( d 4 
Paty 

АВ+АС=( 5 @ ) so that 


A(B4-C)— AB-- AC. 

This equality is only an illustration of the following theorem : 

Theorem 12. Multiplication of matrices is distributive with 
respect to addition. That is, 

A(B4- C)  AB-- AC, 

and (B+C)D=BD+CD, 
where A, В, С, Р are of suitable sizes for the above equations to be 
meaningful. : 

Proof. We shall prove the first of the above statements and 
leave the proof of the second to the reader. 

Let A—[aij] be an m Xn matrix and let B—[bij] and C=[cis] 
be both n x p matrices. 
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Since В and C are both nx p matrices, therefore, B+C is an 
n xp matrix, and consequently A(B 4C: is an mXp matrix. 


Again, since А is an mXn matrix and Bis an zXp matrix, 
therefore, AB is an m xp matrix. Fora similar reason, AC is also 
an mXp matrix, Now AB and AC being mX p matrices, AB4-AC is 
also an mx p matrix. We һауе thus seen that the matrices A(B-- C) 
and AB--AC are both of the same size. We shall now show that 
their corresponding elements are equal. Let pz; denote the (к, jth 
element of B+C. 

(i, j)th element of A(B+C) 


- > ак kj, 


=}, aig (Бас), 
k=l 


n n 
а аш bit > Qik Ckj, 
k=l kel 


= (i, j)th element of AB (i, j)th element of АС, 
—(i, j)th element of (АВ--АС). 
Since A(B+C)=AB+AC are comparable matrices with 
corresponding elements equal, therefore, "A 3 
А(В--С)--АВ- AC. - - 
19:3. A Property of the Unit Matrix hy 
Consider the matrices, \ 


1:-3 1 0 
^-( 1.24) iO. yon 
For these matrices, we have \ 
Ah=hA=A. 22 
The matrix I, has thus no effect оп А so far as multiplication 


is concerned. For this reason, I, is usually called the 2-rowed unit 
matrix (or identity matrix). 


Definition 1:3. For each positive integer n, the n-rowed square 
matrix нэ AM 


T. 


1 0 0 ЁО 0 
0 


Quo d? goa our et E5 
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where each element in the principal diagonal is 1 and every other 
element is 0, is called the n-rowed unit matrix (or identity matrix) 
and is denoted by In. 

The unit matrices possess the following interesting and useful 
property : 

Theorem 1:3. Jf A be any mXn matrix, 
then ImA—A-— АТ. 

Proof. Let A—[ai;] be an m X n matrix. The matrix ImA is an 
mxn matrix and is, therefore, comparable to A. 

Also, (i, j)th element of ImA 


m 
= БУ (i, k)th element of Im.azy. 
k=1 


Since the (i, k)th element of Im is zero except when k=i, 
therefore the above sum has only one term (possibly) different from 
zero, namely, the ith term and this term 

—((i, i)th element of In) 48--1.444-5043 

Thus (i, j)th element of InA=ai;=(i, j)th element of A. 

Since the matrices In A and A are comparable and their corres- 
ponding elements are equal, therefore, we have ImA=A. 

Similarly it can be shown that A—AI,. 

Remark. Whenever there isno chance of confusion, it is 
usual to denote In simply by I. 


110, POSITIVE INTEGRAL POWERS OF A SQUARE 
MATRIX 
Let A be any Xn matrix. The matrix products 
A(A(AA)), (A(AA))A, (ААХАА), ((АА)А)А 

are all meaningful. Also, as a consequence of the associative law, 
they are all equal. Ав іп the case of numbers, we denote each of 
these products by A‘. In fact, for each positive integer k, we can 
define the matrix AF. We do ії asin the following inductive (or 
recursive) definition. 

Definition 14. If A bean пхп matrix, then 
» 41-44, 
апа А9148. А, 
for each positive integer k. 

Theorem 14. If A be an n-rowed square matrix, then for 
every pair of positive integers p and q, 

4? , 4= Arte 

and (4?)— Ат, 

Proof. We shall prove the first statement only and ask the 
reader to supply a proof for the second statement. 
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Since by definition, A? . АТ--АР", for each positive integer p, 
therefore the statement 

A? . AA A? 
holds when g=1, whatever p may be. 

We shall now show that ifitalso holds for all values of p 
when 4 hasa fixed value, say К, then it also holds for all values 
of p, when q has the value K1. 

In fact, А>. AkF"-—A?. (АЁ. A), by def. 1.4, 

—(A? . AF) . A, by associativity, 

—(A»?**) , A, by hypothesis, 

Анн, by def. 1.4, 

—APHEH) by associative law for addition 
of numbers. 


The proof is now complete by induction. 


Example 2. Jf А-( : wn y 
48--342-4134. (A.L.S.S.C.E., 1986) 


DAS VENIT 
E X Л 
2.24-3.1 2.34-3(—5) ) 
124(-9Л 1.3+(—5)(—5) 


idi А) 
аа 

Sr Ls) 
7.2--(-9)1 PICIGA) 
—3.24+28.1  -32342%-5) 


т} 1) 
22/149 


үлі «Caes 39 
=) 2-19 /ТХ-9 84 / \13 —65 


compute 


Solution. A= 


+21—26 66—27— 39 ) 
- 9-13 —1494-844-65 
о 0), 
-(4 9) 
Example 3. 1/ B, C are n-rowed square matrices and if 
A=B+C, BC=CB, C*—0, 
then show that for every positive integer р, 
Ar? - BY B+(p+l) CI. 
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Solution. We shall prove the result by induction on p. The 
result holds for p=1, for 
А?=(В+С)?, 
=(B+C)(B+C), 
=B?+BC+CB+C?, 
= B*4-2BC, since CB=BC, C*—0, і 
=B(B+2C). 
Let us now assume that the result holds when p=k. Then 
Ак+2 AF+1 2 А, 
-ВЧВ--(К--1)СЇВ- С], 
--ВЧВ?--(/--1)СВ--ВС--(44-1)С3, 
= B'[B?4- (k --2)BC], since CB=BC, C?=0- 
= BFP[B + (k --2)C], 
showing that the result holds when p=k+1. 
The proof is now complete by induction. 
EXERCISE 1 (c) 
]. Let A, B, C be real 2x2 matrices, and let 
ГА, B]2 AB— BA. 
Prove that : 
(i) ТА, А]=0; 
Gi) ПА, B], СІ--ПВ, С], А1--1С, А], В]=О; 
(iii) ТА, ВІ-І = ГА, B"]-n В", for all positive integers т. 
2. The trace of a matrix 
^-( An aiz ) 
- аз GEN 
is defined by T,(A)—41 ass. 
Prove that if A, B are 2x 2 matrices, then 
(i) Т.(А--В)--Т,А)--Т,(В): 
(ii) Т.ААВ)--Т,ВА): 
(іш) T«(1)—-2. 
Prove, with the same notation as in problem |, that there are 
no matrices satisfying ГА, B]=I. 
4. Do there exist 2x2 matrices with integer entries such that 
(a) AB=O, BA4O ; 
(b) AB=BA=O, АО, B4O, АжВ: 
(с) AB=BAO, A, Bzl, AFB. 
In each case, if the answer is yes, then justify the answer by 
giving examples of suitable matrices A and B. 
5. Let A denote the matrix’ 


(1-2) 
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and let I denote the matrix 


(о 1) 


Prove that A*—3A—2I. 
Prove also, that if п is any positive integer, then 
A? —(2*— 1)A—2(27"!— 1)1. 


Ber Doi) AT leid 
6. If A- (5 7), B=( 4 еу 


prove by induction that 
т era. 
мч( Р р-1 4 ) if pál, 
0 1 


rm AE ng Үү, 
в-(6 ^1) 


7. Let A, В, C be real 2х2 matrices, and let 
А * B=}(AB+BA). 
Prove that : 
(i) А+ B-B*A; 
(i) B* B=B*; 
(iii) A * I-A; 
(iv) A * (B* С)--4АВС--АСВ--ВСА--СВА) ; 
0) A» (B4+C)=(A * B)+(A » С): 
(vi) c(A ж B)=(cA) * B=A * (cB), 
where c is any real number. 
8. Prove that, if 


0 — tan a 
^-( tana 0 ) 
cos 2a —sin 26 
Шей ( sin 2a cos 2a ) (ALTA. 


111. TRANSPOSE OF A MATRIX 


Consider the matrices 


12-4 
А-( 552 ;) and B= 2 ЗАС 
1% 3:507, 

The matrix A isa 2X3 matrix, and the matrix B is a 3x2 
matrix. Also.the first column of B is the same as the first row 
of A and the second column of B is the same as the second row of 
А. In other words, B із the matrix obtained by writing the rows 
of A as columns. We say that B is the transpose of A. 
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Definition 15. Zf A=[ais] be an mx matrix, then the nx m 
matrix В--(Ви) such that by=aii is called the transpose of A and is 
denoted by А“. 

From the above definition we find that : 

(a) the transpose of an m Xn matrix is an n X m matrix ; 

(а) the (i, jth element of Af is the (7, 001 element of A. 


DAIRY aeree Beet З 1124 
. Example 4. Let 4-( 4 23 } 8-( 1 3 -5 ! 
Compute А*, (45, BY (A+B, А-В, (2A) and 24°. 


2 4 
Solution. “4 55% 3 ) 5 слу ( я 
3 


3 
! 
8 1 
2 э}, 
2! 


5: 
Ж ы 5 EN BUR 
atp=( 3 7$ 2) (A+B) -( 53) 


NU 
we 
- 


852252 


2 
6 
4 8 2 4 4 8 
COA —6.4 , 2А*=2 -3 2 |2| 76 4 |. 
2 6 1,42 26 


Remark. From the above example, we find that 
(А5/-5А, 
(A+B)'=A‘+B', 
(2A)! —2A*. 
The results are special cases of the following theorem : 
Theorem 1:5. If А‘ and B be the transposes of A and B 
respectively, then 
G) (А-А. 
(8) (А-ЕВ)'=А!-ЕВ', A and B being comparable. 
(iii) (КА) КА? k being any real number. 
Proof. (i) Let A be an mxn matrix. At, the transpose of 
A is an nxm matrix, and (Аё), the transpose of At is an mxn 
matrix. The matrices (A) and A are, therefore, comparable. 
Also, (i, j)th element of (A‘)*=(j, i)th element of АЎ 
=(i, j)th element of A. 


5 5 
reel fc зан АА HG 
eem 550578 | i 2А-( ТЕЛЕН 
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Thus the matrices (А and A are comparable, and their 
corresponding elements are equal. 
Hence (А-А. 
(0) Let A and B be mxn matrices. 
Since А and B are both тхл matrices, therefore, A+B exists 
and is an m Xn matrix. Consequently (А-В) is an nxm matrix. 
Again, A‘ and B' are both n x m matrices, so that A+ B' is also 
an nxm matrix. Thus the matrices (А-ЕВ) and A'--B' are com- 
parable, each being of the type nx m. 
Also, (i, jth element of (A+-B)* 
==(j, th element of A+B, 
=(j, i)th element of A+(j, i)th element of B, 
=(i, jth element of A*--(i, j)th element of B', 
= (i, j)th element of (A'--B'). 
Thus the matrices (A--B)' and A'--B' are comparable, and 
their corresponding elements are equal. ї 
Hence (A+B) — A'-- B, 
(iii) Let A bean тхп matrix, Then kA is also an mxn 
matrix, so that (kA)! is an nx m matrix. 
Again, A! is an nxm matrix so that КА” is also an nxm 
matrix. 
Thus the matrices (КА) and КА? are comparable, each being 
of the type nX n. 
Also, (i, J)th. element of (kA)'=(/, i)th element of КА, 
=k . (j, Dth clement of A, 
=k. (i, j)th element of A‘, 
== (7, j)th element of (kA®), 
Thus the matrices (КА) and КА" are comparable and their 
corresponding elements are equal. 
Hence (kA) —kA*. { 
Remark. In view of (i) above, we find that if A and B be 
two matrices such that B—A*, then B'—A, i.e, if B is the transpose 
of A, then A is the transpose of B. 


504121 S24 255 
Example 5. ip a=( 42220-05 ) З-| -1 2 7 |, 
20 64! 


П 
compute (АВ) апа BA‘. 


345 
Solution, АВ-( 2575-127]. 
210 
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: Од 

so that AB)'=| 15 —2 |. 
38 —5 
3:-1:2 УД | 

Also, В| 4 2 1 ТОЧИРИ ]5 

Stee yO ар 
3-12 2-1 

so that B'A'-| 4 2 1 do К 
5% 0420, уун, Ар 


ӨМҮР: 
(s 3). 
38 —5 


Remark. From the above example we find that (АВ) — BA’. 
This result is a particular case of the following theorem, usually 
known 48 the reversal law for transposes. 

Theorem 1:6. Jf A and B be of suitable sizes for AB to exist, 
then (AB)'— B'A*. 

Proof. Let A=[ais], B=[bij] be mxn and nxp matrices 
respectively. 

Then A'—[cij], where cij=ayi, is an nXm matrix, 

B'—[dij], where =, is a p Xn matrix. 

‘The matrices (AB)' and ВА“ are comparable, each being of 
the type p Xm. е 

Also, (i, j)th element of (AB)'—( j, i)th element of АВ, 

n 


сз x арбы, 


- X dace, 
k=1 
=(i, j)th element of B'A*, 


Hence the result. 
EXERCISE 1 (4) 


1. Calculate the transpose of each of the following matrices : 


1—12 ФА 22113270 
( 3-111 (1 2) 2 3 Е 
-2 7 8 0 ! 
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2. For each of the following matrices A, verify that A'—A: 
(шелі. ЖШ ET 252441 2 8 4 
(: 2 Қ 3A ss i2) 
5:268 EONS а аи) 
3. For each of the following matrices А, verify that A'——4A: 


Os ies 0-1 2 0776,—4 
-1 0 71, йе 52-6. EO 8 д, 
5405750 22255470 4-8 0 


4. For each of the following matrices A, verify that (A‘)'=A: 


(1-2 0) Cs DA 0 0) 


22212 A 1 0 
22210 А-| 271:31,В-| 2-3. 1 |); 
4 1 8 Lh ad sd 


verisy that (A--B)!— A+B’, (АВ) B'A*. 


сова sina " 
б ^-( —sina cosa ) у 
АА!=А!А==1,. 
1 УТ: 
Tac AE A= 2 1-2 ) , verify that 
-2: 2—1 
АА!=А*А=1;. 


. Proof. Let Band C be inverses of a square matrix A. Since 
B is an inverse of A, therefore, 


5 AB=BA=I. ex) 
Again, since C is an inverse of A, therefore, 
AC-CA-I. --(2) 
From (1) we find that 
C(AB)=CI=C. 20 
Also, from (2) we find that 4 
(CA)B=IB=B. 0) 
Since C(AB)=(CA)B, 
therefore, from (3) and (4) it follows that 
B=C. 


Because of the above theorem, it is customary as Sle 
proper to talk of the inverse of an invertible matrix rather than E 
ing of an inverse. The inverse of an invertible matrix А is deno 


by АЛ, кеме SIH 
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112. DETERMINANTS 


In the present section we shall try to ebtain a necessary and 
sufficient condition for the invertibility of a matrix. For this pur- 
pose we shall construct a function whose domain is the set M of all 
square matrices over R and whose range is contained in R. This 
function will be called the determinant function (abbreviated as 
det). For any square matrix A, the value of this function will be 
called the determinant of A and will be denoted by det A or by 

ЇА |. If А= [аш], then det A will be written as | a|. If 


ал ааз =œ Ain 


A= Gy Аза ++ ат : 
аһ ат апп 
then det A will be denoted by 
44 (Фа + Gin 


аа ав эз аһ 


ап dna «+ an 


The determinant of an m Xn matrix will be called a determi- 
nant of order n. The determinant function will be defined in such 
a manner that det A=0 iff A is non-invertible, or equivalently A is 
invertible iff det А50. 


113, DETERMINANTS OF ORDER ONE 


Since a 1х1 matrix (a) is invertible iff а 25 0, therefore, our 
requirement, namely, A is invertible iff det A > 0, will be satisfied if 
we have the following definition. 


Definition 16. If А= [ауу] bea 1X1 matrix, then det А--ац, 
114, DETERMINANTS OF ORDER TWO 


Theorm 17. The 2X2 matrix ( » P ) is invertible. iff 
21 22 
31033 — 330317 -0. 


Proof. (= 2) is invertible 
da1 Aan 


: S Ж 
<> there exists a matrix С у у} 
such that 
(s 2€ 9-6 
ап а,/А2 е) NO 1” 
2 Page: 231) - d33W Jal jJ 


0шХ- daz алуа» 
for some x, у, 2, МЄК, 
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Бов 14 апу+аузу=0, 

азХ-Еа»2=0, алуа 1, 

have а соттоп solution, 

н Ду--аі» 
Az=—dy, Aw=day, 

havea common solution, where A = 13108 — 432421, 

> 41135 — 41292150. 

Our requirement regarding the determinant function and the 
above theorem, when taken together, suggest the following 
definition : 

Definition 17. If A—[au] be a 2x2 matrix, then 
1 det A= 1353— 419091. 


<> 


<> 


Illustrations. 
3-2 
15:48 А-( 11 
then det A=3 . 4—2 . 1=10. 
a b 
2. M A-(? 2 


then det A=ad—be. 
Remarks. 1. Observe that (i) det A is а sum of 2(=2 !) 

terms. 

(ii) Each term in the value 411422 — 01:01 contains exactly one 
element from each row and each column of A. 

(iii) One term has the sign ‘+? affixed to it and the other term 
has the sign ‘—’ affixed to it. 

2. We shall very often talk of the determinant 


d ау» 


а. а 
instead of using the pure "tlie determinant of the matrix 
(28 as); 
агу z2 
The same will be done later for determinants of higher orders. 
1141 Properties of Determinants of Order 2 
Property I. If A be a 2X2 matrix, then 
det A*—det A. 
Proof. Let A- (o P ) 


біз dss 
so that 


«48: 
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Now det A*—a1a4—a5,415, 
Брина 


=det A. 
The above property is often expressed by saying: а trans- 
position leaves the value of a determinant unaltered. 
As 8 consequence of this property, we have the following 
principle : 
Every property which is true of the rows (columns) of a deter- 
minant, is also true of its columns (rows). - 


Property II. Jf two rows (columns) of a determinant are 
proportional (in particular tdentical), the value of the determinant is 
zero. 


Proof. Let ааЖ=Кау, йи=Ка\,. 
а а 
ал аж 


Тһеп 


= 011033 — 013031, 
—dyy(ka13) - ass(ka,1), 
z0. 
Property ПІ. Jf two rows (columns) of a determinant are in- 


terchanged, the value of the determinant so obtained is the negative of 
the value of the original determinant. 


Qn аа | 
Proof. | = a1219 011025 
ап а 
к= | да 481 
an аљ 


Property IV. Jf the elements of any row (column) of а 
determinant are multiplied by the same number k (say), the value of 
the determinant so obtained is k times the value of the original 
determinant. 


kay Ка: 
Proof. 25 Зу | (байда (kaian 


=К(аца— 433051), 


ЭР 2 an 24 | 
аа (за 
The other case can be considered similarly. 


Property V. 1/10 the elements of а row (column) of a deter- 
minant are added k times the corresponding elements of another row 
(column), the value of the determinant thus obtained is equal to the 
value of the original determinant. 


мама йл! 
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Proof. 
en Ч» 
=аү(аз-ЕКауа) --аш(да Ка), 


Ga kay atka 
— 031033 — 33021; 
ай а 


lan das 
The other case can be considered similarly. 


EXERCISE 1 (е) 
1. Find the value of det A for each of the following matrices А: 


1 2 4-5 
e (1) e ($ Wa 
7.--2 cosx sinx 
©) ( 3) (4) (46 x cosx ) 
2. Find the value of each of the following determinants : 
Жоу secx tanx 
(a) 5 
а Е, хап х secx 
3. Show that 
ad+be bd—ac 
—(a*-- b*)(c* 4- аз). 
ac—bd ad+be 
4. Show that 
a+ib c+id 
—a +b c+ d*. 
—c+id a—ib 
5. Show that 
ах--Бү ca+dy 
| --(а4- Ьс)(а8— By). 


а8--53 8448 


а 4 а 1 
| еа ly 31 
6. Show that 
a+b ас+Ь4\ |a b Ы 
ipa LAE 
7. Ifa, b, h are real numbers, show that the roots of the equation 
а-х h | 
[^ 
Л 5-х 


are all real. 
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8. Show that 


ate, +4 а 5 € d, 
аз b, а, bs, a by ў 
9. Show that 
ae b a bij |с, b 
Gabe, by a, 5, € Dy ‹ 


Remark. Problem 8 (9) shows that if each element of a row 
(column) of a determinant is the sum of two numbers, then the 
determinant can be expressed as the sum of two determinants. This 
result will be found useful in computations. 


115, DETERMINANTS OF ORDER THREE 


We shall now consider the values of the determinant function 
for 3x3 matrices, The following theorem will be of help to us in 
this matter. 

Theorem 1:8 The 3-rowed square matrix [ais] is invertible iff 

A= 441429439 + (1805351 - 13031153 — 131053039 — 41240143 
913224310. 


Proof. First, let us assume that the matrix А=[аг] is inverti- 
ble and that 


, ” 


XX x 
Вуз? у 
HEN NOE 19 


is the inverse of А. Writing down the identity АВ--1, we find that 
x, y, z must satisfy the following equations (and 6 more) : 
ax T dy aa3z—1, 
431 X d- ay + d332 —0, e(l) 
dg + azy d- d332 —O. 
Solving the last two of the above equations, we have 
х= (азза — 53033) 
у=Казаз,—а@дазз), 
2=К(азүйза— @ззйзу), 
where (с is any real number. Substituting the values in the first of 
the equations (1), we have 
k A= 1 > 
and consequently 
A30. 
The condition A0 is sufficient as well. For, if A0, then 
it can be seen by actual multiplication that the matrix 
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da433 da032 (13033 — 013033 012023 — 13093 
1 
С 433031 — 431033 031033 — 013031 413421 — M11 428 


аз133— 53081 912181 — 21143 @10327— ator 
is the inverse of A. (We have only to check up that AC—CA —I). 


_ In view of the above theorem we can have the following de- 
finition : 


Definition 1:8. 7f A—[ai] be a 3X3 matrix, then 


det А = аааз 039053031 + 013021032 — 01102332 
= (33191033 7 91303381: 


The following points may be noted in respect of the above 
definition : 


(i) det A is the sum of 6(—3 !) terms out of which 3(—3 1)/2) 
have the sign ‘+’ affixed to them and the other 3 terms 
have the sign ‘—’ affixed to them. 


(ii) Each term in det A is the product of three elements of A, 
exactly one of which belongs to each row and exactly one 
of which belongs to each column. 


(iii) It сап be easily verified that А--Е анаја where on 
the right hand side we have to take all the terms obtained 
by giving to i, j, k all possible distinct values from among 
1, 2, 3 and the sign of the term аназзазв 18 + ог — accor- 
ding - i,j, k isa cyclic or an anti-cyclic arrangement of 
172; 


11151. Sarrus Diagram 


We shall now give a diagram, due to Sarrus, which is useful in 
remembering the expression for the value of a determinant of 
order 3, 


Be ay au ay аг 
/ 206 2) 2 
z 7 22 
^ 2 72 
27 Т 20 
Га ” uf. 
а, а, а а, а» 
2 4 
7 
БУ ї 
Fi 7 
v @ л 
2 ^ ze 
9 7 3 
аз а > 
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The terms prefixed with the ‘+’ signin definition 1-8 are 
those which correspond to the elements joined by continuous lines 
and the terms prefixed with the '—' sign in the same definition are 
those which correspond to the elements joined by dotted lines in the 
above diagram 


1116. SINGULAR AND NON-SINGULAR MATRICES 


: Definition 19. А square matrix A is said to be non-singular 
if | A | 40; it is said to be singular if | A| =0. 

ol In view of the above definition, theorem 1'8 can be restated as 
ollows : 


The three-rowed square matrix A is invertible iff it is non- 
singular. 


The above theorem is true for square matrices of all orders. 
The proof in the general case is, however, beyond the scope of the 
present book. 


„From the above discussion we find that to test whether a given 
matrix is non-singular (or invertible) we have simply to evaluate the 
determinant of the matrix. 


Example 6. Show that the matrix 


2 1 2 - 
2 2 1 
1 2 2 


is non-singular, Is it invertible 7 


Solution. Let us denote the given matrix by А, We shall 
compute det A. 


Sarrus diagram for A is 


Fig, 14, 


det A=2.2,2+1.1.142.2.2 
—2.2.1—2.1.2—1.2,2 
=8-+3+8—4—4—4 
=7%0. 
Since det А50, therefore А is non-singular, Since every non- 
singular matrix is invertible, therefore A is invertible, 
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5. 


117. 


EXERCISE 1 ( f) 
EROS each of the following determinants : 


0] a 
Bep) Se 2 | СЕР | 
| т 4. 5 ==] 2 4 
12440; 1 1 І 
27 0 25653 | 4 | —), -2 -3 
12 x0 lor uad 
Шо that ile of the following matrices is non-singular : 
: 3 LAr goth 
4 6. mora: 
1 —-45—9 7:5 


Show p ici of the following matrices is invertible : 


30-1595 1 80546: 
жүл 56.0 8. ARS 
1-25 792 PE GR ces C 


Examine whether the following matrices are singular or non- 
singular : 


12:22:22 1255552 
“ДЭВ AN 10 d m d 
1795.8 Ar de 


PROPERTIES OF DETERMINANTS OF ORDER 3 
Property I. If A be a 3x 3 matrix, then det A'=det А. 


аһ а1з аз 
Proof. Let'A—| an аз das 
ат 433 433 
а аз аз\ 
Тһеп At=| an an а 
біз аз азз 
The Sarrus diagram for А: is 
а, 85 ау au а, 
ды; 
а, а» 
4 
ГА 
4 
4 
2 
^ 
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From the above diagram, we find that 
det A= ada Giga 15 F 051033053 — 6103301) — 13035055 
7— 421412493, 
=det A. 
The above property is often expressed by saying that transpo: 
sition leaves the value of a determinant unaltered. 
As a consequence of the above property, we have the following 
principle : 
Every theorem which is true of the rows (columns) of a deter- 
minant is also true of its columns (rows). 
Property II. If two rows (columns) of a determinant are pro- 
portional (in particular identical), the value of the determinant is zero. 
Verification. Let азу= Кау, аз = Ка, dqg= kay 9 
dıı (біз (із 
ауу (із Gag | = @үүйәз@зз-Е 41028031 F 13051035 
аз Qaa біз 7 031058032 — 015051033 — 013025031, 
=k (015453033 413035011 - 15051015 
114994) 2— 032691013 — 013055011), 


Property III. 7f two rows (columns) of a determinant are 
interchanged, the value of the determinant so obtained is the negative 
of the value of the original determinant. 

Verification. 

Язу As} des 
а ey dag 
Фа біз (із 


Тһеп 


= 31422134 483233011 + азза даз 
7431093019 — (32051033 — 933053211, 
= (11429055 + 433025081 F 113051035 
711023033 — (19081053 — 21342331), 
ап Qia ац 
da1 (эҙ Ag 
Ası Ası gg 
Property IV. Jf the elements of a row (column) of a matrix 
are multiplicd by the same number К, say, the determinant of the 
matrix thus obtained is k times the determinant of the original matrix. 
Verification. 
kay kay, Каз 
ал а» аз 
Язу daa gg 


= (Каз) аззазз-(Калз) ааз 
+ (а, з) азазь 
--(Кац) аззазь —(Каз») азазз 
— (Калв) аззаз, 
=k (C1122933 + 41205801 + 3505145 
7711093032 — 012051033 — 13023031), 
бі. біз а 
ау Qs Gag 
Asi (за азу | 


=k 
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{ "Property V. If to the elements of a row (column) of a deter- 
minant are added k times the corresponding elements of another row 
(column), the value. of the determinant thus obtained is equal to the 
value of the original determinant. 

Verification. We shall verify the result only for one case, 
namely when k times the elements of the second row are added to 
the corresponding elements of the third row. 

аһ аз d18 

азу а аз 
аз-аз аз Каз зз 1- Каза 
= (ydg (аза Каза) + 412053 (ap tkan) +4134 (ast kasa) 

— araos (авз + Казо) — 150p. (asa+kaza)— аузазз (йз + Казу), 
= 2110524331 015023131717 13191033 — 01102353 — 013021033 — 413023481, 
ау (біз (із 
аз бө (т 
ds1ı dg d33 

EXERCISE 1 (4) 


1. Explain (without evaluating) why the following two deter- 
minants are equal. Verify this fact by actual evaluation. 


3 7 $ 3.—2 6 
=2 1 4 | апа |7 172854 
6 -4 3 1 4 3 


Without evaluating, state why. each of the determinants in 
problems 2 and 3 is zero. Check by evaluating. 


1 2 41 2 8 4 
23 —3 1 2 3 —5 6 —10 
1 2 4 1 7 УЛАЙ 
“4. Show by actual expansion that the sign of the determinant 
=1 5 6 
2 3 1 | 
Ї 0 4 


is changed if the second and third rows are interchanged. 
5, State (without evaluating) why 


22:12: КИ е (ЫРУ) 
23 киш безек dpud 
5» TRADAT (540.2109. |) 


Verify this fact by actual evaluation. 
6. State (without evaluating) why 
3 IS 3 7 4 
7 1 sj | 3 5 | 
GLE 2 1 
Verify this fact by actual evaluation. 


a 


~ 
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7. In the following determinant, multiply each of the elements in 
the second row by 4, and form а new determinant by adding 
these products to the corresponding elements of the third row. 
Show by actual evaluation that the value of the new deter- 
minant is equal to that of the original determinant : 


3-1 2 
-2 3 4 
1 51-53 
8. Show that 
ate b, сү а, br с, a b сі 
astas by caj = |а ba cs | + | as 8 с, 
aytas bs cy аз b} с; оз Dg cs |. 
9. Show that 
ata, bt adn а b с a Ві ті 
а; ° са = |а by с,| + | as be c, 
as з 20 аз Dg су Ф bs Cs |. 


Remark. Problems 8 and 9 show that if each element of a 
column or row of a determinant is the sum of two numbers, then 
the determinant can be expressed as the sum of two determinants. 
This result will be found useful in computations. 


MINORS 
Consider the matrix 


Let us recall that if we strike off any one row and any one 
column of A, then the 2x2 matrix thus obtained is a sub-matrix of 
A. Thus, for example, if we strike off the third row and the second 
column, we get the sub-matrix 


( а 413 ) 
а 4:3 
The determinant of any such sub-matrix is called a minor of 
det A. Thus 
| аһ аз 
51 аз 
In the above manner we can get 3° minors. The minor obtained 
by striking off the pth row and the qth column of a matrix А--104) 
is called the minor of apa in det А. Thus 


| is a minor of det A. 


| ап з | is the minor of ass. 
3 


аһ а; 
The minors of ац, diz, a3 in | а | are 
а аз | | а а | | аз аз 
аз» ass 171 ау аз а аз» 


respectively. 
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The minors of 1, (аа, ds in. | ац | are 
a a а ауз’ а а 
| 12 1s | | 11 18 | ала | 11 1s | 


аз. баз азу азз а аз |. 
respectively. 
The minors of 4:1, gg, 053 in. | aii | are 
| ау із | ап 413 | апа | а ац | 
aaa аз |? | а das ал аљ 
respectively. 


Theorem 19. А determinant of order 3 can be expressed as a 
linear combination of the minors of the elements of any row or column. 
Verification, We shall show that 
An біз 013 
Gq, (за A23 
азу зз (бәз 
is expressible аз a linear combination of the elements of the first 
Tow. 
Denoting the given determinant by det A, we have 
det А==ацйә«@зз-Е@12@эз@з1 + 033021033 — 011023032 — 012031033 
41313031 
— ay (d35s — 93082) — C39 (0113 — 33031) +413 s 
(021453 — 02:631), 
ау аз 


аз аз ал аз 
-ап =a Tas 


Аза зз azı @зз азу бз 
=a; (minor of ац) а (minor of 8ц:)-Г 013 


(minor of ay). 


The above expression for det A is usually called the expansion 
of det А in terms of the minors of elements of the first row. 


Similarly, 


ауз біз ay, а ап аш 


det А=—а,\ 


+ daa —Agg 


433 33 Azı A33 431 Az 
=—an (minor of аз) 4-ға (minor of a22)— ass ` 
(minor of азз). 


Also, \ 
біз бз 83; аз 7 Жі біз 
det А=аз —45 +аз 
Аза 4% | Чэ dos баз ба. 
—ag (minor of аз)— as» (minor of 232) - ass 
/ “(minor of as) 


“Тһе -expressions for det А in terms of ‘the minors of the 
elements of the first; second and third columns are 
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Фа Gss |—dn| 4а ди |Бди| а а 
41 | J 
Us 433 43: 4933 Аза Aas 
аа аз |+а@з| ап аз | -4м| ап аз 
— dig | | , 
аз 433 аз As ал аљ 
Qs аз |-Яз| а аз |+аз| an ат 
аз , 
pn Aga ар Aaz ай n 
respectively. 


To evaluate a determinant, we often expand it in terms of the 
minors of the elements of a row or column. If a row or column 
contains one or more zeros (as elements), it is convenient to expand 
the determinant in terms of the elements of that row or column. 
Before expanding it is useful to make use of the properties I— V 
studied already in such a manner that some of the elements become 
zero (or small in absolute value), The following examples will 
illustrate the technique. 


Example 7. Evaluate the determinant 


| Tes) 92 | 
3 AAT 
2 855 
by expanding it in terms of the minors of the elements of the first row. 
Solution. 
1::551:52 
| К 
2 5920 
4 7 9:57 3 4 
ере 
8 5 205 2.8 
=1 (4.5—7.8)—(—1)(3.5—7.2)-2 (3.8—4.2) 
----36-Ғ1--32 
=—3, 
Example 8. Evaluate the determinant 
20 42 89 
44 93 198 
93 191 450 
Solution. 
20 42 A 
41 93 198 
93 191 450 
[29 42 89| [Subtracting 2 times the Ist row from the 
=| 4 9 20| 2ndrow,and subtracting 4 times the Ist 
|13 23 294! row from the 3rd row] 
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201222 9, [Subtracting 2 times the first column from 
m 1 4 | the second column, and 4 times the first 
13 —3 42 | column from the third column] 
12 0 1| [Subtracting 2 times the second row from 
=| 4 1 4| the first row and adding 3 times the 
25 0 54| second row from the third row] 


12.31 [Expanding in terms of the minors of the 
elements of the second column] 


25 54 
--12.54-1,25 
=623. 


1:18. COFACTORS 
If we multiply the minor of the elements in the pth row and the 
gth column of the determinant 
dıı (біз As 
азу (біз Ang 
аз (за Css 
Бу (—1)”+, the product is called the co-factor of that element. It 
is usual to denote the co-factor of an element by the corresponding. 
capital letter. With this notation, 


х 


а а. аз 
Аза A33 аз (33 
а 2 (із 
A= (1) ore | ‚ Agy=(—1)*? | 
аз Ase Аза зз 
a, d 11 (із 
ла) cn | As C DP | 
аз 433 аз (за 
а п біз 
жесі on | Ag C- D | 
азо аз азу Фа | 
А (сауға ап 9 
33a — 1) 
Аз йа 


From the above expressions for co-factors we find that the 
-co-factor of an element differs from its minor by a factor —1 at the 
smost. А 


Theorem 1°10. If A= [au] be a 3X3 matrix, then 
Р _ [det A, if i=p, { 
Ф Хуян 0, if ip. 
1 5 
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А, if j=q. 
29:22:55: 
i 


Proof, 
() Уг Аз =аАџ аА аА, 
7 


аа аз аа аз ап а 
тан ~as Tas А 
аз аз аз аз 48: 43, 
=det A 
Similarly we can show that 
: У Ay det A, 
j 
Уы Ау-4Фе А. 
Шуды 
Again, Уг Ау=апАъ аА» аА, 
J 
Фа 018 ац 413 
шин! Tas 
зз sg азу аз 
а ац 
--413 
Яз (за 


ад а dj 
аз аз (33 
=0, since the first and second rows are 


га" | 


identical. 
Similarly we can show that 


Е a 
i 
= Xs 


(ii) The proof is МА as ап exercise for the reader. 


Remark. The contents of the ded theorem are usually 
expressed by saying that 
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(i) the sum of the products of the elements of any row or 
column of a determinant with the corresponding cofactors is equal to 
the value of the determinant ; 

(ii) the sum of the products of the elements of a row (column) 
with the co-factors of the corresponding elements of any other row 
(column) is zero. 

119. SOME ASSORTED EXAMPLES ON DETERMINANTS 


Here below we give some assorted examples which illustrate 
the method of evaluating determinants of the third order. 


Example 9. , Show that 


1550: 4 
=| a b c |=(b—c)(c—a)(a—b). 
а? ^ p с? 
131] 
‘Solution. a- bic 
ав с? 
0 0 1 [Subtracting the third column from 
=| а-с b—c c the first and the second column]. 
а%—с% 3—с% с? 1 
0 0 1, [Taking a—c common 
=(a—c)(b—c) 1 DE from the first column and 
atc btc с? b—c common from the 
second column]. 
1 [Expanding in terms of tbe 
—(a—c)(b—c) elements. of the first row]. 
a+c b+c 


=(а—с)(Б—с){(Ь-Ес)—(а-Ес)} 

=(a—c)(b—c)(b—a) 

= b—c)(c—a)(a—b) 
Alternative Solution. Let 


LI с 
A=| а b c 
Ф Poe 


Regarding A asa polynomial in a, we find that A vanishes 
when a=b (for then the first and the second columns become iden- 
tical). Therefore, a—b must be a factor of ^. j 


' Similarly b—c, c—a are also factors of A. 
Since each term in the expression for A is of degree 3 in a; b, 
€, therefore, we must have 
A —A(b— c)(c—a)(a— b), 
where А is a constant. To find the value of A, we compare the 
coefficients of bc? on both sides. This yields A=1. 


Hence A =(6—c)(c—a)(a—8). 
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Example 10. Show that 
1-21 
| b 5 |-e-ot-e- 9e. 


a 
dob 
Solution. 


наа 
a b c 
ава 


1950 0 [Subtracting the first column from 
- a b—a c-a the second and the third column]. 

a Ba ^®—а% 

b—a  c—a [Expanding in terms of the elements 
-| of the first row]. 

Ba 6-8 

1 
=(b—a)(c—a) 
b?-+-ab+a* сг--ас--а! 


[Taking b—a common from the first column and с-а 

common from the second column], 
=(b—a)(c—a){(c?+-ac+a*)—(b*+ ab+a*)} 
=(b—a)(c—a){(c?—b?)-+-a(c—b)}, 
=(b—a)(c—a)(c—b){(c+b+a)}, 

=(b—c)(c—a)(a—b)(a+b+c). 

Alternative Solution. Let the given determinant be denoted 
by A. Regarding A as a polynomial in a, we find that A vanishes 
when a—b (for then the first and the second columns become 
identical). Therefore, а- must be a factor of ^. Similarly b—c 
and c—a must also be factors of A. Since each term in the expres- 
sion for A is of degree 4 in a, b, c, we must have 

A=fia, b, c)(b—c)(c—a)(a— b), 
where f(a, b, c) is a homogeneous expression of the first degree in 
а, b, с. f 


Also, since A and (b—c)(c—a)(a—b) both remain unaltered by 
a cyclic interchange of a, b, с (i.e, when we replace a,b,c by b,c 
and a respectively), therefore f(a, b, c) must also remain unaltered 
by such an interchange. Therefore, f(a, b, c) must be of the form 
k(a+b+c), where k is a constant. 


Therefore, A =k(b—c)(c—a)(a—b)(a+-b+-c) mo 
Since (4) must hold for all values of a, b, c therefore, by putting 
a=0, b=], c—2 on both sides of (i), we have 
1-24-21 
0:1 2 | к-аз, 
018 : 


EI лон тн нан О к...н ааа ааа наннан 22. А а окна а ане ы, 
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or 6=6k, 
or k=1, 
Hence A=(b—c)(c—a)(a—b)(a+b+c). 


Remark. We could have also determined k by comparing the 
coefficient of bc? on both sides of (i). 

Example 11. Prove that 
I a+b а? 
1 B+ca b3 
1 cab c 

Solution. Denoting the given determinant by ^, we can 
immediately show, as in Examples 9 and 10 that b—c,c—a, a—b 
must be factors of A. Since each term in the expression for A is 
of the fifth degree іп a, Б, c, therefore, 

A —f(a, b, c(b—c)(c—a)(a—b), 

where f(a, b, c) is a homogeneous expression of the second degree 
in a, b, c. Since both A and (b—c)(c—a)(a— b) are unaffected by E 
cyclic interchange of а, b, c, therefore, fla, b,c) must also remain 
unaffected by such an interchange. 

.. Ха, b, c) — (a? --B3-- c?) 3- n(bc-I-ca--ab), 
where A and и are constants. Therefore, 

A —(b— c)(c— a)(a—b) (A(a?--B?-- c*)-- u(be-+ca+ab)} -0) 

Since (i) holds Гог ай values of a, b, c, therefore, оп putting 
a=0, b=1, c=2, we have 


= —(b—c)(c—a)(a—b)(a*+ b?+-c?). 


VEZ D 
1 1 1 |—(—1X(—1)(524-2p), 
148 
or SA+2u=—5. (й) 
Similarly by putting а= 0, b—1, c=—2, we have 
5A—2u— —5. (ШШ) 
Solving (ii) and (iii) for А and и, we have: 
A=—1, p=0. 
Hence = - (b— c)(c— aYK(a— b)(a* --b*- с). 


Example 12. Show that 
1 Ёү+а8 [?ү?--а?8% 
І yo+p3 ү?а2-- 0202 = —(В— ү)(ү— о)(а—@)(«— 8)(8—8) 
1 aB+y8 ahy - 1255) 
Solution. Adding 208ү8 times the elements of the first 


column to the crresponding elements of the third column, the given 
determinant equals 


1 Вү+а8 (By-+a5)* 
1 ya+p8 (ya+p8)? 
1 of--y8 (аф--үз 
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If we put бү+аё=а, Ya--9—5b, ag 1-18 —c, the 
determinant sim 
1 5 Д z(b—c)(c—a)(a-— b), 
Leo 
Example 9. 
T Since b—c-—(Ya--89)— (a8--8) = — (8—ү)(«—8), 
€—a— (aB-I-3)— (By-- a3) — —(ү— a)(9—9), 
a—b- (BY--a8)—(y«-- 08) = — (a —8)(v—9), 
eoa. the given determinant 
=(b—c)(c—a)(a—b), 
e exp —Xr—a)(a—8)(a—8)(8—B)(v—8) 
Example 13. Show that 


b+c)? а а? 
( ie (cay b завин 
ci 2 (a+b)? 
Solution. 
(b--cy a a 
= p (cro? ғ 
а гард 
(не 0 
| now | 


ау c®—(a+b)* (a+b) 
[Subtracting the third column from the first and the 
second column], 


=(a+b+c)* 0 cta—b b? 
c—a—b c—a—b (a+b)? 
. [Taking a+b+c common from each of the columns 
() апа (ii)], 
5-с-а 0 а? 
=(a+b+o) 0 c+ta—b b? 
—2b —2a 2ab 
[Subtracting rows (i) and (ii) from row (iii)], 
: (b4-c)a a а? 
"ibt b ^ (cra) Ы | 
* 0 0 22 | 
[Adding col. (iij) to a times col. (i) and 
to b times col. (ii)], 
(b--c)a а? 
P (с+а)Ь 
[Expanding in terms of the elements of the 
third row], 


b+c—a 0 a | 


da марна". 245 
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412 


b+e a 


b 
=2ab (a+b+c)* b Ay 


[Taking а common from the first row and b 
common from the second row], 


=2ab(a+b+c)? {(b+c)(c+a)—ab}, 
—2abc(a--b4- cy. 


EXERCISE 1 (/) 


Evaluate each of the following determinants : 


| 15 11 


| 60 70 


Prove that 
Prove that 

| 
Prove that 
Prove that 
Prove that 


Prove that 


Prove that 


9 2: ТЕ 118 135 
17 9 97 ns | 
12 4 45 50 
70 | 4. 18 40 107 
73 | | 40 89 238 | 
72 89 198 529 | 
1j. 2155301 
a B Y |-148-үХү-а)а-0). 
BY үа ар 
1 By. = Вт 
1 yta үа? |-(6—0(—9(—B. 
1 a+b +f 


a B ux 
a 8 ү? |=(В—ү)(ү—а)(«—8)(а-Е@+Ү). 
@+ү yta «+8 


1 1 
A ee [а—т-®@—йү+үв 
8 +а8)- 


a—b—c 2a : 
2b bea 2b |-(448540)- 
2c 2с 0 
а? be ac+c? 
а?+-аһ bp ac теге 
ab Ь%+Ьс c 
—2a a+b a+c 
b+a —2b b+c |-40--сїс--аХа--9. 
c+a ctb --2с 
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12. Ifa, b,c are all different and if ^ 4 
а а? @+1 
b b p31 1-0, 
со el 
prove that abe+1=0, 
13. Prove that 
: 14-03-45 ^ 2gb .7-2, 
225 1-а--ы 24 |=(1+a?4+ b°). 
2b —2a 1-а-ы 
14. Prove that 
a a—(b—c ^ bc 
ы 2—(с— а)? са |=(b—c)(c—a)(a—b) 
c — c—(a-b? аһ |(а--5-)(084-524-03). 
15. Prove that 
х+а b 
a. xtb с [= Grat bo). 
a b c 
16. Solve the equation : 
3x—8 3 3 
| 3 3х-8 3 = 
3 3 3х-8 а 
17. Find the value of the determinant 
la а Ы 
1/Ь b ca 
le а ab 
18. Prove that 
bc a а? 1 а? аз 
са b АБЭ 21 bt- bo 
ab c «а 1 pu cor 


120. PUN OF DETERMINANTS TO AREA OF 


of whose vertices are given, can be put in a very 
remember) form in terms of a determinant. 


A,B 


А TRIANGL 


The formula for finding the area ofa triangle, the co ordinates. 
neat (and easy to 


Let (ху, J1), (Xa, Va), (xs, уз) be the co-ordinates of the vertices 
and C respectively of a triangle ABC, If A denotes the area 


of thé triangle ABC, then we know that 


Д= уь xaJ хауаз ау — ху) 
= Фау узул ау хауз xaya} 
={{х(у»—у) —(%—ху) +X2Y3—Xayo} mo 


MATRICES AND DETERMINANTS 43 


Fig. 16. 


Corollary. If the points А (xy, уг), B (х, уг) and С (xs, уҙ) 
are collinear, then from (i), we find that we must have 


x ? 1 
е: | КО 
Ха Уз 1 
which is the required condition. ; 

Example 14. Find, using determinants, the area of the 
triangle, the co-ordinates of whose angular points are 

(2, 6), (—4, —2) and (3, —1). 
Solution. Let (x, y))— (2, 6), (ха, у)-(-4, —2), 
(ха, уз) = (3, —1). 

The required area 


ж » 1 
EN X& We ЖД 
Xa Уз 1 |, 
1:|::2:2238 1 
2 |-4--2 1 
3-1 1 


Y ((—24-1)—6(—4—3)1 . (42-8). 


=> б-2442410, 
2225. 
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Example 15. Show that the points 
(—6, 9) (0, — 9) and (—2, —3) are collinear. 
Solution. Take (х1, уу)=(—6, 9), (xe уа) — (0, —9) 


"and (xs, уз)=(—2, —3). Then 
xı Jı 1 -6 9 1 
а у 1 j= 0 —9 1 
Хз Ja |.» -2 -3 1 


=—6{(—9) .1—1 (—3)}-+(—2) (9.1—1(—9)), 
=—6(—9+3)—2(9+9), 
=—6(—6)—2.18, 
=0. 
Hence the given points are collinear, 
EXERCISE 1 (i) г 
Find, by using determinants, the areas of the triangles the 
‘co-ordinates of whose angular points are : 
- (2, 1), (4, 4), (6, —2). 
. (—1,2), (1, 3), (2, —4). 
. (9,3), (—5, —2), (3, 5). 
- (72, 5), (7, —4), (3. 2). 
(5, 7), (—2, —1), (0, 8). 
. (72, —5), (5, 3), (3, 9). 
- (с, а), (c—a, a), (с+а, a). 
« (ap, 2ap), (aq?, 2aq), ar?, 2ar). 
. (а сов a, a sin a), (a cos B, a sin 8), (a cos ү, a sin y). 
10. (ср, alp), (са, сд), (cr, clr). 
Prove, by using determinants, that the following sets of points are 
Яп a straight line : 
11. (2, 3), (5, 7), (8, 11). 
12. (5,1), (11, 4), (1, —1). 
13. Q, —3), (—6, 9), (—2, 3). 
14. (8, —1). (4, 7), (6, 3). 
15. (3, 1), (7, —3), (5, —1). 


T'21. APPLICATION OF DETERMINANTS TO SOLUTION OF 
EQUATIONS (CRAMER'S RULE) 


The following theorem, commonly known as Cramer's rule, 
tells us as to how we can use determinants to solve a system of 
three linear equations in three variables. Even though we have stated 
-and proved the theorem for the case of three variables, the theorem 


is perfectly general and can be extended to a system of п linear equa- 
‘tions in n variables, 


© оса бл ш юк 
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Theorem 1:11. (Cramer's Rule) 


ау b, су, 
If X\=| a, be ca} 50, 
аз b, C3 
then the system of linear equations 
ау-+Ьуу-Есу2+4,=0, 
ax +bay+caz+ dı=0, 
a3x+- by - cz-4- d4— 0, Э) 
possesses a unique solution, which is given by 
x rn. 2 -1 
------------- = Le e SG. REUSE er rel 
b су а 4 6 d “а, by а qb с, 
b, Cp d, аз Ca ds | a, 5, а, аз be Co 
8 сз ds аз Са 4; аз 0з ds аз bs сз 


Proof. Let us use capital letters to denote the co-factors of 
the corresponding small letters in A. Any common solution of the 
given system of equations is also a solution of the equation 

As(ayx b yd- ciz- d+ As(agx-- bay-- coz da) 
+Аз(азх--Ь3у4-с32+-43)= 0 “(1% 

The coefficient of x in the left hand side of (i) is 

Аза, -Аза, ЋАзаз= Д, 
the coefficient of y is 

Aabi- Asba+ Asb3—0, 
the coefficient of z is 

Acı Ас Азсз=0, 
and the constant term is 


bi сі а, 
Adı + Asdy-- Аза | b, са а, 
3 C3 d; |. 


Equation (i) may, therefore, be written as 


bi G di 
Ax+ |b, шо а, |=0. ay. 
bs єз 4, 


Similarly we can show that a common solution of the given. 
system is also a solution of the equations 


ат 4, сі 
Ay+ jag de с; =0, .. (i) 
аз 4, Cs 
and 
а\ b, d, 
Az- | а, b, | -0. (у) 
а з 4: : 
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Since A0, it follows from (ii), (iii) and (iv) that the given 
‘system has a unique solution, namely 


x =}. 2 
bi су а,|=|ау са 4 |= 0: b dy |=| a, b a 
b, с, d, а, са а, а b, d, a Б, с, | 
bs сз ds аз сз d; a, by d; си 


Example 16. Solve the following system of linear equations 
Бу means of determinants : 
х-Бу--г--7, x+2y+3z=16, x 3y4- 42-22. 
Solution. Write the equations in the form 
x+y+z—7=0, 
x+2y+3z—16=0, 
x+3y+4z—22=0. 
1 1 1 1 0 0 bp 
“Now A=|2 2 3 НІ! 1 211 3 SON 
274,3 


353 4 1 
Since 21550, the system has a unique solution given Бу 
x Rast Na O кос ASRS End 
FORET 
11 -47 11 —7 11 —7 
L3. .—16 1 3 —16 ! 2.—16 
1 4 —22 14 —22 1.3 —22 
11 —7 150-0 -2 
Now |2 3 -6|-|21-2/-І| 14-1, 
34 —2 о —1 2: 
11-7 15:50:10 
! 3 Zis | [ 2.59 =} 3-3, 
14 —22 1 3 —15 T 
151 2 EYO S2 
1 —9 
1 2 -Ібіз|1 1. —9 |= =3 
SA 2S 8 zisl 
"Therefore 2 
лука a 
I7 33> 537-105 


Hence Х--1, y—3, z—3. 
EXERCISE 1 (j) 


Solve the following systems of linear equations by means of 
determinants and verify your answer in each сазе: 
R х+у—2=1, 2. 4х-3у--22--8, 
8x4-3y—6z—1, 3x—4y4-52— 6, 
-—4x—y+3z=1, —6x+5y+7z=—1. 


A tua аллы ааль л es T 
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3. 3x--2y4-52—32, 4. 3x—37-- еі, 

2х4-5у--32--31, 5x-+2y—7z=—12, 
5x+3y+2z=27. -4х4-3у--2--5. 

SH 8х--7у--52--1, 6. x+y+z+1=0, 
--7х--5у--б2---1, x+2y+3z+4=0, 
12x—8y—11z=2. x+3y+4z+6=0. 

72 x+2y+3z=6, 8. х-у-22-3, 

2x+4y+z=7, . 2x+y+z=5, 
3x+2y+9z=14. 4x—y—2z=11, 

9. 2x+3y+4z=16, 10. х--4у--42--5, 

3x+2y—5z=8, 3x—2y+2z=14, 


5х—6у+32=6. —10x+8y+z=6, 
122. ADJOINT OF A MATRIX 3 
In this and the next section we shall apply our knowledge of 
«determinants to computation of inverses of 3X 3 matrices. Later on, 


this technique can be extended to compute the inverses of nxn 
amatrices. 


Definition 1°10. Let А--(00) be any 3X3 matrix and let 
В= [0 be a 3X3 matrix such that Бу--Ай (where Аң is the co- 


ў factor of ан in det A). Then B is called the adjoint of A and is written 


“аз adj А. 
Theorem 112. Jf Abe any 3-rowed square matrix, then 
(adj A)A=(det А)1=А(сај A), i 
where 1 is the 3-rowed unit matrix. 
Proof. Let adj A=[bis], where bu —A ji. 


Since A, adj А, аге 3-rowed square matrices, therefore both 
4A(adj A), (Adj A) A exist and are of type 3x3. 


Also, (i, j)th element of A (adj A) 


- Уа 
Е 

= » аъАј 
k 


-fz ifizj 

= Laer A, if i=j. 

‘Therefore, A(adj A)=(det АЛ. 

Similarly we may show that __ 
(adj А)А = (дег АЛ. 
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Corollary. If A be a 3-rowed square matrix such that 
det А50, then А is invertible and 


At= a А adj А. 
1 


Proof. Since det А520, therefore, the matrix det Al adj ^ 
exists. Call it B. 
1 Ў 
Now AB=A( 2% adj A ) 


1 5 
- ҒА (А adj A). 
1 
“det A 
=], 
Similarly ВА = І, 
Since АВ= ВА =І, therefore, A is invertible'and 
apes: igs 
yok det A4 MUS 

Remark. The above corollary gives a rather powerful method 
of determining the inverse of a square matrix. 

Example 17. Find the adjoint of the matrix 

1-2 3 
0 2-1 
-4 5 2/, 

Solution. The co-factors of the elements of the first column 
are 9, 19, —4 respectively. Therefore, the first row of the adjoint 
is (9, 19, —4). The co-factors of the elements of the second column 
are 4, 14, 1 respectively. Therefore, the second row of the adjoint 
is(4, 14, 1). Theco-factors of the elements of the third column are 
8,3,2 respectively. Therefore the third row of the adjoint is- 


Hence the desired adjoint matrix is 


9 19 4 
4 14 1 


(det АЛ, 


8 34 2 


Remark. It is always advisable to check the computations: 


regarding the adjoint by using the identity 
(adj АУА--А(ад/ A)= | A | I. 
Example 18. Find the inverse of the matrix 


do cf 1 
=] Vo T 
o ЕЛДА 
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Solution. Ifthe given matrix be denoted by A, then as in 


Example 17, 
2.0 —1 
adj A=| 5 1 0 
0541.3 


Also, | A | 2324(—154-1.0—1. 
Therefore, A= : adj A, 


A 
2550974 
=| 5.1 0 
018423 
у 


Verification. Let us denote by В the matrix 


2 0 
552 5 
9271 
1 0 0 
(2 1 0 (=1. 
0 0 1 


Similarly ВА = Is. i 

Since AB=BA=],, therefore B is the inverse of А, 

The following theorem is sometimes useful for computing 
tin verses. 

Theorem 1.13. Jf A and B are n-rowed invertible matrices, 
then А? and AB are both invertible, and 

(a) (A! (A7), 

(b) (AB) !— BA", 

Proof. (a) Since AA-!—A^!A—Is, ; 
‘therefore, by the reversal law for transposes, we have 

(AA7)'=(A“1A) =I! 

i.e. (A3 A* -(AD(A71) —1,. 

By the definition of the inverse of a matrix, it is immediate 
"that A‘ is invertible and (А-1)? is the inverse of A‘. 


.. (b) Since A and B are n-rowed invertible matrices, therefore, 
АЛ and B~? аге both n-rowed square matrices, and consequently 
В-1А^! is also an n-rowed square matrix. Let us denote BIA by 
"C. To show that C is the inverse of the n-rowed square matrix AB, 
we have to verify that 


-1 

0 

3 

3 —1 1 

Моу e -15 6—5 
2 
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C(AB)—(AB)C—Is. 
Now, C(AB)=(B™A~)(AB), 
-В-ЧАЗА)В, 
—B7I,B—B^7B—I,, 
and (AB)C=(AB)(B A7), 
-А(ВВ-ЭАЗ, 
=А1]„Ал!, 
-ААТ--1,, 
Thus we find that 
C(AB)=(AB)C=In. 
Hence it follows that AB is invertible and that C is the inverse 
of AB. 
ie., (AB)"!—B-!A7!, 
The result (b) of the above theorem is usually referred to as 
the reversal law for inverses. 
As an рк of the above theorem, consider the 
following : | 


Example 19. 
cosa —sina 0 
If һә Sina cosa 0 |, 
0 0 1 
cosB 0 sing 
өв-( а ) 
=sin 8 0 созф 


show that the inverse of the matrix Fe is G(—8)F(—a). 
T Solution. By the reversal law for inverses, 
[F(a)G(8)-?=[G(8)] F(a) (D 
а 3 1 
ES А ы sow e peri ВІ er , and show that 
Now, by actual multiplication we find that 
7 ЁСОЕ(ү)--Е(а-нү) | 


so that Е(а)С-а)--Е(0)--1,, 

and consequently Mj 

Men [F(3]3— F(—a). vn (ii) 
Similarly,  G(6)G(y)=G(6+y), 

so that G(8)G(—$)=G(0)=I,, 

where | [G(B]?—G(-9. 


22) 
From (й), (ii) and (їй) we find „that the inverse, of f FOGG) is 
G(—8)F(—2). 
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EXERCISE 1(k) 
1. на-(2 3), show that ai= 35 A-(4.L5.5.C.E,, 1986) 
2. Given А-( 2 Ea ji compute A” and show (һай 
2A71—9I—A. (4.18.8 C.E., 1987) 
Find the adjoint of each of the following matrices : 
95 1 1 1 4. DT 1 
as [oy 
2-1-3 3 —1.:4 
5; 255517530 6. -1-2 3 
ОЗ ( деді abaco ). 
—1—1 3 4—5 2 


Find the inverse of each of the following matrices by first com- 
puting the adjoint : 


ds 1—2 3 8. 2-1 4 
[Соо]. (37% 1). 
ШУУ um ert Ті 2 
2251-22 10. 4-5 6 
ep 25d ) ( ero а КОЗ ) 
45222562 Lo AR 2,74 
2—2 4 12. 1-2 3 
ix 2853 29) ( 0 2-1 7 
-і 1—1 am dps i 
182 20:12 51 14. 4343-13 
(4-3 4). (- 2-1). 
3-3 4 —4 —4 —3 
15: 1 4 2 16. 29::42::18 
( 2:9 4 ) ( 14 1 9 ) 
285 14. 1 10 
3-10 —1 МЕ aud 
17. Find A~} if А-( 13 8.212 ). (4.1.8.8.С.Е., 1988) 
— 4 -2 yet 
18. - Compute the inverse of the matrix 
1 2-2 
( pad ээр ) 22 (08558СВ., 1988) 
0-2 1 
VAIN DES 
19.1 А-( 2 3 DETTE 
nl pe 


and verify your result. (4.1.$.5.С.Е., 1985) 
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20. Find the inverse of the matrix 


I 2D 
bs 1-8): 
2 1—1 
1:23. APPLICATION OF MATRICES TO SOLUTION OF 
SYSTEMS OF LINEAR EQUATIONS 
Consider the following systems of equations : 
(а) 2y+3z=12, 
4y-+6z=25. 
(8) 2y-+3z=12, 
3у+22=13. 
(ү) 2у+32=12, 
4y+6z=24. 
Let us first of all try to solve (a). Multiplying both sides of 
the first equation by —2 and adding it to the second equation, we 
get 


0.у-40.2-1,: 

i.e., 0-1, 
which is clearly impossible. We conclude that the given system (а) 
does not possess a solution, i.e., it is inconsistent. 
Let us now try to solve the system (B). Multiplying both sides 
of the first equation by —3/2 and adding them to corresponding 
sides of the second equation, we have 


1-2) 288 4-3): 342} (72) ыз, 


ie., -2 z=—5, 
or 2-2. 
Substituting z—2 in the first equation, we have y—3. ы 
We find that if there is a solution, it is given by y=3,z=2. Ву 
actual substitution we find that it is indeed a solution ofthe given 
system. We conclude that the system (8) possesses a unique solution. 
Let us now examine the system (y). Multiplying the first 
equation throughout by —1 and adding to the second equation, we 
have 
0.y+0.z=0, 
which is always satisfied. The system (y) is, therefore, equivalen 
to the single equation 
2y+3z=12. 
For each value of z, the above equation determines a value of y 
which is given by 
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3 
у=— 37t6. 
Therefore the system (v) has infinitely many solutions 
3 
VENDU k+6, 
z=k, 


k being any real number. 


From the above discussion we find that given a system of two linear 
equations in two unknowns, there can be three possibilities : 

(i) the system is inconsistent (no solution) ; 

(ii) the system has a unique solution ; 

(iii) the system has infinitely many solutions. 
If instead of two linear equations in two variables we take m linear 
equations in п variables, even then these are the only three possi- 
bilities. We shall discuss these possibilities for the case of linear 
equations in 3 variables. The treatment is, however, the same in the 
general case as well. 

In view of the above discussion we ate faced with three 
questions : 

Question 1. How to test whether a given system of linear 
equations is inconsistent? 

Question 2. How to test whether a given system of linear 
equations has a unique solution, and in case the system has a unique 
solution, how to find it? 

Question 3. How to test whether a given system of linear 
equations has infinitely many solutions, and in case it has infinitely 


many solutions, how to find them. All the above questions are 
related, and can be handled together. 


We shall use matrices to discuss the questions raised above 
and therefore let us first of all see as to how we can express a given 
system of equations in matrix notation. * 


The system of equations (a) above can be written as 


(2 ES 


Similarly, the system of equations (8) can be written as 


(2::1:)-8) 


and the system of equations (ү) can be written as 


БЕТТЕН 
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Моге generally, the system of m equations 
aux d13X3 HF... атха, 
“ба ахь +--+ agnxn=by 
mX3 + GymX_+-... QmnXn =bn 
can be written as 


x b, 
tn аз -- Qm ) х, р 5, 
ат, Ата -= (ат. A i, 
or as AX=B, : 
where A=[ay] is an mxn matrix, 
х, 
Жыз ы : 
Х-| 73 |isannx1 matrix, and 
Xs 
j b, 
Фу ` 
B=| ;* lis an nx1 matrix 
5, 
Illustration, The system of equations 
x—4y+ 72-48, 
3x+8y— 22--6, 


il 7x—8y4-26z2—31, 
can be written in matrix notation as 


1-4 7 х 8 
3 8-2 y Ж 6 ) 
7 —8. 26 z 31 
or as АХ--В, 
1-4 7 
where A is the 3X3 matrix Ё 8 2) 


7 —8. 26 
X and B are the 3X 1 matrices 


x 8 
( y ) and ( 6 ) respectively. 
2 31 
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° Theorem 114. Let AX=B be a system of n linear equations 
written in matrix notation. If A is non-singular, then the equations 
have a unique solution which is given by X= AB. 


2. Proof. Since A is non-singular, it is invertible, and A^! 
exists. 


Premultiplying both sides of AX=B by A” we find that if 

the system has a solution, it must be given by 
A“(AX)=A™B, i.e. (AA)X=A™B, 
or IX=A7B or X—A-B, 
gyeh ‘shows that if there exists a solution it must be given by 
АВ, 
Also, Х=А-!В = AX=A(A“B)=(AA)B=IB=B 
=>AX=B, 
so that X=A™"B is indeed a solution. 
Thus the system has a unique solution X &A-?B. 


Example 20. Use the matrix method to solve the system оў. 
equations 


3x—7y=—4 
5х--2у--7 (D.B.S.S.C.E., 1988) 
Solution. The given system of equations can be written as 
(3::15)-:3) 
5/012 уун КЕ 


3 
Since | |-:2- cns ast, 
[5 2 


therefore ( : m ) is non-singular, and therefore invertible. 


The given system has the unique solution given by 


КАНЕ” 2 


3 -7 үл 1 2 44 
Now (3 2 RET 4 


Therefore from (i), we have 


GR DD) 
-И0) 


The тшн of the given system of equations is given by 
x=1, y=1. 
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Verification. Substituting x=1, y=1 in the given equations, 


we have 
3х—1у=3.1—7.1=—4 


5х--2у--5.1--2.1-47. 
Example 21. Compute A~ for the following matrix A 


(Шулар 09572 
A=| 1 2 s) 
3 1 1 


Hence solve the system of equations 


у+22+8=0 , 
х+2у+32+14=0 
Зх+у+2+8=0. (A.I.S S.C.E., 1986) 


Solution. The given system of equations can be written as : 


(3 2 3) 3)-(=8) 


0 1 2 
Now lAl -| 1 228053 | 
3 1 1 
== —(1.1—3.3)-+2(1.1—2.3), 
=—1(—8)+2(—5), 


so that A is non-singular and hence invertible. 
The co-factors of the elements of the first row are —1, 8 and 
—5 respectively. The co-factors of the elements of the second row 
are 1, —6 and 3 respectively. The co-factors of the elements of the 
third row are —-1, 2, and —1 respectively. 
-1 tost 
adj ^-( 8,—6 2 ) 
-5 227 52% 


дэл ase анши дер мн 
STARS T 73 3) 
The solution of the given system is 


"UEM 
(4 4 


(3) 


Thus the solution is х----І, y=—2, z= —3. 


al 


1—7 = 
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Verification. Substituting x=— 1, y=—2, and 2=—3 in the 
given equations we find that 
y+2z+8=(—2)+2(—3)+8=0, 
x+2y+3z+14=—1+2(—2)+3(—3)+14=0, 
3x+y+z4+8=3(—1)+(—2)+(—3)+8=0. 
1231. General method for solving a system of linear equa- 
tions by using matrices 


Suppose we wish to solve a system of three linear equations 
in three variables, say, Х, y and z. 

The first step is to consider two equations out of the given 
equations, say the first and the second, and eliminate x from these: 
equations by adding a suitable multiple of the first equation to 
the second equation. We thus get a linear equation in the two 
variables y and z. 


Similarly, by considering the first and the third of the given 
equations and eliminating X from them we can obtain another 
equation in the two variables y and z. 


The second step is to consider the two equations obtained on 
the completion of step 1 above. These equations will form a system 
of one of the types (a), (B), (ү) discussed at the beginning of this 
section, and consequently we shall find that exactly one of the 
following three possibilities holds : 

(i) the system has no solution ; 

(ii) the system has a unique solution ; 

(iii) the system has infinitely many solutions. 

By using matrices, the above computation can be arranged ina 
systematic manner. In fact the various operations involved can be 
performed on the rows of A and B, because : 


(i) Interchange of two equations is equivalent to an inter- 
change of two rows of А аз also of corresponding rows of В. We 
shall denote by Rie>R; the operation of interchanging the ith and 


jth rows of a matrix 


(ii) Multiplication of an equation throughout by a scalar k 
is equivalent to multiplying the elements of a row of A and also the 
elements of the corresponding rows of B by k. We shall denote 
by Rik Ry the operation of multiplication of theith row of a 
matrix by k. 


(11) Adding to the jth equation k times the ith equation is 
equivalent to adding & times the ith row of A (resp. В) to the jth 
row of A (resp. B). We shall denote this operation by Ry>Ri—kRe. 

The method described above can be well understood by study- 
ing the following examples. It will be seen that the case of unique 
solution is also covered by the above method. 
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Example 22. Solve the system of equations : 


x+4y+ 7z=8 
3х--8у- 22-6 
7x—8y+26z=31. 
Solution. санд à s 
A=| 3 8--2 ) »-( ) 
a (3 -8 26 31 


and assume that there exists a matrix 


(2) 


such that AX=B. 


Then 
1-4 7 x 8 
6212-1026) 
7-8 26/\2 31 
7 
2 
2 


1 —4 TNL x 8 

> 0 20-2) у || —18 | IR; R,—7R.1 
0 20 —23/\ z —25 
1 -4 7 х 8 

> 0 20 —23| у. |7| —18 | I; R,—RJ 
0 0 0/ 2 — 7 


We have reduced the coefficient matrix to triangular form. 


Now 
122054 ТҮК 8 
(0 20 -23)( y )-(-8) 
0 0 0\2 m 
56 x— 4y+ 72- 8, 
20y—23z=—18 
and 0——7. 


Since the conclusion 0— — 7 is false. therefore, our assumption 
that for some X, AX=B, is also false. Consequently there is no X 
for which AX— B, that is, the given system of equations has no 
solution, i.e., it is inconsistent. 
Example 23. Solve the system of linear equations 
x—2y4-32—6 
3х+у—4@=—7 
5x—3y4-22—5. 


MATRICES AND DETERMINANTS 59. 


Solution. 


1-2 3 6 
Let А-|3 1-418-1-7 
5-63 2 5 


and assume that there exists a matrix 


HA 


such that AX=B. 


Then 


1-2 3 х 6 
0 7-1 у Ї-4-251|(В.эЁ,-38В4, 
5-3 2 2 5 
1—2 3 х 6 

> 0 7-13 y І-| —25 | [R,—R;—5Ri] 
0 7-13 2 —25 


M recu d ээ лэ тты 


6 
Н- 4) [®Ёз—>К3—К›] 
0 


We һауе reduced the coefficient matrix A to triangular 
form. 


1-2 3 х 6 
woN 0 27:1 y |=| -25 
0 0 0 2 0 


= х-2у-33- 6, 
7y—-13z =—25, 
0=0, 
2 pua tA 283 
7 "ES 
х--2у--32--6, 
=2(-5-:—-Р—)-з-н, 
STER 
СУ WA 


z=z, for all 2. 
Thus we find that if (x, >, 2) be a solution of the given system 
of equations, then it must be given by 


DO 42355 
uem ут 
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13 25 
PART тт 
z=z, for all z. · 
The next step is to show that every such set of values is in 
fact a solution of the given system of equations. 


By multiplication, we can easily check that 
5 


8 
PEt RE NPS to ia 6 
X= 13 L2 RESTA SIK —7 | forall z. 
7 7 5—3, 2 5 
2 


Hence the complete solution of the given system of equations. 
is 


5 
m 
. 13, 25 $ for all z. 
le: 1 2 739 
22-4, J 
5 8 
ie. Ny ks 1 
_ 13 2223 $ for all К. 
7 TRN 
=k. J 
Example 24. Solve the system of linear equations 
7) 2x-3yd4z-—3, 
x—3z=—2. 


1-3 4 Же) 
Solution : Let A= , B= 
1 0—3 ар 


and assume that there exists a matrix 
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1. 0-3 x 7 
Ys ( ) 3 H ) [Ra + R,—2R,] 
0-3 10 2 7 


We have reduced the coefficient matrix A to triangular form. 


eL UH 


> x—3z——2, 
and 3y+10z=7, 
10 7 4 
> x=3z-2, у= 2-3? z=z, for all z, that is, 
ys 5k ?; 9ے‎ k— L, z=k, for all k. 


It is easy to check that 
3k— 2 
(tonos 51 for all k 
1 0-3 3 : ЕТ е Ld , lor all k. 
Hence the complete solution of the given system of equations 


-3К-2, ye? Ei z=k, for all К. 
Example 25. Solve the system of equations 


3z—4y= 2, 
5x+2y=12, 
—x+3y= 1. 


3-4 2 
Solution. Let A= 5 2 |,!Bel12 i 
-1 3 1 


and assume that there exists a matrix 


х 
Х= b 
y 
such that AX=B. 


3 —4 х 2 
Then 52 =| 12 
-1 3 y 1 
—1 3 х 1 
= 52 =| 12 | [RieRsl 
3 —4 y 2 


62 А ТЕХТ-ВООК OF MATHEMATICS 


-1 3 х 1 

> ( 0 4) | Қ 17 ) [R;—R,--5R,] 
3 —4 y 2 
-1 3 x 1 

- ( 0 17 | ( Қ 17 ) [R,— R;--3R,], 
0.5 y 5 

> 017 =| 17 |, [R;R;—:; Rs] 
0 0 у 0 


wed x+3y=1, 1 17у--17 
= х=2, ysl. 


Thus we find that if the given system hasa solution, then it 
must be given by x=2, y=1. 


By actual multiplification we find that 


201950) 


so that x—2, у= 1 is in fact a solution. 
Hence the complete solution of the given system of equations 


х=2, у=]. 
Example 26. Solve the system of equations 
xt y+ z217, 
х--2у- 42-16, 
х--3у- 42-22, 


1:51:1 Л 
Solution. Let A=| 1 2 3 , B=] 16 
1 3 4 22 


and assume that there exists a matrix 


X 
X-| y 
z 
such that 


1 3 2 ІҢ: ) [R, > В,—В,], 
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=| 9 |, [R> Rs—Ril, 
2 


2 
(13) (054) 
[505142402 =| 9 | [Rg > R,—2RJ. 
0202-21 =з 


we have reduced the co-efficient matrix A to triangular form. 


IX x 7 
Now (01 2 у |" 9 
00-1 2 дэг 


> х--у--г--7, x+2z=9, —2=—3, 

> z=3, у=9—22=3, х=7—у—2=1. 

Thus we find that if the given system possesses a solution then 
itmust be given by 


y 
ЭРЭЭ. 
оо- 
СТЫ; 
سر دم دن‎ 
SL 
MES 


x=], y=3, 2=3. 
By multiplication we find that if 


1 1 > Vet 7 
X= 3 ),then{1 2 31Х-416 |, 
3 1 3 4 22 


showing that X is in fact a solution of AX=B. Hence the given 
system of equations has a unique solution, namely 
E x=1, у--3, 2=3. 
Example 27. Solve the systems of equations 
x+y—3z=0, 
2x—y+2z=0, 
3х—2у+:=0. 


ge 1 1-3 
Solution: LetA=| 2-1 2 |, B= 
3-2 1 


and assume that there exists a matrix 


ge 


such that AX=B. 


1123 0 
Then | 2-1 2 }х= 0 
3-2 1 0 
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ЖЕРІН 


by the operations К, > R,—2R,, К, > Rs—3R;. 


"X 


by the operation Ra Rs, 


1791 +3 х 
> 0 1 — y )- 
9. —3 8 2 


1 
by the operation R > = 


АН, 


(xy -32-0 
= y—2z=0, 

1 22-40, 
> x=0, y=0, z=0, 


Thus we find that if the given system possesses а solution,, it 
must be given by 
x=0, y=0, z=0, : 
Also, it is obvious that this is in fact a solution. Hence 
x=y=z=0 
is the only solution of the given system. 


Remark. A linear equation of the form ax+by+cz=0 is 
called a homogeneous equation. If each equation of a given system 
of linear equations be homogeneous, then we say that the system of 
equations is a linear homogeneous system. The system of equations 
in the above example is thus a linear homogeneous system. It can 
be seen without any difficulty that every linear homogeneous system 
has a solution in which every variable takes the value zero. This 
‘solution is usually called the trivial solution of the system. The 
trivial solution may sometimes be the only solution of a linear 
homogeneous system (as in Example 27). This, however, need not 
always be the case. For example, the linear homogeneous system in 
Example 28 possesses solutions other than the trivial solution. 

A linear system is said to be non-homogeneous if it is not 
homogeneous. The linear systems in examples 22-26 are all non- 
homogeneous. As regards existence of solutions, there is one 
important difference between homogeneous and non-homogeneous 
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systems. While a non-homogeneous system may not possess any 
solution (for example, the system in Example 22), every homo- 
geneous system possesses at least one solution, namely, the trivial 
solution. 


Example 28. Solve the system of equations 


—2x+y—z=0, 
x—2y+3z=0, 
—7х+2у—2=0. 
—2 1 =1 
Solution. Let A= 1-2 821% Ж 
-1 2 -1 


and assume that there exists a matrix 
x 
X=] у 
2 
such that AX=0, where 0 stands for the null matrix of type 3х 1, 
-2 1:-1 х 
Тһеп 1:12:48 у |=0, 
-7 2-4 


2 
р ЇЕ ӨВ 


[R,—R,—2R;, Ry R4—R,] 


р) 3 х 
> 0 —3 5 =0 [R >R,—4R. 
0 0 0 2 Ks 3] 


Гх--<2у--3г--0, 
> 5 
L —3y+5z=0. 
| хе, 
= 
5 
L git. 
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By multiplication we find that if 


E : 
х=[ £j i 
2 


then AX=0, whatever value z may have. 


Thus x=3k, у= 56, z=k, where k takes any value whatever, 


is the complete solution of the given system. 


AAAS 


11, 


EXERCISE 1 (/) 
Use matrix method to solve the following equations : 


3х--2у-40, х--у--1. (4.1.8.8.С.Е., 1984) 
Sx+2y=4, 7х--3у--5. (A.I.S.S.C.E., 1984) 
Xdy-cz-6,x—y-z—2,2x4y—z-1.  (4:1.5:5.С.Е., 1987) 
2x—y+4z=1, 3x—z=2, x—y—2z=3. (A.L.S.S.C.E., 1987) 
x+y+z=3, 2x—y+z=2, x-2y+32=2.  (A.I.S.S.C.E., 1989) 
8х--4у--32--18, 2x+y-+2=5, x-F2y4-z tAISS.CE., 1988) 
х--у-Ег--4, 2х--у--32--0, х--у--2--2. (D.B.S.S.C.E., 1989) 
2x+8y+ 5255, х--у--г:---2, x+2y—z Bree ан: 1985) 
Which of the following systems of equations are consistent : 
х-3у--г----1, 10, 2х-<5у--72--6, 
2х--у--42-5-1, х--Зу- 42-53, 
6x—Ty+8z=—7. 3x—8y4-11z—11. 
х+у+2=7, 12. x+y+z=2, 
x+2y+3z=16, x+2y+3z=5, 
х+3у--42=22. x+3y+6z=11, 
: x+4y+10z=21. 
Obtain complete solution for such of the following sets of 
equations as are consistent : 
x—3y—8z=—10, 14. x+y+z=3, 
3x--y —42—0, 3x—5y4-22—8, 
2x4-5y— 62-13. 5х--3у--42--14. 
XT y z4-w-—4, 16. х--у- 22-44, 
x+y+z—w=2, 3x+y+4z=6, 
x—y+z—w=0. x+y+z=1. 
Solve completely the system of equations : 
2x—3y--z-— 0, 18. x+2y+3z=0, 
x+2y—3z=0, 2x+3y+4z=0, 


4х—у—22=0. 7x+13y+9z=0. 
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19. 4x+5y+6z=0, 20. х--3у--22--0, 
5х--бу--7г2--0, 7х--21)--142-0, 
7х--8у--92--0. —3x+9y—6z=0. 


TEST YOUR UNDERSTANDING I 


In each of the following problems four alternatives are given 
out of which only one is correct. Put a tick mark (/) against the 
correct alternative. > 


x ИЛЧҮ i 
l. The matrix t 9 3) is of type 


(022 (03  (03x2 (4) 2х3 
: а 263 5 
PARET, A=(5 i в-(2 Là) na 


А+в-(4 2) then the value of x is 


(а-а OLO OTS (0) 4, 
3. Ais a 2x3 matrix and AB isa 2x 5 mairix. B must be a 
(a) 5X3 matrix (b) 3х3 matrix 
(c) 3X5 matrix (d) 5x 5 matrix. 
4. If AB=0, then 
(a) А-0, (0) В-0, (с) A=0 and В--0 
(4) the matrices A and B may be both non-null. 


5:03 If ($ (= then the value of x must be 
(04 (М12 (26 (48. 


6. Тһе matrix p. 


8) is non-invertible, 
The value of x is 
(a) 24 (b 6  (c)8 (4) 18. 
7. The value of the determinant 
L2 
253/74 
345 
18 
(а) 6 (6) 0 (c) 3 (d) 2. 
8. Тһе system of equations 2х--3у:-5, 3x—2y=0 possesses 


(8) a unique solution (b) no solution | 
(с) infinitely many solutions (4) two solutions. M 
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The system of equations 2х--3у--5, 10х--15у--50 

(a) is consistent (b) is inconsistent 

(c) has infinitely many solutions 

(d) has a unique solution. 

The system of equations х--у--2--0, 

2x+3y+4z=0, kx+y—z=0 hasa nonzero solution. The 

value of k is 

(a) 1 () —1 (с) 0 (4) 2. 
REVIEW EXERCISE I 

Find 8A—2B if 


PODS EEE 
А-(2 1 4 )мав-( | 4 2) 


I А-( 3 75), йп4А#—5А—141, where I is the unit 
matrix of order 2. (D.B.S.S.C.E., 1989) 
MI а а 

ЇЕ АЯ 2312303 \ Be[ 53 73 | 
Эбу М a1 41.4 
compute AB. (D.B.S.S.C.E., 1985) 


Let A be the matrix ( Ч ) Find А- and verify that 


AS 5 А- Ё I, where I is the 2X2 unit matrix. 
(4.1.8.5.С.Е., 1984) 


9 ) When will this matrix 


b 
not have the inverse ? (4.1.8,8.С.Е., 1986) 
Find A (adj A) for the matrix 3 


Obtain the inverse of ( б 


ER Ж 
Ae| 0 2-1 (D.B.S.S.C.E., 1984) 
SRI SEE 


Compute the inverse of the matrix 


152143 
A-| 231 
b ds 


and verify that A? A=I. (A.LS.S.C.E., 1984) 


р 20 —I 
ГА-| 5 1 0 
054 3 
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prove that 

A71— A*—6A 4-111. (4.1.5.5.С.Е., 1989) 
Solve the system of equations 

х+2у=4, 2x+5y=9, 
using matrix method. (А.1.8.8.С.Е., 1985) 
Solve the matrix equation 
5 4 151272 
С ) 

where X isa 2X2 matrix. (D.B.S.S.C.E., 1984) 
Solve the following linear equations using matrix method 


х+у+2=9, 2х--5у--72--52, 2х+у—2=0. 
(А.1.8.8.С.Е., 1988) 
Find the inverse of the matrix 


па E) 
220% 
=3 


Hence solve the system of equations 
2x—3y+2z=1 
2x+2y—3z=1 
—3x+3y+2z=2, (4.1.8.8.С.Е., 1986) 
Obtain the inverse of the matrices 


lp 0 100 
Ü I p ! 4 10 
001 ШЫТ 


and hence that of the matrix 
l+pq p 0 
4 \+tpq p 
0 4 1 


[Hint : Use theorem 1:13]. 


A matrix A satisfies the equation A*—A. Show that if” isa 
positive or negative integer, then 

(I+-A)"=I+(2"—1) А. 
A non-singular matrix A has the property A‘A=AA‘, where 
At is the transpose of А. Prove that AtA-I=A"IÁ', Prove 
also that if В=А-1А*, then ВВ! is the identity matrix. 


Find A‘, AA‘, Ат? and B when 


2-2 1 
A-[-:2 14-2 j 
1:599 Б-У» 
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For each real number х such that —1< x <1, let A (x) be 
the matrix 


Ша ыг ag ) 
Show that A (x) A (у)=А (2), 


уо. 

where z= EEG 

Deduce that ГА (x) =A (—х). 
SUMMARY 


Two matrices А-(а,Д and B-—[b,] are said to be equal if (i) they are 
comparable, (ii) a,,—5, 1 for each pair of subscripts 7 and j. 


If A=[a,,], B=[b,;] are two matrices of the same type, their sum C=[c,)] is 
а matrix of the same type such that Cy =A; +b. 


Addition of matrices is associative as well as commutative. 

If A=[a,)] be an mxn matrix and k be any complex number, then kA is the 
mxn matrix whose (7, /)th element is k a, ; The matrix kA is called the 
scalar multiple of A by &, 


If A and B be comparable matri, 


ces, and К, Бе any complex numbers, then 
ашу КА--1В is said to 
and В. 


bea linear combination of the matrices A 


Let A=[ay)], B2[5,]be mxn and nx p matrices respectively. The m xp 
matrix [с,/], where 

бу==ацЬу-+аабзу+...... +а„Ь,, 
is called the product of the matrices A and B and is denoted by AB. 
Multiplication of matrices is associative but is not commutative, 
Multiplication of matrices distributes itself over addition. 


If A=[a,)]be an mxn Matrix, then the nxm matrix B=[6,)] such that 
bi; is called the transpose of А and is denoted by A‘, 


A square matrix A is said to be non-singular if | A | 40. 


Ап n-rowed square matrix A is Said tobe invertible if there existsan n- 
towed square matrix B such that 


AB-BA-I. ^ 
A square matrix A is invertible iff it is non-singular, 2 
Let A=[a,)] be any 3x3 matrix and let B=[b,,] be a 3x3 matrix such that 
=Â, Where Àj, isthe cofactor of ад indet А, Then B is called the 
adjoint of A. 


If A is a square matrix such that 


| A | 50, then 
Y 1 

Ate ГА] adj, А. 
If the vertices of a triangle ABC аге (xi, уз), (Ха, Уз), (Хз, Ya), then its 
area is А 

Хол 1 | 

1| аа ye 1 
Xs Js 1 


MATRICES AND DETERMINANTS 7! 


aha 

аз ба c. | #0, 

аз 08 Cs 

then the system of linear equations 
ax+hy+ez+d,=0, 


16. If дә 


азх--бау--сә2--4ұ--0, 
4,Х4-8,У- саг Е4у--0, 
Possesses a unique solution, which is given by 
x ay —y z -1 
had | |a adh] jah 4| Га h d 
р с d, as са d, | by а, а b. 4| 
bs cs а, аз Cs d, аз bs d, а b, d, 


17. If Aisa square matrix which is non-singular, the matrix equation AX=B 
has the unique solution Х--А71 В, 


HISTORICAL NOTE 


The word matrix was used for a rectangular array for the first 
time by J J. Sylvester (1814-1897) in 1850. Arthur Cayley (1821-1895) 
used matrices for the first time in 1855 to simplify notation ina 
Paper on the study of invariants. Soon thereafter he wrote a paper 
entitled “А Memoir on the Theory of Matrices" in which he deve- 
loped the basic concepts of matrices. He subsequently wrote 
Several other papers on matrices. Cayley made such funda- 
mental contributions to the theory of matrices that he is regarded 
as the creator of matrices. W.R. Hamilton made important contri- 
butions to matrices. 


The theory of determinants was developed much before that of 
matrices. Some contributions to the theory of determinants were 
made by Leibnitz, Lagrange, Vandermonde, and Laplace. The 
first systematic account of the theory of determinants was, however, 
given Бу A.L. Cauchy (1789-1857) in 1812 in an eighty-four page 
long memoir. It was followed by several other papers, by him. 
Jacobi also made contributions to the theory of determinants. 


OO 


» 1 


GUILLAUME FRANCOIS ANTOINE DE L'HOPITAL (1661-1704) 


фоүегей Бу Newton and Leibnitz had been consolida, g by 1700. It was 
L "Норі who brought out the first printed textbook on the new calculus in 


of a result concerning a familiar method of evaluating the indeterminate form 
0/0. This result of Bernoulli became incorrectly known as L’Hopital’s rule in 
later calculus texts and continues to be referred to as such even today, 
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СНАРТЕК 2 


Real Functions, Limits 
and Continuity 


21 REAL FUNCTIONS 

A function f from a non-empty set S to a set T is a correspon- , 
dence which assigns to each member x of S a member f (x) of T. 
The set S is called the domain of fand the set ( f(x): x«€S) is 
called the range of f. If S and T are subsets of R, the set of real 
numbers, then the function f is said to be a real function. Through- 
out the present book we shall deal with realfunctions only, unless 
stated otherwise. 

In the present chapter we shall study some basic concepts such 
аз the domain and range of a real function, graphs of real functions, 
limit of a real function, continuity of a real function etc. 

The word ‘function’ will mean ‘real function’ throughout. 
211. Domain and range of a real function 

As you already know, the domain of a function is the set of 
values which the variable takes. If we are given only the functional 
relation, but the domain is not given explicitly, it is understood that 
the domain consists of all those real numbers which the variable can 
possibly take. Тһе rangeis the set of all those values which the 
function takes as the variable takes all the values in the domain. 


Illustrations 


1. Letf(x)—x*. Here x can take all real values, therefóre 
the domain is R. As x varies over R, f (x) takes all non-negative real 
values. Therefore the range is R* U{0}, the set of non-negative 
real numbers, 


2. Let f (x) —4/ x. Here x can take all non-negative real values. 
Therefore domain of fis В+ U(0). As x varies over Rt U{0}, f£ (x) 
takes all non-negative real values. Therefore range of f is also 
R*U(0). 

Exarnple 1. Find tlie domain and range of each of the following 
functions : 

x 


а) f w= (D) оа зүүг 
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Solution, 


(a) Since the denominator of f(x) vanishes when х--4-1, 
therefore x cannot take the values —1 and 1. It can, of course, take 
every other value. Therefore D( f), the domain of f=R~{—}, 1}. 


1 
Also, writing у= ас ? (1) 


ме һауе xe (1+ +). 22 


For each of the two values of x given by (2), f (x)—y. 
Therfore the range will consist of those real numbers y for 
which АД 1+ ur ) 18 meaningful, Now 1+ ux ALE A OEE) 
у » y Je 


which is 20 whenever у>0 and у(у--1)>0, ie. y2—1 or y>0. 
Therefore the range is the set ]—oo, —1]U]0, oo. 


(b) The denominator of g(x) does not vanish for any real 
value of x. Therefore x can take every value, and so D(g) -R. 
d See qu 
Also, writing у= Tee Tal АП) 
we find that | y | <1, ie. the range of g must be a subset of 
ГЕ “(А 
Егот (1) ме һауе 
1 ,الد‎ 
1+ |x| 
1 7 
or І- іу! SESS A05) 


From (1) and (2), we have 


da опар 
ХОРОЛ (3) 


From (3), we find that if y be any real number such that 
—1<у<1,апй xis given by (3), then g(x)=y. This shows that 
every real number lying between —1 and V is in the range. (В) 


From (А) and (В) we find that : 
В(6)-1-1, Ц. 

212, Sum, Difference, Product and Quotient of two real 
functions 1 

It is possible to construct new functions by the four funda- 
mental operations of addition, subtraction, multiplication and 
division on a given pair of real functions with a common domain. 

Let f and g be two real functions with the same domain D, 


ننجت 
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(a) Define a function 5: D->R by setting 
(х) = f (x) +2(x), Y x€ D. 


The function sso defined is called the sum of the functions 
fand g, and is denoted by f+g. 


Thus, *x€D, 


Cf--969— f (x) + a(x) 


(b) Define a function 4: D>R by setting 
d(x)=f (x) g(x), ¥xED. 
The function d so defined is called the function obtained by 
subtracting g from f, and is denoted by f—g, Thus, ¥xED, 


(f—g)(x)=f (0) — 260 


(e) Definea fanction p: D>R by setting 
р(х)=/ (x) g(x), ¥xE D. 


The function p is called the product of the functions f and g, 
and is denoted by fg. Thus, УхЕР, 


| (/8)09-4709809 | 


(4) Since division by zero is not permitted, therefore in order 
to be able to talk of the quotient of f by g we shall have to assume 
that 4(х)7<0 for any x ED. With this hypothesis, we define a 
function 4: D—R by setting 

4(9--709/600,жкхЄО. 

The function q is called the quotient of f by g, and is “авнаа 
by flg. Thus, ¥xED, 

(/8)09--7 Mig). 

Bemarks 1. Іп case g(x)=0 for some x€ D, we can consider 
the set, say E, of all those ХЄ for which g(x)740, and define f/g 
on E by setting ( f/g)(x) =f (x)/g(x). 

2. ІГіп the above discussion the domains of f and g are not 
the same, then the functions f--g, f—g, fg etc. can be defined on the 
intersection of the domains of fand g. 

illustration. Consider the functions 

fi xx, and е: x>x*,¥xER. 


Then f--g, f—g and fg are the functions 
Sg: xxt+22,¥xER 
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Jg: x> — x, XER 
fg :x—x*vx€R 
Since g(x)—0«-3?—0«»x—0, therefore in order to define Ле 
we should consider only non-zero values of x. i 
If x240, then ( f/g) (х)=/ (x)/g(x)=x*. 
Thus f/g is the function 
78: xt, x R ~ (0). 
Multiplication of a real function byascalar 


Let f be a real function with domain D, andlet k be a fixed 
real number. It is sometimes useful to define a function kf: D>R 


by setting 
(kf) (=k f (x), ¥xED. 
We sometimes say that kf is obtained from f by multiplying it 
with the scalar К. 


Illustration. Let f : хэзш x, ¥x€R. Then 2f is the 
function Ж-Е such that (2f) (х)--2 sin x, ¥xER. 
Remark. Let g be the constant function 
809-К, vx € R. 
Then Kf is the same as the product of the functions gand f. 
213. Composite of functions 


We shall now describe a method of combining two functions 
which is different from the ones studied uptill now. In the preced- 
ing section we had considered functions with the same domain, 
Now we are going to consider а pair of functions such that the 
range of the first is contained in the domain of the second. 

Let fand g be two functions with domain X and Y Tespecti- 
vely, and let f (X), g(Y) be contained in Y and Z respectively. We 
define a function Л on X by setting 

h(x)=a(f (0) ¥ x € x. 

To obtain ^ (x) we first take the f-image of an element of X. 
Since f (х) € Y, therefore f(x) EY. We now take the g-image of 
F(x) so as to get g (f (x)) which is an element of g(Y), the range of 
Y. This scheme has been shown in Fig. 2.1. 


Fig. 2.1 
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The function h defined above is called the composite of f and g. 
We write it as g o f (and read it as goh f). Note the order carefully— 
first f and then g to the left of it. We must distinguish it from fo g 
which will be defined only if the range of gis contained in the 
domain of f. : 


Illustration. 


Consider the functions 
fix}, for all x E R 
and ё:х-3х--2, for all x € R 
g o fis a function from R to itself defined by (е of) (x) 
=g (f(x))=g(x*)=329+2 for all x € В. 
Also, fo g is a function from R to itself defined by ( fo g) 
(5)-47(6(5)--/7(3х- 2)-4(3х--2) for all x € R. 
Thus g o f and fo g are both defined but are different. from 
each other. 


The concept of composite of functions is used not only to 
combine functions but also to look upon a given function às made 


up of two or more simpler functions. For example, consider the 
function 


` h: x>(5x- v x € В. 
We can think of Л as made up of the functions 
f:x—35x—7, ¥ x € R 
andg:u—u',vuc€R 

If f and g be defined as above, then A is simply the function 
gof. 
One important fact about composite of functions is that two 
functions f: Х--Ү and е: Ү->Х are inverses of each other if and 
only if g o f and fo g are both identity functions, the first one with 
i pus Xand the second one with domain Y, i.e. g o f—ix and 

og=iy. ) 
As an illustration, consider the functions 
f:x>4x+5, ¥ хе В, 
and gi хә Px, ¥xER | 4 

It can be easily seen that g o f and fo g are both identity 
functions on Е, showing that f and g are a pair of inverse functions. 

Example 2. [ff (х) =(a—x")!/", where a>0 and n is а 
Positive integer, then show that f [ f (x)|=x- (ГІТ. J.E.E. 1983) 

Solution. | /(f(3)—f Ках)" 

aa 
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—[a—(a—x7)]/» 
=х 
Remark. fofis the identity function оп R. Therefore 
Spi Bee 
Example 3. Let fre all x€R, and g (x) 


UR TE for all x such that --1<х<1. 


Find g o f and f о g. Also show that f is invertible, and find f ^. 


Solution, Iz can be easily seen (as in example 1, pape 7 ) that 
—1« f (x) <1, therefore f (x) is in the domain of g. Therefore g (f(x) : 
has a meaning for all x in R. 


Now (g о /')(х)=в Cf) 
x^ x 
-4( I+ [x] ) 
х 
37 1+ | x] 


фт 
ЇР 

=> ын 

oa Lie (+ 1x1) 

=x, for all x € R. 
- 89 fis the identity function on R, the domain of f. (A) 
Also, since the domain of fis В, therefore f o g is defined for 

all x such that —1<х<1. 


(704) (х)=/ (g(x) 


TA C] 


Since we are considering only those xfor which 
so that 1 — | x | >0, therefore ONSE 


(fog) GT а ех, 


Therefore f o g is the identity function on the domain of g. -4(В) 
From (A) апа (В), we find that J is invertible and f '=g. 
Remark. In the above example g4=f, 


‚ж 
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EXERCISE 2 (a) 
Find the domain of each of the following functions : 


! 1 
1. (a) LO) = Sere (5) 769---2(2::35) 
2. (а) УҮ(д-“Тх1 (Б) у(х) = 1/8. 
3. Find the range of each of the following functions : 
(a) /(х)--4х--3 (b) /(х)-гх3--1, 


4. Find the domain and range of the fonction f (3) > 
5. Find the domain and range of the function f (x)= 2513 3 


Is this function invertible ? If so, find its inverse. 
22. GRAPHS OF REAL FUNCTIONS 


We shall now give some examples of real functions and their 
graphs. These functions will be met with again and again, not only 
throughout this course, but also in your study of mathematics in the 
years to come. 

(D The constant function. Let fbe the function defined 
on R by setting f (x)=c, for all x € В, where с is some fixed real 
number. 

The graph of f is the straight line y=c. If c>0 it lies in the 
upper half of the xy-plane; ifc—0, the graph off is the x-axis; 
if c<0, the graph of f lies in the lower half of the xy-plane. In 
Fig. 2.2 we have shown the graphs of three constant functions. 


(а) f(x)=1¥xER (Fig. 272 (a)) 
(b) f(x)=0¥xER (Fig. 2°2 (5)) 
(с) f(x)=—1¥xER (Fig. 2:2 (с)) 


AN 


x 0 1 x 


Y y 
(а) (5) 
Fig. 22. Graphs of the functions defined by f(x)= 1, S(x)=0 for all x€ R. 


80 


A ТЕХТ-ВООК OF MATHEMATICS 


(с) 


Fig, 2:2; Graphs of the function defined by 
К лә —1, for all xER. 


By examining the nature of f we can obtain some important 


facts about the graph of fand vice versa. We tabulate below some 
properties of f and the corresponding facts about the graph of f. 


Corresponding facts 
Some facts about f about the graph of f 
1. f(x) is constant for all The graph of fis a straight line 
xER parallel to the x-axis 
2. f(x)=1 for all хЄК The graph of f lies above the 
x-axis and is ata distance | unit 
from it. 
3. f(x)=0 for all x€R - The graph of fis the x-axis. 
4. fix)——1 for all xER The graph of fis below the x-axis 


and is ata distance — 1. 


Fig. 2:3. Graph of the identity function 


REAL FUNCTIONS; LIMITS AND/CONTINUITY 8} 


(2) The identity function. Let Бе the function definéd оп 
R by setting /00-гх, УХЄВ. The graph of fis the straight line 
y=x (see Fig: 273). 

(3) The squaring function. Let f be the fiinction défined он 
R by setting f/(x)—3x? v, x& R. 

The graph of f is theparabola у=х? 


Some facts about f Corresponding facts about the 
graph of f 
1. When x=0, f(x)=0 The graph passes through the 
origin. \ 
2. As х increases; f(x) The-graph extends to infinity for 
increases x20. à 


3. f(—x)=f(x) for all xER.. Тһе graph is symmetric about 
i.e., f is an even function е y-axis, 
of x 


The graph is an shown in Fig. 24. 


Fig. 2:4. Graph of Дх)- ха 


(4) <The cubing function, Let f be the function. defined on 
R by setting /(х)-33, ¥xER. j 


Some facts about f Corresponding facts about the 
graph of f 
1. When x=0; (х)--0 The origin lies on the graph. 
2. If x>0, then fx)>0and The graph lies in the I and ІШ 
if x<0, then f(x)<0 quadrants, қ í 
3. f(—x)=—f(3x), i.e., F is an The graph is symthetric about the 
-odd function origin, ie., if (x, y) isa point on 
the graph, then (—x, —y) is also 
a point onthe graph. . 


4. For X0, if x increases The graph extends to infinity in 
then f(x) increases the first quadrant. 
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| o^ „From the information gathered. above лме draw. the portion of 
graph lying in the first quadrant and then reflect it іп the origin to 
obtain the portion | ofthe graph ээн in the third хосони The | 
graph is as shown in Fig. 2°5. | 


Fig.25. Graph of Дх)-х3 | 

(5) The function defined by fix)=x", УхЕН (n being а fixed | 
positive integer). Ч | 
Two different cases aie according as 7 is even or odd. | 


The graph in the (но: cases are as stiown i in Fig. 26. 


a 3 


x; 28517) Ay 


7 (6), The reciprocal function. Let f be defined by setting 


gh 
D 


, Fig. 276. (а) Graph of f(x) = x2” „Eig. 2:6 (b) Graph of f(x)=x?""* | 
5 : | 
1 


f= whedever 940: "The domain of f is R~{0}. 
“Же MINE 7. ) 
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Facts about f Corresponding facts about 
the graph of f > 

1. fis not defined for x=0 The graph does- not intersect the- 
y-axis. 

2. f(x)A0 for any value ofx:-The graph does not intersect 1 the 
x-axis. 

3. fisan odd function The graph is symmetric’ about the 
origin. 


4. For x>0,as x takes values For small positive.value of x, the 
closer and closer 0:0, f(x) -points on the graph are close to 
becomes larger.and larger. the y-axis. 


5. For x>0, as x becomes For large positive values of x the 
very large, f(x) becomes points on the graph. are R to 
very small. the x-axis. 


We first draw the ‘portion of the graph lying in the first quad- 
rant and then reflect it in the. origin. The graph is as shown in. 
Fig. 277. 


Fig.2:7. Graph of f(x) = 1х. 


(7) The modulus function. Let f be defined by setting 
JS(x)= |x| forall хЄВ. For this function, by definition we have 
x, ifx20 
feos PRED BI 
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Facts about f Ни | кн Corresponding facts ábóut the 
облы graph of f 


1. f(x)>0, ¥xER | The graph of f lies above the 
«dt ЗээгтэНц, Jame: дез of ажар ош “ме 


„2. fisan еуеп function of x, The graph is symmetric about 
the y-axis. ` 


3. If x 20, then /(х)--х. ^The portion. of the» graph lying 

OF, viola 9 E , хіп the first quadrant, consists of 
that part of the straight line у= х 

эй! which lies in the first quadrant. 


4. ‘If x<0, then fix) =0, ,, The portion of graph lying іп the 
second quadrant consists of that 
a Ч i line y-—x 


xS TES which lies in the second quadrant. 


Using the information obtained above we find that the graph 
of f is as shown in Fig. 2:8. 


403154 Нэгэ : 


(f) Let f be the function defied {бг all хЄВ by setting 
МЕЗЕ 
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Facts about f ib » Information about .the graph 
1. If x=0, then f(x)=0 The origin lies on the graph. 
2 fx) 20v»x€R The graph lies above the'x-axis. 


3. fisan even function of x. The graph is symmetric about the 
‚ y-axis. It is enough to draw the 
‘portion of the graph lying to the 
right of the y-axis. The graph can 
be completed by reflecting it in 
{һе y-axis, 

4, Ifx>0, then f(x)=/ x The portion of the graph lying іп 
the first quadrant consists of the 
3 portion of- parabola y?=x 

lying in the first quadrant. 


From the information gathered above, the graph of the func- 
tion obtained as shown in Fig. 2 9. 


Remark. 

The function 2 

fea THT : 

for adu Du 
called ‘the square toot function'. 


Fig. 2:9. Graph of f(x) = УТХТ 

(9) The greatest integer function. Let / Бе the function 

defined on R by setting f(x)=[x] УхЄВ, where [x] denotes the 
greatest integer not exceeding x. 


Facts‘about f ° ЭМЧ ЖО the graph 


1. If x is an integer, say The point (п, л) lies on the 
x=n, then f (x)=n° graph for all integers л. 
2.. IE n x«n-l, where-n is In the open interval 
an integer, then f (x)—7, Jn, 441 Í, the graph of f is 
қ the portion of the line у--п 
lying between the ordinates 
x=n and x=n+ l. 
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From the above information we find that the graph consists of 
infinitely many steps of unit length rising by a unit height each time. 


The graph is as shown in Fig. 210. 


Fig. 2.10. Graph of f(x) 2 [x]. 


(10) The fractional part function. Let f be the function 
defined on R by setting /(х) —x—[x], vx€R, where [x] denotes the 
greatest integer not exceeding x. 


Facts about f Information about the graph: of f 


1. If x is an integer, say The point (n, 0) lies on the graph 


m then f(x)=n—[n] бог п--0, +1, 1-2, 
TET Ra ist хәрзеі ісе 
=0, 
oy 2 Ша<ж<п-1,80 that In the interval, n+1[, the graph 
x=n-+q, where is the portion of the straight 
an 0<9<1, then f (x)= line у=х=п lying above the x- 
пф п=4. axis, 


`3... fis aperiodic function Тһе graph of f may be drawn 

with period 1, when x lies in [0, 1] and then 

әзі repeated both ways by using 
Ж. periodicity. 
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The graph of f is as.shown in-Fig. 211. ; £ 


Y 


і>че 


е Y SLM 
Fig. 2511, Graph of Дх)-х-(х1 


(11). The exponential function. Recall that eite 


зө, for all x€ R. The function f defined on R by setting 
ive ! 3 "^ 
10)-6, ¥ x€R. 


is called the exponential function. The graph of f is as shown in Fig. 
2.12. The exponential function has many applications. You will 
learn more about it on several occasions in this book. 


x 
+ at 


Y 
Fig. 2:12. Graph of. f Qe 
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(12) Logarithmic fünction. ;Since:the exponential function 
is a strictly increasing function with domain R and range |0, со], 
therefore it is invertible. The inverse of the exponential function 
is the natural logarithm function, denoted by іп, and defined by 

x=In x if and only if х=є®Ў, 

The domain of én is (0, oo | and the range of [n is the set R of 
real numbers. 

Since the natural logarithm function and the exponential func- 

tion are inverses of each other, therefore; 
In ex, for allx ER 
е"2--х, for all x>0. 


. The following theorem summarizes some of the basic proper- 
ties of the function /n : 

Theorem 21. For all positive real numbers x and у: 

(i) In xyIn x--In y, 


(ii) тэ -іпх-іпу, 


(ШІ) In x= in x, for every PER Jo эл3 и 
(v) Ілх-іпуіҒ ала only if x=y, 
0) Іп x«In y if and only if x<y. é 
Яс бэх 


how 


: Y 


Fig. 2-13. ` Graph of the function т [Р 
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. The graph of the function Jn is wholly to the right of the y-axis 
since Jn xis defined only forw>0. Also, since.e? —1, therefore 
In 1=0, and consequently the graph crosses the x-axis at (1, 0). 

The graph of the function /л сап Бе obtained by reflecting the 
graph ofthe exponential function in the-line y=x. The graph is as 
shown in Fig. 2:12; 

(13) The trigonometric functions. Let us recall the follow- 
ing basic facts about the trigonometric functions : 


1: 


E Á 


The domain of sin and cos is R. 

The domain of tan and sec is R~{(2n+1) һ/2: ке 2). 
The domain of cot and csc is R~ (nx : nE Z). 

The range of sin and cos is ]— 1, 1 

The range of sec and csc is ]— oo, 1 U Jl, of. 

The range of tan and cot is R. 


The functions sin, cos, tan, cot, sec, csc are all periodic. 
The. period of the: functions sin, cos, sec and esc is 27. 
The period of ihe functions tan and cot is п. 


_ For each integer k, sin x strictly increases from —1to +1 


on the interval [2Kx—/2, 2km 4-2) and strictly decreases 
from +1 to —1 in the interval Dk 7/2, 2kn 4-32/2]. 

For each integer-k, cos x strictly increases;from +1 to +1 
on the interval (2Е--1)л, 2k«] and'strictly decreases from 
+1 to —1 on the interval [2kx, Qk-- Dn]. 

For each х k, tan:x is strictly increasing on the inter- 
val ]kz —x/2, kn+n/2[. 

For each integer k, cot x is strictly decreasing on the 
interval |ж, (k-- jul. 


For each integer К, sec x is strictly decreasing on each of 
the interyals ]2kn—x/2,2kn[ and Rkr+r, 25т--3к/21 
and is strictly increasing оп each of the intervals | 2Кт, 
2kn-+n/2[ and Pkk 4-x/2, 28т4-41. 

Еог-еаеһ integer k; csc-x is-strictly-decreasing on each of 
the intervals J2kn, 2kx--x/2 | and ] 2kx4-32/2, (2k+2)al, 
and is strictly increasing on each of the intervals ]2kx+ к/2, 
2kx--x[ and ]2kx + л, 2kn-4-3n/2]- 


* The graphs of the trigonometric functions аге as shown in Fig. 


Example 4. Draw the graphs of the functions | x |, — | xl» 
|x | -7E2, 19 lx Lie 1221-5419 


Solution. (а) Since | x | л: x,if x20 


ef x0. 2 
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d 4 ) “ tto 
Fig.2.14, Graphs of trigonometric functions, 
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therefore for х220 the graph consists of that portion of the ‘straight: 
line y—x which lies in the right half-plane, and for x<0 {һе graph 
consists of that portion of у= —x which lies in the’ left half-plane.- 
The graph is as shown in Fig. 2.15 (a). 


Y Y 
x x 
р 0 
(а) Graph оғу- | x | (b) Graph of y=— | х | 
Fig. 2.15 
(b) Since (x, у) lies on y= | x I. iff (x, —y) lies on y=— Ix], 
the graph of y=— | x | is the reflection of the graph of y= |x| im 


the x-axis (see Fig. 2.15 (9). { 


(c): For each хЄВ,. the, ordinate of y= |x | +2 сап be: 
obtained by increasing the corresponding ordinate of y= [X]. by 2. 
Therefore the graph of y= | x | +2 can be obtained from that of 
у= | х by pushing it upward (i.e., parallel to the y-axis by 2 units) 
The graph is as.shown in Fig. 2:15 (c): io г ty 

і c nwor ^ яа! ^id і 
Y 19 


(9 
“ Fig. 2.15 16 
(4) The graph of у®1—][х| is obtained from that of 
---|хі Бу pushing. it upwards through a unit distance. 
graph is as shown in fig.2.15 (d).. + 151 12488 
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21:06): The тоб y= | xk ll) can be-obtained-from that of 
у=} w|i by od ang the: graph:to the left (і-е., parallel tothe x-axis) 
*through:a unit distance... The graph 18:45 shown in fig, 2.15 (e). 

4p) *] ; 


(фе) гарой | х | (7) Graphiofy= | x | 
Fig. 215 


ig. 
E of ye] 2-1 (= | rur he obtained 
2 ie., 


ХЭС [ae |. the h to the right 
а! БИЛ, BA. Fes Zanje. The л! is 
as shown in fig. 2.15( f). 


Турн е5. Dr W the graphs of the functions e7*, ез, 1+e*, 
sete үке ite í i 
Us Solution. 2 ! У { 

(а) The graph of y—e-* is tlie reflection of the graph. of. уте 


in the y-axis. The graph of ye" is as shown in Fig. 2.16(a). 


кушы 30 it in the y-axis, we get the graph of y=e™* as 
shown іп Fig. 2.16(5). 


Y 


(а) Graph of y е" (9) Graph of y=e-* 
ЭЛ Fig. 2.16 ; 
48) Since: |х| x if x20; therefore “Не graph of y--elsl is 
the same as that of y= erf X20. ) 
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Since | x | =—x if <0, therefore for x «0.-the: graph of 
‚ y=e)* 1 is the same as that of y-e7*. Using figures (а) 
and (b) above, the graph of. y—e) */ сап be drawn as. 
shown in Fig. 2.16 (c). T т 


(е) Graph of угге! = 1 (d) Graph of у-1--е" 

Fig. 2.16 
Remark. Weécanalso use the fact that the graph is. 
symmetric about the y-axis. 


(d) The graph is tlie reflection of that of Audi in he X-axis. 
and is. as shown in a 2.16 (e). 


(e) Graph of y= —e-* Aag (yog of yere 
Fig. 2.16 


(е) Tli graph of pareert сай ооа евэ ‘that of 
суга *by:pushing it upwards through.a unit distance: 


EXERCISE 2(b) 
Draw the graphs of the following functions : 
1 vye2 х roth) Bho ерле adi 


3. у==2%; boa 151891 dog 1-20.) 01а сар aid? 46 
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5, ух. s 62у=—3 |х-52 | 

7. у= | x-—t[ FIEL |228. “(х421-1х-21|. 
197 о 10. у—=—3#, 2 

11. у=—1пх. 12. у--1-Гіпх. 

13. y=2 sin x. à 14. y=3 cos x. 

15. y=—sec x. 16. y=—cot x. 
23. LIMITS 


Consider the function f:x>2x+1. It isa nice looking func- 

‘tion and we can find out the value of the function at any real number 

` X. Let us consider some values-of the function for válues close to 
‘some fixed value, 3 say. We list these below ; 


5 ч fe 

204 2(3:04)--1--7:08 

303 2 (3703) 4-122 7706 

3702 бач 2 (3:02)4-1--7:04 

3'01 7 2(301)+1=702 

5 299 1 2-(299)--1--6:98 
2°98 2 298)-4126'96 

UC EDIT ES NO Tulio uoifsafiso (0797) 1:604 
2:95 "A Bonia) (2961692 


If you look up the above table carefully, you will find that 
near x=3, values of f (x) are near 7. For values of x very close to 3, ' 
values of f (x) are very close to 7. As we take values of x (either 
:greater or smaller than 3) which differ from 3 less andless, we find 
that the values of f (x) differ less and less from 7. 


Thus for example, when x—3:03 or 2:97 (values of x differing | 
from 3 by *03), the numerical difference] -7— f (x) |- between 7 апа 
f(x) is '06; for values 3°02 and 2:98 of x (both differing from 3 by 
402), this numerical difference | 7—/(х) | is only 04. Further, for 
x-3'01 and 2:99 (differing by ‘01 from 3) the numerical difference | 

17 —f (x) | 18702, In fact, the quantity | 7—; (x) | сап be made 
as small as we please for values of x sufficiently near 3. Thus for exam- 
ple, suppose we wish to make |7—f(x)| <.05. It is sufficient to 
choos? values of x for which | х-3 | <.02. If the numerical differ- 
-ence between x and 3 is less than .02 (such as for x-53.001, 3.002 
301, 2:999, 2998, 2:99 etc.), then |7--/ (х) | would be less than 
705.) This: situation. is described by saying that as x tends to 3; fo) 
tends to Tot by saying that if (x). has limit 17 аз x: approaches (or 
tends to) 3. We write it as е “Жаал 


моно? 510 dda 


The expression ‘x tends to 3' is expressed symbolically:as ‘x->3’ and | 
‘by this we mean that | x—3 | Bets nearer and nearer zero without | 
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actually being zero. We obtained the limiting value of f (x) at x=3 
and found it is 7. What is the actual value of f(x) at х--37 By 
Substitution, we have 
Sf 3)=2°34+1=7. 
‘Thus the limiting value at x=3 is the same as the actual. value. 
"This need not be the case always,’as is shown by the example below. 
Example 6. Consider the function f: RR defined by | 
f C221, if x40. 
7(0)=0. 
Evaluate lim f (x). 
х->0 


Solution. Since f (x)=1 for all non-zero х, therefore, for all 
values л of x sufficiently close to zero (but hot actually zero), ме 
have f (h)=1. Thus | f (A) ^t | =0 (smaller than “ав small: as we 
please’ 1) when h is sufficiently close to 0. Hence lim f (x)—1. 

x0 5 

But f(0)—0. Thus lim f (х) f (0). 

“x0 ; 


Remark, In the two examples that we discussed above, we са!- 
<ulated limits at points where the function had an actual value also. 
That, however, is not necessary in order to find out the limit of the 
function at a point. All that we must have» is. that. the values 
of the function be known at all points sufficiently close to the 
point at which we wish to find the limit. We only need that function 
should be,defined in some neighbourhood of the point except possi- 
bly atthe point... (Whether „the limit exists is а question to be, dis- 
cussed later !). Consider the following example as a clarification. 

Example 7. Find ы f (x) where 

BY осо Han K 


! (= iy à; 

Solution. If x7&0, f (x) can be immediately calculated What 
about х==0? At x=0, this function Bives 5: which has no meaning. 
Thus the function is not defined'at'x--0. Let use what ate the 
values of this function at points sufficiently closé to 0: Ву diréct 
calculations, we compute the following table : 


(х), 
"EPA 


x “700 
05 $ 2°05 
“04 1 204 
:03 203 
02 му 
“Ol 2701 


—'0l 1:99 
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-—02' f кіз» 198 
-“03 1 1:97 
—'04 1:96: 
--105. 11:95 


rAiglanee at the аһоуе (аме willshow that ıas «xj, takes values 
nearer ап4:аеатег 0, the values» taken Ьу f(x), become..closer. and 
closer 24:10 fact, by.taking x, sufficiently near x, the mumerical.differ- 
ence between the value of f(x) and, 2.сап made as small as we 
please. Thus for example, if we want that | f(x)—2| should be 
smaller than 1075, we шау take х so that x340 but |x | «1075, 
Similarly for any other given number. Hence lim f (x)22. Thus 

->0 


tion is.not defined for, x= 0. à 

ov ednithe examples that we have considered so far, tbe. limit 
involved:could always be found, Whether ~or mot. the function. was 
defined at that point. Only it was necessary that the function be 
defined in some neighbourhood of the point. This condition is, how- 
ever, only necessary; it is not sufficient, meaning thereby that the 
function may be defined in some neighbourhood of a point and yet 
it may not have a limit at that point. The proof of this assertion is 
provided by the example that follows : ; 


Example 8. Show ает Û ) do&s notieist. 
19 x20 X 4 


х 
we find that the function has a limit.at x= 0, even though , the . func- 


° “Solution. For values of x other than zero, the/function is 
be deta we cannot divide by'zero, во the function is not 
defined at x—0. As x takes smaller ‘and smaller positive values, 
1/х assumes ‘greater and gréater values. We-catinot find any number. 
1, such that H -4 | will be as small as we please for values of 
suitably near 0. For suppose it was possible to find such a number 
1/80рровв we wish to make H = “Tox be definite suppose 


170. Since the numerical difference between / and 1/х is less than 3, 
1/x should be somewhere; in, between the. points A and B, shown in. 
the diagram) below. қ си 


A 1991192 -9 28 


о 1 3 | 1 
[= 1 р 
Fig. 2 17. 


: 1 1 (2/--1) 
Th p — се чес 
hus we тул һауе x <+ 5 2 
x >. 2 
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225222 E | ER 
Thus if x« ГЕ ‚ then [с 1 £z- This is ап awkward 


rae cra ms 1 
Situation because our assertion is that if lim ( (= then for 
хэ0 V X 


points near 0, ЕЗ —1 | has to be less than P (In fact any number 


instead of 1), But as seen above, for points such that х>2/(21--1), 
[4 -1 сіз . Hence lim (4 Әә. Опе сап similarly discuss the 
x 2 хэ0 NX 

cases /<0 and /=0. Thus the limit in question does not exist, 
Definition 21. Let f be a function defined on some open 

interval containing c, except possibly at c. Jis said to approach (tend 

to) a limit l as x approaches (tends to) c if f (x) can be made as- close 

to Газ we like by taking x sufficiently close to c. 


In symbols, we write lim f (x)=/. 
xc 


Remarks, 1. We have already observed that for lim f(x) to 
х-с 
exist, itis not at all necessary that f be defined at x=c, It is 
enough that f is defined іп some open interval containing c. 


2. No function can tend to two differant limits as xc. In 
other words, if lim f (x)—/, and lim f (x) 7i, then /=m, 
х-с х-с 


2'3*1. Some important results on limits 
We now state (mostly without proof) some important results 
on limits. 
Let f and g be defined on some open interval I containing c,. 
but not necessarily at х==с. Also let lim f(x)=J, lim g(x)=m, and. 
xc xe 


let k be some fixed real number, Then 
(i) lim (f+) (x) exists and equals 1--т, 
xc 


ie., 
lim [f ()d-g6)]—lim f (x)--lim g(x). 
хэс хс xc 

(i) lim ( fg) (x) exists and equals im, їе, 
х-с 
lim [f(x) 2091-- шт f (ә) [lim g] 
хс х->с. 4 хәс 

(iii) lim (kf) (x) exists and equals Ki, ie., 
хэс 
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lim (kf) (x)=k lim f (x) 
хэс х-с 
(9) Quotient theorem for limits 


If g(x)>40 anywhere on I and 1520, then 
lim (f/g) (x)=I/m, i.e., 
хэс 


lim [ f(x)/g(x)]=lim f (x) / lim g(x), provided lim g(x) 70. 
х-с xoc хәс хәс 

lim [|f| = 17], £e, 

xc 

lim [ | £ | G2]—lim | f(x) | 

xoc хэс 


(v 


=> 


Remark. By using the principle of mathematical induction, 
(1) and (її) can be extended to the case of more than two functions, 
i.e., we can show that if fy, Mod sede Jn be real functions defined on 
ап open interval I containing c but not necessarily at x=c, then we 
have the following : 


(v) Sum theorem бог limits. lim [f, 0944 Qe tA) 
хэс 
—lim f, (Flim f, (x) 4. lim fa (x), 
хэс Же pace 
(vii) Product theorem for limits. lim [ f, (3) fy (x) fal] 
хэс 
=[lim fı (х)] [lim f; (x)].........[lim fa(x)], E 
хэс Dope Ses 
provided that lim f, (х), lim fy (x),....... lim fa (x) ай exist, (Roughly 
хэс хэс ус 


speaking, the above results assest that under certain conditions limit 


of the sum is equal to the sum of limits, and limit of the product is 
€qual to the product of limits.) ; 


Limits of polynomials 
Let us consider the identity function 
f:'xxfor ай x€R. 
Letting ==. =fn=f, by A above, 


lim [х.х х, n times]— (lim x)", ie., 
хэс xc 


vx 


(viii) If ад be a’ fixed real number, then by using (iii) above, we 
have i à 
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lim (аһХ%)--а» lim x? = asc? 
x—c хэс 


i.e., 


хэс 


lim (4ах7) = aac" | 


We are now ready to”state (and prove) an important limit 
theorem for polynomial functions, 


‘Limit theorem for polynomials, If бо, ay: 
numbers, then 


(ix) 


өө, аһ be any real 


lim (anx? +: an. 4x* 7! feeds) 
хәс 
= asc? raa 0h71 3- m tao 


To prove the above result we һауе only to. observe селт: by the 
“Sum theorem for limits’, 


lim (aaX"4-an-1x"7! 4-----a6) 
хэс 
=lim (apx) БИШ (anx!) He 
x>c 
Din gee өш. +a, 


The result established in (ix) above is rather important. It 
tells us that for each real number c, che limit of every polynomial 
function f exists at х=с, and furthermore, it says that the limit is 
precisely f (с). 


Limit of rational functions . 
Let us consider the rational function ғ defined by 
24100) a 
rouen ОШ 


where / (х) and g(x) are the polynomials 
f (X) =aax" + aa-ix" + i... + do, 
(х) = bnx" 4- ba, 1x71-4- piece +B. 
By the limit theorem for polynomials, 
Jim f (=f (о), and Jim 1 £6)—8() 


ин Suppose that (c)750. The: jn the 'quotient theorem | for 
imits 
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; f(x) Ло. 
Im ^ gto)? ^6 


lim GaX"- dy, X" 71 -- 
хэс ҰЛЫ bm ATE.. 
GnCn l- an. 40" 7 4... 

7 bue? Fome" 


provided bmc"! -- bm. c" 71 4-......- ba0, 


In case bnc? 4-Өт-үс" 7... +6,=0, the above result cannot be ap- 
plied. In that case we shall have to proceed іп a sightly different 
way. The following examples will illustrate the method. Before 


we take up the examples, we give below two important results which 
„ are often found useful. 


Sandwich theorem of limits. 
Let f, g, and h be three real functions defined at all points of 


an open interval ! containing a point c, but not necessarily at x=c, 
and let f (x) SA(x) $ g(x) for all x Є (c). 


If lim f (x) and lim g(x) both’ exist, then lim A(x) exists, 
xc х-с хэс 

and 

(xi) ү E NC. 
lim f (x) < lim Жо) < lim g(x) 
K+c Kc х-с 

———————— d 
(ii) А fundamental limit theorem 


Theorem 22. if n be uny natural number, then 
KE E 
lim Pog net (е» 0) 


х- 


Proof. Four different cases arise : 
Casel. п=0. The equality holds sin 
Case 2. nis a positive integer, 


By actual division, 
х" 


хс 9 katie ачаад сва (1) 


The process of division is valid i 
long as xz*c. Since in order to пт ы init as ped lave 
to consider values of x close to c but not the value c, ыма sad e 
can use (1) for calculating the limit of the left hand side as nee. ни 


се each sides equals 0. 
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(n en 
"Therefore im 6 -—lim (xt! FPPC oe =7 
хэе - хэс 


=ni 
-—nco", 


‘Since the limit of each of л terms x"^!, 1—2 сү, 0973 as 
SCRE. 


Case 3. Let n=p/g, where р and q are positive integers. 
Put x=ye, с-<54 so that when x=c, then у=. 
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х--с yi— bt yt—bt y-b y—b - 
Now lim шу шаг 
Му у-у cen 


and if х-эс, then y-»5, 
therefore by using (2), we have 


иш elt арг a ERG areas AT 
ee ott 4? ЖЕН. ) пс", 
since р/д=п. 
Therefore, in this case also, 
PI e cen ed 
lim ——— =n", 


хэс 


Case 4. Let < 0. Put n= — т, so that m is either a positive 
integer or a positive fraction. 


4 x"—c ymm 
15 х-с | х-с 
1 ж” 
mem х--с 
.- xm f 1 xm e” 
so that lim = و‎ EENE 
хэс *—€ xac хе х-с 


=lin(-— > tim ( woe) 


mcm 
xoc хост /хъс 


ав “те”, by case (1) and (2) 


=(—m)o 
=nc™ 1, since n=—m. 
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Example 9. Find lim (x°4+-4x°—3x+-7), 
хэ2-423 


Solution. 1 
lim (23-433 —3x 4-7) —lim 2? Him (4x*)+-lim (—3x)+lim (7) 
x22 [x32 > x42 x2 х-2 
21-4234. (—3)24-7 
225. 


Aliter. If f (x)—x*--43*—3x4-7, then by the limit theorem 
for polynomials. 
lim m (х)-4/(2)-422-4-4.23--3.2-4-7--25. 


Example 10, Evaluate lim (02-42х-4-3) (33 -3x 4-1). 
хэ 


Solution. By the product theorem for limits, we have 
lim, 108-2х--3Хх2-4-3х-4-1)) 
х; Ё 


сэн 08-2х--3) хи (х3--3х--1), 
sedeo (43. Нақ by the limit theorem for 


polynomials, 
=3,11=33, 
3 249 
Example 11. Show that m : ( 53 )- 3. 


Solution. Let СЕЕН #(х)=х*-Е3. 
Now | lim f(x)=9, tim g(x)=3. 
x30 x20 


Since lim 20940, by the quotient theorem for limits, 


Ле Ж. tin lim п fo) Жа g(x) 


ээрээ. 


3 
Example 12. Find lim 875 зам 1.38 


х-4 
үнер; Let us define a function / by setting 
лд їхсэн, (хиа |» 
We are required to find JR "bi 
20хэ4 
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Since fis not defind at x=4, therefore we cannot find the 
limit by substituting x—4 in f(x). However, if x4, then 


a=x 2x4) 1 : 
fo) 4х(х-4) 4x(x-4) - ах’ by cancelling 


out the non-zero factor x—4 from the numerator and the denomi- 
nator. 


Now —1/(4x) is close to— de if x is close to 4, and therefore f(x) 
is close o if x is close to 4, (but unequal to it). Therefore 
ЯМ: 251: Л 
im ae GIG 


(3-+-h)8—27 


Example 13. Find lim 
h>0 Л 


Solution. If the function f be defined by 
—27 
f= Ctm 2 


then we are required to find 
lim fh). 
h+0 


(7550), 


Since /(8) is not defined for A=0, therefore we cannot find the 
limit by substituting //—0 in f(h). Let us therefore proceed by 
simplifying f(A). 


f= eur-m 252% 


үг Е 
Л , 
ш 2114-92-13 
Л > 
—27-F-9h-- I*, since h40 


Now f(h) is close to 27 when" is close to 0 but unequal to it. 
Therefore nm a Una 


Example 14. Find iy CU be Le 
¥= 
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Solution. Let us define a function f by setting 


(5551) 


Since fis not defined at х=1, we cannot find the limit by substi- 
tuting x=] in f(x). We shall try to put f(x) ina suitable form by 
rationalizing the numerator, i.e., by multiplying the numerator and 


denominator of fix) by А/х--4--4/5 . By doing so, we have 
fix) = Ix F4— М5) (/х+4+ у 5) 
(x= UG/GcT4)4 45); 
UN іх--1) У 
УХА) 45) 


f= x+4— 5 
X1 


! 
M(x a) VS. 


Observe that we have cancelled л—1 from the numerator and the 
denominator because хэс, 


1 


Now f(x) can be seen to be close Ю%%% when x is close to 
1 (but not equal to 1). Therefore 
lim VX*4—5 1 
x«l х-Г 72У5 
EXERCISE 2 (с) 
In each of the following problems, find the limit : 
A р 24] 
1. lim 2x49). 25-40 СЕ 
Ул 79 кор, хы” 
3 
3. lim (25-435410) 4. lim ХР! 
bh Қада хэ! Ж ЖЕ 
Ба 216. 6. lim (ix*4-2)92— 3)} 
х+4 X-4 x2 Y 
7. lim 2 -3х42. 8. lim ^—6°+11х—6 
х>1 жей ` хэ2 х--х-2 . 
1 ! 1 3 
Salim TE IT M ER 
хээ х-9 x9 х-9 ° 
И. lim А02 8 үр qe Ух—1 
һ>0 һ х»1 X—l 


13. If fi) x! 3x44, find tim LSU) 
ох» х-1 . 


жаза ee ee 
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М. M fi) 25-5 , find їл LOD, 
x3 x—3. 


15. Evaluate lim 4———. 
hl 


‘One-Sided Limits 


While discussing the concept of the limit of a function as x 
tends to c, we do not bother as to whether the values taken by 
xare greater than с ог less than с. We are oniy concerned with 
the fact that the values are arbitrarily close to c. By placing 
the additional restriction that the values are cither all greater than 
¢ or all less than c we get the concept of a one-sided limit. 


Meaning of x-»c4- and х-с- 

If a variable x takes values arbitrarily close to с but always 
greater than c, then we say that x tends to c from the right and 
write itas х->с4-. Similarly, if x takes values arbitrarily close to c 


but always less than c, then we say that x tends to c from the left 
and write it as Х->с-. 


Meaning of lim f(x) and lim f(x) 
хэс+ х->с-- 


If f(x) can be made as close to / as we please by taking values 
of x sufficiently close to c but greater than с, we say that f(x) tends 
to Zas x tends to c from the right. In symbols, we write 

lim f(x)=/. 

х>с+ 
Similarly, if f(x) сап be made as close to/ аз we please by taking 
values of x sufficiently close to с but less than c, we say that f(x) 
tends to / as x tends to c from the left. In symbols, we write 

lim f(x)=/. 

х>с-- 

Remark. Limit from the left is also called left-hand limit, 
and limit from the right is also called right-hand limit. 

The following theorem, whose obvious proof is omitted, gives 
the relationship between 


lim f(x), lim f(x), lim f(x). 
xcd Xec хәс 
Theorem 2.3. A function f tends to a limit las хс if and 

only if 

lim f(x) = lim f()=1. 

хэс», X-c— 
The above theorem is sometimes used to show that the limit of a 
function f exists as x tends to c. 
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The following theorem gives the relation between limits from 
the left and limits from the right. 
Theorem 24. If lim f(—x) exists, then lim f(x) also exists, 
x04- х-0- 
and both the limits аге equal. 
Proof. Suppose lim /(—х) exists and equals /. 
х>0- 
lim /\х)= li —h 
гаг ) i FM 
һ>0 


cde en 


=l. 
Example 15. Ze; / be defined by setting 
2x-1 , If x«0 
)ر‎ = 0 , if x-0 
Find the limits from the left and the right as x tends to 0. Docs 
f tend to a limit as x tends to 0? 
Solution. When X«0,f(x)—2x—1. To find lim fix), we 
х-0-- 
put x=—h and take limits as h-—0, h remaining positive. ` 
br = fi —һ)—1=— 
ел F(x) Юн 2(—A)—1 1, 
When x>0, 709-43--2х, To find limit m f(x) we put 
х-0- 
*=hand take limits аз 4-0, h remaining positive. 
“ lim f(x) = lim 3-2h = 3. 
А->0+ hoo 
Since f0+)AF(0—), 


therefore lim f (x) does not exist. 
x0 


EXERCISE 2 (4) 
Evaluate : 
1. lim x41, i d 
ray eas 2 tin. SPE 
3. lim i шиг RM 
Шалы 5 im done 
5. lim 4-54 6. lim 23-27, 
555455 х>3-. 
7. lim -4|. : 53 
ud TM 8. im e 2. 
9. lim jx]. 


10. li (3 
х»1- tas Ix |. 
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SOME IMPORTANT LIMITS INVOLVING 
TRIGONOMENTRIC FUNCTIONS | 
In the following theorem we give some important limits involv- 
ing the sine and cosine functions. These limits will be found useful 
later on. 
Theorem 2:5. (а) lim sin x=0, 
x0 


(b) lim sin x=sin c, 
х-с 


(c) lim cos x=cos c, 
хэс 

(d) lim cos x=1, 
x0 
.. sinx 

е) lim = =1. 

e x40 × 


Proof. (a) Since we have to find the limit of sin x as x tends 
to zero, therefore we can take x to be small. Let us assume that 
x20,and xis small. Consider a rectangular co-ordinate system 
XOY. With O as centre draw a circle of unit radius meeting OX at 
A. Let P Беа point on the circle such that the radian measure of 
ZPOA is 2x. Then A is the point (1,0) and P is the point 
(cos 2x, sin 2x). 


Now AP=4/ (сов 2x —1)*--sin* 2x} 
=2 sin x >0. 
Also, length of the arc АР--2х. 


Fig. 2:18. 
Since chord AP< arc АР, 
therefore 0 — 2 sin x < 2x, 


or 0 < sin x < x. 
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Since the above inequality remains true however small x may 
be, therefore taking limits as x>0 +, we have 


0« lim sin x < lim x 
х->0-- 


х>0- 
ог 0< lim sinx < 0, 
х>0 
ог lim sin x—0. (1) 
х>0-- 


: Let now x<0. Putting x——/, so that />0 and 1+0+ as 
x-0—, we have 


lim sin x=lim sin(—)=lim [—sin t]=0, (2) 
х>0- 1>0-- х->0-- 


by (1). 
From (1) and (2), we һауе 
lim sin x=0, 
x+0 
(b) If ¢ be any real number, then 
sin x—sin c—2 cos (x +c) sin }(x—c), 
so that 0< | sin x—sin c | = | 2 cos (х-ке) sin Мх-0) | 
<21 sin (х-од|. 
Taking limits as х->с, we have 
0 <lim | sin x—sinc | € lim | sin }(x—c) | =0. 
х-с х-с 
lim | sin x—sin c | =0, 
хс 


or lim sin x=sinc. 
х-с 


(с) lim cos x=lim sin (x+z/2). 
х-с х-с РА 
=lim sin, by putting х--л/2--/ 
tC 
and observing that as х->с, /-»л/2--с 
=sin ($r +c), by (b) above 
==со$ c. Y 
(d) By taking c=0 in (c) above, we have 
lm сов x=cos 0--1, 


x! 


(e) Let us first suppose that x>0. Since we have to take 
limits as х->0, we may assume that 0<x<n/2. Consider an ZMOA 
whose radian measure is x. Let / MOA be placed in standard posi- 
tion relative to the axes of coordinates so that OA lies along OX, 


REAL FUNCTIONS, LIMITS AND CONTINUITY 109 


and O is at the origin of co-ordinates. Let A and M be on the unit 
circle centred at O, so that OA—OM --1, length of the arc AM= х, 
and area of the sector AOM=x/2. Draw MP LOA and let the per- 
pendicular from A on OX meet OM produced at N. 
Since area of A ОРМ <area of sector OAM < area of 
AOAN, therefore, 
} sin xcosx < 4x < d tan x, 


sin X 1 
ог cos x бча З Gane 2401) 


Fig. 2:19. 


Inequalities (1) remain true however small x may be. 
Let now x<0. Writing х----1, and observing that 1>0, we 
have from (1) 


CORT ee Le 
t cos 1 
sin (—x) 1 
r cos (—x) < —+ IE. E 
3 АА —x < со (=x)? 
sin x 1 
ог cos xX > --- . 
< соз x 82) 


Thus (1) holds even when x<0, provided | x | «22, howso- 
ever small | x | may be. 


Since ue cos x=1, therefore, taking limits as x0, we have 
x 


from (1) and (2), : 
Le hime ae 
хэ0 х 


5 2. sin x 
i.e. lim —— = 
x20 X 
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Proof. lim =- C% lim 
х>0 х х>0 


—lim т( вїп х/2 ) x] 
x20 2 x/2 T қ 


=} lim (ыр Jim x, | 


2 sin? (x) 
x 


7 (ae 


x20 x[2 x0 р 
--і.1.0--0. 1 
| 
: х Ба 1 
Corollary 2. um REN 1 | 
x 1 
FI sin x d sin x 
d 
x20 


for limits it follows that 


EI Ri PE 
x20 Sinx lim (sin х/х) | | 
х-0 


- Corollary 3. lim майыс, | 
-0 х 


ып хоо sin x 


Proof. Writing --- TIR “СОЁО 


» we have ^ 


лап: 1; шах , 
lim ——=lim . li 
x20 × x20 Х x20 \ COS x 


sin x 


` slim x since lim ==1 


х-0 x20 


و ا DL‏ 


=], since lim cos x==1. 
x20 


| Example 16. Evaluate ne SEE. 
x20 sin зїп 3х. 
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sin 5x 
sin 3x 


155) sin 5x 25) p" 
) 


Solution. 


BE CEERI n 2%. 


i in 5x .. біп? 
Now lim 500% ip A = 
реді заттың т.т. -® 


фу putting 5х--1 and noting that if х->0 then 2->0 


Similarly 
. sin 3x 
lin 3x =1 (3) 


Using (2) and (3), we have from (1), by using the quotient 
theorem for limits 


Remark. After a little practice you will see that the above 
working сап be re-arranged as follows : 


lim sin 5x =li (i sin 5x x) 
ХЭОЭШӨХ) хэр V3.7 5x. Bin Be 


V im sin 5x lim 3x 
82) хур (9X хэ0 sin 3x 


Example 17. Evaluate lim "=. (А.1.8.5.С.Е. 1985) 
х-0 *—* 


: Solution. By putting x—x=1 and obserying that when xn, | 
ғ->0, we find that- 


sin x dim sin (r+) 


( sin t ) 
=lim | — 
150 t 

.. sint 
=— lim 

too 1 
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EXERCISE 2 (е) 
Evaluate : 


: sin 5x—sin 3x 
Л. bu dax (D.B.S.S C.E. 1984) 


Gin 2s 
х>0 Sin (a?) 


9. lim 92:00820), (4.1.5.5 С.Е. 1986) 


(4.1.5.5.С.Е. 1984). 


"D 
10. dim срт (D.B.S.S.C.E. 1987) 
x 4 


ie үа as (4.1.5 S.C.E. 1987) 
x70 921% 


3 
2. tim, T (D B.S.S.C.E. 1988) 
хэ 
13. dm Sen ск, (0:8.5.8.С E. 1989). 
х» х 


26. SOME IMPORTANT LIMITS INVOLVING EXPONEN- 
TIAL AND LOGARITHMIC FUNCTIONS 


Ta the following theorems we give three important limits 
involving the exponential and logarithmic functions. These limits. 
will be found useful later on. 


Theorem 26. lim е”--1 
x20 
Proof. 
Step 1. We shall show that if 0 < x < 1, 
then 1 € е © l-rex. 
x x* 
Since extra; Бо 9 


therefore if x > 0, then each term of the above series is posi- 
tive, and consequently е" > 1. 
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Also, when x=0, et—1. 
Thus x 20 => e >1 1), 
3 
Also ee —— +o; tate 
Gi tae Tipp 
C. x" € x whenever 0 <х<1) 
1 1 1 
1х (3 31 gp) 
=1--х (е—1) 


< 1--хе, since x > 0 en) 
From (1) and (2), we find that 3 
1<е%<1--ех. (3) 


Step 2. Taking limits as x > 0--, we find from (3), 
15 lim e gl, 
x04 
“ог lim e$]; (4) 
x04 
Step 3. To find lim e*, let us observe that lim f(x)--lim J(—x), 
х-0- х>0-- х->0-- 


and apply it to the function defined by Л (x)=e*, 


lim e*— lim e-* = lim .! =) 


dli 


х-0- x>0+ x>0+ е” (5) 


Step 4. From (4) and (5), we have 
lim ее = lim e=], 


x>0+ х>0- 
80 that 
lim е =]. 
x20 А 
F Cod 
Theorem 27. lim x =l. 
x 
Proof. 


Step 1. We shall show that if 0 сх<І, 
then lox е < 1+x+32 (e—2) 
Since x > 0, therefore every term of the series expression for · 


е” is non-negative, Keeping the first two terms and leaving out the 
remaining terms, we have М -- ІІ { 


ё»1-х C Com) 
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Also, 
хоо 
=14+x+ DCE TERE 


«Irxt Haat 


(since x? > x^ whenever n > 2) 


=1+x+x? (e—2). 
From (1) and (2), we find that 
I+x $ e“ < 1+x+x* (e—2). 
Step 2. From T coe we have 
«e ee 1--х (e—2) 
Taking limits as Su we have from (4), 


SET sow 
lim <1 
ES х->0--. 4 


so that 


Step 3. Let-us write f (x)= 5 


pick 1-4 1 15 
rM Ir CRM 
Taking limits as х->0--, we have 
-1 2 HE 
mm -х)- 5 ——.. lim 
я Sr Sete 


Чи by step (2) above and ТВ 26 


ч Эр 


so that |: lim f(x)= lim f (—3)-1. 
х>0- x204- 


; From (5) and (6), we have 
lim f (x) = lim /(х)=1, 
x+04 х>0- 


i.e., : lim /(х)-41. 
x30 


242) 


(3) 


(4) 


ЕЕ) 


2-6) 
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: х 
Corollary. D 28:21:27 1. 


: In (1--х) 
Theorem 2:8. lim more | 
х-0 
Proof. 3 
Step 1. We shall first show that 
lim In (1-Ех)=0. 
х>0 


Since 1< 1+x « e* for all x > 0, 


therefore In 1 «In (1+x) < x, for all x > 0 
НОМ 0 < In (14-х) < x, for all x >0. 
so that 0 < lim In (1-х) < 0, 
х>0-- 
ie., lim In (14-x)—0. 
х-0-- 


Step 2. We shall show that 
lim In (1--x)—0. 
x0 
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(1) 


2) 


Proceeding іп the same manner as above, we can show that 


if —1 < x <0, then 
e" «14x« 1, 
so that x < In (14x) <0 
Taking limits as х->0--, we have 
0 € lim In (1--x) < 0 
х>0- 


From (2) and (3), we have 
lim In (i+ x)=0. 
х->0-- 


Step 3. From (2) and (4) above, we have 
lim 1n(!--x)—lim In (1--x)—0, 
x04 х>0- 


so that lim In (1--х)-0. 
x0 


Step 4. Put r—In (1--x). 
In (1--х) 1 
ucc S 
Аз х->0, t0, by step 3. 
lim 22 +x) 
x0 * 


= lim ب‎ 


-8(3) 


444) 


25). 


246) 
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EXERCISE 2 (f) 
Evaluate : 
1. lim e^, 2. lim eez, 
x0 x1 
3. lim e7, 4. lim eX... 
x—1 . 0x2 
nocet ua co 
3, $20 3x ur ed eT 
7. lim In (1—3x). 8. lim 1а (2—32), 
x20 xl 
Ја (1423) 6 i Sx 
ERE 1 Ла (1::35) 


27. INFINITE LIMITS 


Let f be a real function defined on a domain D containing the 
open interval | c, d[ . We say that f(x) > + со as x -> c+ if f (x) 
can be made as large as we please by taking x sufficiently close to 
c (but > c). In symbols, we then write 
lim f (x) 4- оо 
х-»с 
хэс 


Also, we say that f(x) -> — o as x -> c+ if f(x) can be made 
as small as we please by taking x su ciently close to c (but > с). In 
symbols we writé lim f (x)= — co, 

х-с 
хэс 


lim f (x)=-t oo 
xd 
x«d 
Also, we say that f (X) > — co as X => d— if f(x) can be made 
as small as we please by taking x sufficiently close to d (but — а). 


Our definitions of the above concepts are all intuitive. The follow. 
ing examples will illustrate the definitions. 


Illustrations 


1. Let f be defined by setting 


fo) =} » forall x€ R-(—1, 1}, 
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Case 1. Let x > 1. Then 22-11 > 0. By taking x sufficiently 
close to 1, we сап make х2--1 as small as we like, which means that 


we can make as large as we like. 


23-1 


Y 


D 
1 
, 
1 
! 
1 
: 
П 
[ 


! 
П 
1 
D 
1 
П 
! 
1 
1 
D 
! 
! 
1 
! 


Fig. 220. Graph of y= шүү. 
lim f (х) = 4- oo 
х-18 2 
Case2. Let —1 < x < 1. Clearly 1 20 and therefore 
EIS 0. 


(a) By taking x sufficiently close to 1, we can make | x*—1 | 


às small as we like, i.e, | | can be made as large as we like, во 


1 
х%— 1 
баг сап be made as small as we like. 

lim f (х)=— о, 
х»1- 
(b) Ву taking x sufficiently close to —l, we can make 


| x*—1 | as small ав we like, i.e., al can be made as large as 


we like, ie., at сап be made as small as we like. 


52 lim (х) = — oo 
1-- 


х-- 
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Case 3. Letx < —1. Clearly х2-1 > 0, By taking x suffi- 
ciently close to —1 we can make 3-1 аз close to 0 as we like, во 


that Gu can be made as large as we like. 


lim f (x)=-+oo 


х>-1- 
The graph of fis shown іп Fig. 2'20. Observe how the graph 
shows the behaviour of f near the points x--—1 and х= 4-1. 


2. Let f be defined by 


Y 

setting f (x)= Û for all ER ~ 
{0}. E > 0 for all x € R ~{0}. 

Since x* can be made as 
small we like by taking x suffi- x 
ciently close to 0, whether we 0 
take x > Oorx <0, 
therefore : 

lim = =+00, 

x20: х? * 

1 7 
and lim => —--oo 
ord took; Fig. 2:21. Graph of y=1/x*. 


3. Letf (x)= — + whenever x»40. 


It can be easily seen that (how 2) 
lim f (x)=—oo, 
х->0-- 


апа li =—‹. 
0 


2:8. LIMITS AS x----co (or -00) - 


(i) Let f be a real function defined on a domain D containing 
the open ray ] с, со [. We say that /(х)->1 as х->4-о if 
Хх) can be made as close to I as we like by taking x suffici- 
ently large. In symbols, we write 


lim Жх)--!. 
х» + со 


(ii) Let f be a real function defined оп a domain D contain- 
ing the open ray ]— co, c [. We say that 709--4 as х->-- 0 
if f(x) can be made as close fo 1 as we like by taking x 
sufficiently large in absolute value but negative. In symbols, 


we write 
lim f(x)=/. 
جا‎ o 
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Illustrations 1. Let f(x)=-———~ for all xER. 


ян 


Неге ши a= 0, because = үү can be made as close to 


яс 
Zero аз we pout (by making х2--1 very large) by choosing x to be. 
sufficiently large. 


Also, lim  f(x)—0, because can be made as close 
х» 


1 
xm. : 2-1 
to zero as we please by choosing х to be numerically very large but 
negative, 


[Observe that the graph of f, as shown in Fig. 2:22, bius. 
closer and closer to the x-axis as we move further away from the 
origin, along the x-axis in either direction.] 


v 
Fig. 2:22 


2. Let f(x)— Хо for all хЄЕ, 


It can be easily seen that 
Lim f(x)-0— im ЫГ GU 


х---о 
In fact, first let us take Ves NUTS 


Then m <t 


By taking x sufficiently large we сап make as small as 


UE 
“+1 


120 A TEXT-BOOK OF MATHEMATICS 


we like. Since f(x) can be made 
as close to zero as we like by 
choosing x sufficiently large, 
therefore it follows that 
lim f(x)=0. 

Х-э-- о 

Let us now take x<0, 
Since x*--13* for all x€R, 
therefore 


1 1 
< «уа? 
whenever xz£0. 


Fig. 2:23 
, By multiplying throughout by x and remembering that by 
doing so the inequality will be reversed since х<0, we have 
дж 
= Син 50. whenever х«20, 
By taking x to be numerically sufficiently large, Loan be made 


as close to zero as we like. Therefore T can be made as close 
to zero as we like, Consequently 


lim =*—=0. 


х->--о X T1 
The graph of f is as shown in Fig. 2723. 


Observe that the graph of fexhibits the behaviour of f when 
х->-- © or х->-- о, 
3. Let f(x)—e!l* when x40, 
f(0)—0. 
Then (i) lim fix)=1, 
х->--о 


For, letting mt, and ob- 


serving that x->+o if and only if 
i through positive values, we 
- have 


Li = li 
Him fo)- lim 9 


t0 Fig. 2:24, Graph of ye e!/« 
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(1) lim f(x}=1. 

хә —00 
1 5 à 

For, letting 1———, and observing that х->— if and only 

11-90 through negative values, we have 
lim f(x)= lim f(1/t) 
t0 


хә — о 


t<0 


= lim =l, 
1-0 
120 


4. Let f(x)—x sin +, whenever x0. 
Then lim (x)= lim f(x)=}. 
х» + о х» — о 


For, as in illustration 3 above, 


lim f(x)=lim_ f(1/1)— lim sm дүй 
xe t+0 wo 1 

t>0 1>0 
ià дейш До E =1. 
N+ oe 1-0 і>0 t 

1<0 1<0 


INFINITE LIMITS AS х> +оо OR AS х->--9 
(i) Let f be a real function defined on a domain D containing 
the open ray ] c, oof. We say that f(x; oo as x> oo if f(x) can 
be made as large as we please by taking x sufficiently large. In 
symbols, we?write : 
lim’ fix)=+0 
хэ-Бо 
Also, we say that /(х)-»--00 ав x>+ if Дх) can be made 
numerically as large as we like but negative by taking x sufficiently 
large. In symbols, we write 
lim /(х)-5--00 
Х---ро 
(ii) Let f be a real function defined on a domain D containing 
the open ray ]—co, с. We say that f(x)—-- 09 as х->— if fix) 
can be made ав large as we please by taking x numerically suffici- 
ently large but negative. In symbols, we write 
lim Дх)=+ 
х->--о 
Also, we say that /(х)-»--00 as x>—© if Да) can be made 
numerically as large as we please but negative by taking x suffici- 
ently large but negative. : 


| J 
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The following illustrations will make the meaning of the above 
definitions clear, 


Illustrations 1. Let fix)=x? 
for all x€ R. 


Then lim f(x)— lim fixj=+oo. 
хэ + оо х>-» 


The graph of fis ав shown in 
Fig. 225. ? 


Fig. 2:25." Graph of у:=х? 


2. Let f(x) —3 for all xe R. 
Then lim f(x)— lim Дх) =: ою, 
х» +0 х» — о 


The graph of fis as shown їп 
Fig. 2:26, . 


Fig. 226. Graph of y=—x* 


Y 
- 3. Letf(x)—3? for all хе, 
Then lim f(x)=+0, 
хә фе 
dim, /09--ө. 0 Х 
- The graph of f is as shown in 


Fig. 227. 


Fig.2:27. Graph of yex* 


DET 
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4. Let Дх)---33 for all 
xER. 


Then lim f=, 
x> + о 
lim f(x) =+ oo. 
х — 00 
The graph of f is as shown in 
Fig. 2:28. 


Fig.2:28. Graph of у=—°. 


EXERCISE 2 (2) 2 
Evaluate : 
1 4 1 
1. Кач 
iB. BoD 2. lim 58-16 
£ "RE 
3. іш ا‎ t B get 
5. lim шиль 6, lim 
ETE БЭХ аро at 
7. lim cot x. 8, lim; х ХЭН, 
х>т-- х»—® 
9, lim —2x4+1. 10. lim 5—x*. 
Х--ро х>—Ф 


29. CONTINUITY 
777 Consider the real functions f and g be defined as follows : 


. (х, OZAL 
лә if хэ! 


Of о хоєх<!. 
wer хэ! 
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The graphs of f and g are shown in Fig. 2:29. 


Fig. 2:29 (а). Graph of f. 


Fig.2:29 (b). Graph of ГА 
The graph of fcan be drawn on paper without lifting the 
Pencil. It has по break. Тһе graph of g has a break atx=1, It 
cannot be drawn without lifting the pencil. In mathematical 
language we say that fis continuous and g has a discontinuity at 
x=]. Intuitively speaking, continuity of a function means that its 


2:91. Continuity ata peint . 


Let a function f be defined on a domain D containing an open 
interval I—]a, b[ and let c be a point of I. f is said to be continuous 
at x=c if lim f(x) exists and equals f(c). In other words, f is 

xc 
continuous at x —c if and only if 


" lim f(x)— lim Лх) = (е). --(1) 
xc х->с-- 
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If f is not continuous at x—c, we say that it is discontinuous 
at x=c. 


From (1) we find that to examine a function / for continuity at 
X=c, we have to compute the left-hand limit and right-hand limit 
of fat x=c. If both these limits exist and are equal to the value of 
f at x=c, then f is a continuous at x=c, otherwise it is discontinuous 


at x—c. Sometimes it may happen that lim f(x) may exist but may 
хэс 


not be equal to fic). In such а case, the function is said to have a 
removable discontinuity at x=c, for the function can be modified by 


altering the value at x=c so as to get a function which is continuous 
at х=с. 


2:92. Continuity in an open interval 


With the same notation as above, we say that f is continuous on 
I if it is continuous at every point of I. 


293. Continuity on a closed interval 


Let f be defined on a closed interval (а, b]. fis said to be 
continuous at the left-hand end point ‘a’ if lim f(x) exists and 
xac 
equals f(a). Also f is said to continuous at the right-hand end point 
b if the left-hand limit at x—5, namely m f(x) exists and equals 
x 


ЛЬ). 


fis said to be continuous on Та, Б] if it is continuous at every 
point of [a, b). 

More generally, a real function f: DR is said to be conti- 
nuous on D if it is continuous at every point of its domain. From 
our discussion of limits we can get several examples of continuous 
functions, as well as of functions which fail to be continuous. 


Illustrations 


1. A constant function. Let k be any real number and let f 
be defined on R by setting f(x)—k for all хЄВ. Sf is 
continuous on R. For, if c be any point of R, then 
lim f(x)=k, because f(x)=k for ай KER. Also f(c)=k, 


x>c 
and consequently lim f(x)=f(c). 
хэс 
2. -The identity function. Let f the function defined on R by 
setting f(x)= x for all xER. f is continuous on R, For, 
ifc be any point of R, then lim f(x)= lim x=c=f(c), 
xc х->с 
which implies that fis continuous at х--с. 


3. Let f be defined on R by setting f(x)=x* for all x€R. f 
is continuous оп R, for if с be any point of R, then 


л 
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lim f(x)= lim x*=c?=f(e), which implies that f is conti- 
хәс хс 
nuous at х=с. 


29'4. Algebra of continuous functions 


We already know as to how we can construct new functions 
from given functions by the four fundamental operations. Continuity 
is generally preserved under such operations. The following result 
is found to be very useful in this regard. The proof is a direct con- 
sequence of the corresponding results regarding limits, and is therc- 
fore omitted. 


Theorem 29. Let f and g of be two real functions with а 
common domain D, let k be any real number, and let f and g be conti- 
nuous at a point c€ D. Then the functions /4-8, kf. fe, | f | are 
continuous at a point х--с, Furthermore, if “(с)550, thn-fig is also 
continuous at х= c. 


2:9:5. Composite of two continuous functions 


Theorom 2.10. Letfandg be two real functions such that 
range of f is contained in the domain of g. If fis continuous at a 
point х--с, and g is continuous at the point Де, then the function gof 
is continuous at с. 


Proof. Since fis continuous at x=c, therefore Six) > f(c) as 
x->c. Also, Since g is continuous at fic), therefore a(t) > g(fle)) 
as t > f(c).: Now lim (gof)(x)= lim e(f(x)) — T3 (0-8 ПО) 

хс t» (с 


х-с 
5-(29/ (0), where we have written z for f(x) and used the fact that 
when х->с, fix)>f(c). Since lim (gof)(x)=(gof)(c), therefore gof 
х-с 


_ is contiouous at x=c, 
296. Continuity of polynomials 
Let f bea polynomial with real co-efficients and letc € В. 


We know that 
lim f(x)—f(c), 
X—c 


from which it follows that every polynomial function is continuous. 


The above result is important in as much as it establi i 

‹ 1 shes the conti- 
nuity of a very large class. of real functions. И is useful in other 
way as well. It helps us in establishing the continuity of a function 
which agrees with a polynomial in some open interval. 


Let f be a function defined on a domain D. Suppo. 
with a polynomial g on some open interval Y C D. (This e 
Jio) g(x) for all хе 1). Thenf must be continuous оп 1. The proof 
of this fact is rather simple. Suppose c€ I. Since 2 isa polynomial, 


it is continuous at x=c, Le., 
lim g(x)=g(c) e 
хэс 
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Also g(x)=f(x) on 1, and therefore for all points close to € 
we have 


800-4709, : Gi) 
and g(c)=f(c). (їй) 
From (i), (ii) and (iii), we find that 
lim f(x) «f(c), 
Р хэс 
i.e., fis continuous at x=c. Since с is any point of I, it follows 
that f is continuous on I. 


The following examples illustrates how the above result can be 
applied to discuss continuity of functions. 


Example 18. Lert f be defined оп (0, 1] by setting 
700)--0, f(x) -4—x if 0€ xL}, 
F=} and fo)oi—xif1«x«l. 


Show that f is discontinuous at x=0 and х=}, but is continuous at all 
other points. Draw a rough sketch of the graph of f. 


Solution. Since f agrees with the polynomial }—x on the 
open interval ] 0, И theretore f is continuous on ] 0, 3[. Similarly f 
agrees with the polynomial $—x оп the open interval ] 3, 11. 
Therefore / is continuous on 14, П. To examine the continuity at 
the points x—0, 3, 1, we proceed as follows : 209 


(i) Continuity at x=0. 
lim f(x)— lim x)=}, 
x04 х->0-- 


which is not equal to /(0). Therefore f is discontinuous at the left- 


hand point х--0. 


Fig. 2.30. Graph of f. 


128 A ТЕХТ-ВООК OF MATHEMATICS 


(ii) Continuity at x=}. 
Ша f(x)= lim (4—x)=0, 
хэї- х>4- 


lim f(x)= lim (%-х)-і. 
хэр хэ{+ 


Аво f=}. 
We find that c Six), lim fix), and /(4) are all different and 
xit х>4- 


consequently f is discontinuous at x=}. 
(11) Continuity at x— 1. 
lim fix)\= lim ($—x)=?-1=}. 
х»1— х+1— 
Also fe. 
Since tije Лху-4Л(1), therefore f is continuous at x=1. 
Auc 


Thus / is discontinuous at x—0, 4 and is continuous at every 
other point. The graph of fis as shown in Fig. 2.30. 


297. Continuity of rational functions 


— P(x) 
Duet 14) 40)” 
where p(x) and g(x) are polynomials with real coefficients. Let D 
be the set of points of R at which g(x);40, As we have seen in (ХІ: 
on page 100, for all cE D, we have 
: р(с) 
Пт fix)— =f(c), 
хәс 7 90) 4 
and therefore fis Continuous at x=c. Thus we find that a rational 
function is continuous at every point of its domain. 
‚Аз in the case of polynomials, it can be easily seen that if a 
function f agrees with a rational function on an open interval I, then 
fis continuous on I. 


Example 19. Let fbe defined on R by setting 
уаз when х4. 
x—4 
0 ,when x—4. 
Examine f for continuity (or otherwise) on R. 
Solution. Let g be the rational function defined on D=R~{4} 
by setting ( 


удар] 
gws Jaho 


\ E 
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Clearly g is continuous on D. Also fagrees with g on each of 
the two open intervals ]— со, 4 | and 14, oo [and is therefore conti- 
nuous at all points of each of these intervals, It only remains te 
examine the continuity of fat x=4, 


2 Xl o, ала; 
xA. X-4 дөр (4:1)-4 
h>0 

MES 
h>0 Fh 
--—0, 
ames (дш КА 
= | MT. 
m ac IE 
һ>0 
2 
мин 


= li 
һ>0 
һ>0 

=+. 


Since lim f(x) lim f(x), therefore f is discontinuous at 
х->4- х->4-- 5 


ч 
І 
de 


Thus f is discontinuous at x=4 but is continuous at every 
other point of В. = к 
298. Continuity of trigonometric functions 

We shall now examine the trigonometric functions for conti- 
nuity. Let us consider each one of them. 
A. The sine and cosine functions 


As we have already seen (page 107) earlier in this chapter,. for 
all xER, 


lim sin x=sin с, lim cos x=cos c. 
xc xc 


Therefore the sine and cosine functions are continuous on R.. 


B. The tangent and the secant functions 
The domain of both tan and sec is 


D=f@n+1) ле Ї 


At each point c€D, 
lim tan x=( lim sin x)/( lim cos x), 
хэс хәс c х-с A 
by the quotient theorem on limits 
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Бу the continuity of sin and cos‏ ,لے 
=tan с,‏ 
"showing that the tangent function is continuous at хас,‏ 
Similarly,‏ 


lim sec x= lim 
хэс хэс COS X 
1 


— lim cos x 
xc 


1 
“соз c 
=sec с, 


(why 2) 


(why 2) 


show that the secant function is continuous at х=с. 


Thus the cosine and the secant functions are continuous at all 
points of their domain. 


С. The cotangent and the cosecant functions 
The domain of both cot and csc is D*={nx : n€Z). 


At each point сер”, 
lim cot x= (lim cos »Kt lim sin x) (why ?) 
х-с 
E (why 2) 
=cot c. 
lim csc x= llii sin x, 
хәс 
ijs. e 
COS с. 


From the шин we find cot x and csc x are both continuous 
at x=c. 


Thus the cotagent and the cosecant functions are continuous at 
all points of their domain. 


Remark. In (В) апа (С) above we could as well have used 
the quotient theorem for continuous functions (which of course 
depends on the quotient theorem for limits). 


Example 20. Examine for continuity, the function S defined by 
f= ps SUES » When x0. 
0 , when x=0. 
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Solution. 
Case I. When х50. 


LP) 
fo) 
where p(x)=sin x, q(x)—x. Тһе functions p and 4 are both conti- 
nuous on R and q does not vanish whenever x0. Therefore by the 
quotient theorem for continuous functions, / is continuous whenever 
x0, 


Case II. х-0. 
. sin x 
lim -1 0). 
lim = 1 ALO) 


Therefore f is discontinuous at x—0. Thus we find that the 
given function is continuous on R except at x—0 where it is discon- 
tinuous. 

Remark. The graph of fis as shown in Fig. 2°31. Observe 
that it crosses the x-axis at +n, -Е2л,......... 


Y 


Fig. 2:31. Graph of мэх 


Example 21, Show that the function f(x)= | sin x | is conti- 
тиоиз everywhere. 


Solution. Let u be the^fuuction xsin x, and let v be the 
function x> | x |. Bothwandyare continuous on R. Since the | 
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RR etti 
composite of two continuous functions is continuous, ‘therefore “the 
function vou is continuous. But 


(vou)(x) =v(u(x))=v(sin x) = | sin x | fod) 
for ай xER. Therefore f із continuous on R. 


2979. Continuity of inverse trigonometric functions 


Having considered the continuity of" trigonometric functions 
we shall now examine the inverse trigonometric functions for con- 
tinuity. In order to do so, we need the following : 


Theorem 2'11. (Inverse function theorem for continuous func- 
tions). If f: D—Risa strictly monotone continuous- function with 
domain D and range R, then f possesses an inverse f^ : R->D which 
is a strictly monotone continuous function with domain R and range D. 


We omit the proof of the above theorem. 


(4) Theinverse sine function. The function f defined by 
f(x)=sin x for all x€ [-5/2, x/2] is a strictly increasing continuous 
function from [— 2/2, 1/2] onto [—1, 11. By the inverse function 
theorem its inverse, the inverse sine function (denoted by sin"! or 
arcsin) is a strictly increasing continuous function from [—1, 1] 
onto [—7/2, x/2]. 


(b) The inverse cosine function. The function g defined 
by f(x)—cos x for all X€[0, x] is ai strictly decreasing continuous 
function from (0, x] onto [—1, 1]. By the inverse function theorem, 
its inverse, the inverse cosine function (denoted by cos ог arccos) 
is a strictly decreasing continuous function from [— 1, 1] onto (0, т]. 


(с) The inverse tangent function. The function h defined 
by h(x)—tan x for all x€] — 5/2, п/2 ( is a strictly increasing conti- 
nuous function from ]—x/2, 52, [ onto В. By the inverse function 

_ theorem, its inverse, the inverse tangent function (denoted by tan-! 


ог arctan) is а strictly increasing continuous function from R onto 
1-2/2, т/21. 


(4) The inverse cotangent function. The function и defined 
by u(x)=cot x for all x€ 0, x[ is a stricty decreasing continuous 
function. By the inverse function theorem, its inverse, the inverse 
contangent function (denoted by cot-! or arccot) is a strictly dec- 
reasing continuous function from R onto 10, x]. 


(е) The inverse secant function. The function v defined by 
v(x) =sec x for all хЄ(0, =/2 [U] z/2, x] is a continuous function 
which is Strictly increasing on each of the intervals ]—со, —1] and 
11, of onto (х: ХЄВ, |x| 21). By the inverse function theorem, 
its inverse, the inverse secant function (denoted by ес”! or arcsec) 
18 а continuous function from (х: ХЄВ, | x | 21} onto (0,я/2 U 


15/2, xf, which ‘is strictly increasing in each of the intervals. 
J-o; —1] and ]1; cof, 5 
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Fig. 2:32. 
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(f) The inverse cosecant function. The function w defined 
by w(x)—csc x for all x € [—/2, 0[ U (0, х/2| is a continuous func- 
tion from [— x/2, 0[.U (0, 7/2] onto (х: x€R, | x | 21), which is 
strictly decreasing in each of the intervals [—7/2, O[ and |0, т/2). 
By the inverse function theorem, its inverse, the inverse cosecant 
function (denoted by csc™ or аге csc) is a continuous function from 
(x: xER, |x| 21) onto [—x/2, O[ U 10, я/2| which is strictly 
decreasing in each of the intervals )— оо,— 1] and [1, со[. The graphs 
of the inverse trigonometric function are shown in Fig. 2°32 on 
page 133. 


2:97. Continuity cf exponential and logarithmic functions 


(а) The exponential function. We һауе already seen that 
if c€ R. 
lim =e. 
хэс 
Therefore the exponential function is continuous on В. 


(5) The logarithmic function. The exponential function is 
a continuous one-to-one function from R onto R+ (the set of posi- 
tive real numbers) By the inverse function theorem, its inverse, the 
logarithmic function, is also a continuous one-to-one function from 
R* onto В. 
The graphs of both the above functions are given in Fig. 2:12 
and Fig. 2°13 respectively. à 
Example 22. Examine for continuity the function f defined by 
na fel if x40 
sa- 1, ifx=0. 
Solution. Case I. x0. 
Let g: x>l/x, xER~{0}, and 
h: x>", xER~ {0}. 
. Both g and h are continuous functions. Therefore, the compo- 
site function ho g is continuous. But (hog) x=h(g(x))=e!/*=f(x). 
Therefore f is continuous. 


Case II. x=0. 
lim f(x)— lim еп 4-оо 
х»0- h>0 
һ>2. 3 
li х)- lin 799 -0--0/()-41, 
e 
h>0 


Since ш. I(x) x lim f(z), therefore f is discontinuous 
аф. x07 
at x=0. 


| 
| 
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кт Example 23. Examine Sor continuity the function S defined оп 
27 


ele 
= үүдээ ЙУ 940 
ЛО)= к, 


where k is some fixed real number. 
Solution. Consider the functions 


x 
12230 х>0 
у:хэеё, ч XER 


и: x> 


1 
w x> E whenever x»«0. 


The function vow is defined for all real values of x except 
X—0. Also, (vow) (х) > 0 for all x€R-(0) Since pand w are 
both continuois, therefore row is continuous. Also, (vow) (x)—eVe, 


Let us consider the function ие(уем). Clearly [ue(vew)] (x) 
—/(x) whenever x»40. Since u and yow are both continuous, 
therefore f is continuous for all xER~{0}. 


Let us now consider the point x—0. 


1 x eh. ieee 
EC ed 1-е im er 1; 


h>0 
һ>0 h>0 
since e~/4-+0 as h->0 through positive values. 
Also 
lim (X) e Ша l-5— =o 
im Заа) m 1-1 9. 
х>0- hoo, ite* 
h>o 


: Since lim f(x) lim f(x), therefore lim f(x) does not exist, 
х->0% h>0— h>0 


and therefore f is discontinuous whatever k may be. 
2911. Three important properties of continuous functions 


Functions which are defined and continuous on closed and 
bounded intervals possess several interesting properties, three of 
which are rather important. We shall state them below withoct 
proof. ” 

Theorem 2:12. (Boundness of Continuous functions). Every 
Junction defined and continuous on a closed and bounded interval is 
bounded therein. That is, if f is continuous оп a closcd and bounded 
interval Ц--(а, Б), there exist real numbefs и, у such that Е 


и$ (х) <, for all xE I. 
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"The above theorem says, in effect, that the range of a conti- 
nuous function defined on a closed and bounded interval is con- 
tained in a closed are bounded interval. If any of the hypotheses 
ef the above theorem are violated, the conclusion may fail to hold. 
Fer example, consider the function f defined by setting : 


(a) f(x)=x for all x on [0, oof 
(5) f(0)—0, f(x) = E forx€]o, If 


(à fo) on]0, 1 
In (а), the domain of fis the unbounded interval [1, oof. 


[see Fig. 2:33(a)]. 
Y 
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Observe that here f is continuous but the domain of f is not 
‘bounded. 

In (b), fis discontinuous at x=0 [see fig. 2.33 (b)]. 

In (с), the domain of f is not closed. 

In all the three cases / 18 unbounded so that the conclusion of 
theorem 2.12 fails to hold. , 

The graph of f is as shown in Fig. 2.34. 


Fig. 2:34. 
Reason. f is not continuous at x=0, for lim f(x)—-- oo 
х->0-- 


lim f£ (x) 2— co, f (0)—1. 
х->0-- 


Theorem 2:13. (Attainment of supremum and infimum), Every 
function defined and continuous on a closed and bounded interval attains 
its supremum and infimum, That is, if f is defined and continuous оп 
a closed and bounded interval I(=[a, 41), if и be the supremum off on 
1 and 1 be the infimum of f on I, then there exist р and q in I, such 
that f (=p, f (0)—4. 

If any of the hypotheses of theorem 2.13 are violated, the 
conclusion of the theorem may fail to hold. This can be seen by 
considering the following examples : 

(a) Let f be the function Y 
defined by setting 

/(х)=х for all x in [0, 1[. 
f is continuous in (0, 1[, it is boun- 
ded above in [0, 1[, sup. f being 1, 
but there is no point of the do- 
main of f at which this supremum 
is attained, that is there is no 
point of (0, 1[, at which f(x)=1. 

Here, the domain of f is not 
a closed interval, so that one of 
the hypotheses of the theorem 18 
violated, Fig. 2.35. 
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1 
хЄ К. 
Tg or all xe 
fis clearly continuous on R,it is bounded below as well as above, 
sup. f being 1 and inf. being 0. While sup. fis attained at х=0 
i “A , there is по point of 


m fail ?). Observe that 
the domain of f is not a bounded interval. The graph of fis as 
6 


Е 
Theorem 214. (Intermediate Value Theorem.) If be conti- 


muous on the closed and bou al (a, b], and c be any real 

` number between / (а) xists а real number x, in 
la, b [ such that f (х) = 

` The Above theorem says in effect that if a function is conti- 


nuous “on a closed and bounded interval [a, b], then it takes every 


tWo of its values.” Expresed differently, it says that the continuous 
image of an interval is an interval. 


“ Theorems 2113 and 2:14, when put together assert that a conti- 
nuous image of a closed and bounded interval is a closed and 
bounded interval. L , 

Remark, The following example shows that if the hypothe- 
ses of the intermediate value theorem are Violated, then its conclusion 
may fail to hold. 1 i 

Let f be the function defined on [—1, 1] by Setting 

3 709-4, when ху<0, > 


/(0)=1, 


Here the domain of Л is the closed and bounded interval 
d f (—1) and f (1) are of opposite signs, but f(x) does not 
vanish. 3 
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Example 24. Let f be continuous on (0, 1] and let f (x) lie in 
[0, 1] for each x іп [0, 1]. Prove that f (x)=x for some x in [0, 1]. 


Solution. If f (0)—0, or f (1)—1, then the result is obvious. 
Let us therefore consider the case when f (0)540 and f (1)71. 


Consider the function 
#(х)=/ (х)—х. 


Since f is a continuous function defined on (0, 1], therefore gis 
also a continuous function defined on [0, 1]. 


Also g (0)--/ (0) >0, since f (0)Є(0, 1] and f (0)40. 
Again g (1)—/ (1)—1<0, since f (1)€ (0, 1] and f(1) 1. 


2 Since g(0) and g (1) are of opposite signs, therefore by the: | 
intermediate value theorem, g (x)=0 for some хЄ ]0, 1[, 


Therefore f (x)—x=0, for some хЄ (0, 1[. 
Thus f (x)=x for some хЄ 0, I[. 

, Example 25. How many continuous functions аге there оп В. 
which satisfy | f (x)®=x* for all xER? Draw the graphs of all such 
functions. 

Solution. Since Г/(х)р--х? for all хЄ В, therefore 
f (0)=0. SN 0) 
Let us now consider the form of f on the interval I=]0, co[. 


Since f is continuous on I, and f (x)740 (because) [f (5) 540) for any 
ХЕІ, therefore by the intermediate value theorem either 


f (x)=x for ай x€ I. 
or f (х)----х for ай x€I. EXC] 
Next, let us consider the form of f on the interval 7--|- со, 0[. 


Since f is continuous on J, and f (x)0 (because) [f (x)?]40 for | 
any x€J, therefore by the intermediate value theorem either f (x) —x 
for all x€J or f(x) —x for ай x€J. coc) 


Combining (i), (ii) and (iii) we have the following four possi- 
bilities : 
(i) f(x)=x for all x ЄВ. 
(ii) f(x)=—x for all x€ R. 
(iii) f(x)—x when x20, f (x)=—x when х<20. 
(9) f(x)=—x when x20, f (x)=x when х<0. 


Since tbe functions described іп (/)— (iv) above are all conti- 
nuous, therefore we find that there are four continuous functions от 
R satisfying [ f (3)P—x* for all хЄВ, namely f (x)=x, /(х)=—Х 
Ji) үх Г,УС0--1х1. 
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The graphs of-these functions аге as shown їп Fig. 2.37. 
Y 


f(x) = -x 


{b) 


f(x) = -ixl 


(9) 
Fig, 2.37. 


ma GREE йе "ү meter eel П нө 
Show that either f (x) —4/ 1—33 for ай x in 1--1, Цог fG)- 

—V I= for all x in |—1, 1]. ; 15” 
Solution. Since [f (x)]®+x*=1, therefore f(W=AV 1, 

же, if x€ [—1, 1, then either f (3) - A/1—3*- or f(x)2 —/1—3at. 

"What we are required to show is that 

‘either f (x) —4/ 1—3? for all x€ —1, 1], 

Oro е) V1—3 for all x€[—1, 1]. 


` ` Suppose, if possible, that [there exist two points, хі, x, in 
1-1, 1 [, such that 
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го) VI= f (x)= 1— xf. 

Without loss of generality, let x, < xs. 

Now f is continvous in [xi хз], and f (xi), f (x) are of opposite- 
signs. By the intermediate value theorem, there must exist 

c € p, xs [C]—1, 1f, such that f (c) —0. 

But this is impossible, since f (c) —0, iff c*—1 (because (f (c))* 
Tem). 

Hence either f (x)= v 1 —x?, for all x€[— 1, 1], 
or f G)2 — V 1—38, for all x€ [—1, 1]. 

Example 27. А function f is continuous іп the interval (0, I]: 
and assumes only rational values in the entire interval. If f(x)—1 
when x=, prove that f (x) =} everywhere. 

Solution. Suppose, if possible, that there exists a point 
сЄ(0, 1] such that f(c)4}. It is obvious that 0»43. Ву the law of 
trichotomy, either с< or 4«2с. Without loss of generality, let us 
assume that c<}. The function fis continuous in (с, 3] and there- 
fore by the intermediate value theorem it must take every value- 
lying between f (c) and f (3). But this is not possible, because f (c) 
and f (3) are two distinct rational numbers between which there lie: 
infinitely many irrational numbers, and f(x) does not take any 
irrational value. The contradiction shows that there does not exist. 
any c€ [0, 1] such that f (c) is different from 4. 

Hence f (5)--3 everywhere. 

EXERCISE 2 (Л) 

1. Show that each of following functions is continuous for all 
x€R: 

(а) f(x)-xt--. 

(Б) /(х)=х%—2. 

(с) Лх) =х*—7х+ 5. : 

2 Show that the function f defined оп R by setting f (x)—1/x if^ 
x0, f (0)=0 is discontinuous at x—0 but is continuous at- 
every other point. 

3. Examine the function f, defined on R by setting 


—x*, if x <0 
fGQ)-45x—4 if 0<x<1 
4x! —3, if x21 
for points of discontinuity. 


4, Let f be defined by setting 


f= صن‎ 2 if x0 


70-к. 
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For what value of k is f continuous at x=0 ? 


5. Examine for continuity at x—0, the function f defined on R in 
each of the}following cases : 2 


0109-1555 


iA EN ры when x40 
2  ,when x=0, 


Se, when x30 


(ii) лә-| sin 3x 
1 , when x=0. 
4, when x30. 


» When x=0. 


RN 5^ sin 
(ii) fx)= ? 


1 
Gy) лә cos — , when x70. 
1 


» when х==0. 


x Sin » when x40 


0) mw- 


0 ‚ when x=0. 


6, Examine for continuity at x=0, the function f defined on R ia 
each of the following of cases : 


0 Лә) ces if x40; /0)-0. 


ell? ета 


(ii) fe) xA i if x0, f(0) 0. 


ME 
TA if x0 


(iii) 22 
1, if xes0, 


7. Let f be the function defined on R by setting fix)=[x], for all 
ХЄВ, where [x] denotes the greatest integer not exceeding x. 
Show that f is discontinuous at the points x—0, +1, +2, +3, 
men and is continuous at every other point. 

8, Let f. be defined on an interval] I and let f be continuous at a 
point cEl. Is it necessary that f be continuous at c? Justify 
your answer. 

9, Let f be the function defined on В by setting f(x)=x—[x], for 
all x€ R. 


Examine f for continuity at the points x=0, +1, +2, 4-3, 
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10. Let f be defined on R by setting 
t ,if 0 <, 
fü)—40 ,ift=}, 
t—1, if4<r<l, 
and fin+-1t)=f(1), where n is any integer. Determine the points 
of discontinuity of f. 
TEST YOUR UNDERSTANDING п 


In each of the following problems, four alternatives are given 
‘out of which exactly one is correct. Put a tick mark (4/) against the 
«correct alternative, 


1. The domain of the function ат 18 


(а) (1,13 (01-6 (9]-n1[ (d) R- (—1, 1). 


2. The range of the function 3 cos 2x is 
(а)[—1,1] (0) [—3,3] (01-2, 2]  (a)R. 
3. lim UE. equals 
хэт TTX 
(а) 1 (b) —1 (c) +00 (d) 0. 
:4. Range of the function 210 (x—1) is 
(a) 0, (b) [1, cof (OR (4) [2, cof. 


5. иш ete, 
хэ16-1Ї--х 


(a) --о (b) +o (c) 0 (4) 1. 
б. lim eY? is 
(а) — оо (b) 0 (с) —1 (4) 1. 


гі 


- The function f defined by fix)= mA when x40. 
f(0)—k is continuous at х--0, The value of k is 
(a) 3 (b) $ (суў (4) 5. 
8. The function fis defined by f(x)=2x+3 if x<0, 
Д(х)==ах?-ЬЬх-Ес if x>0, The value of ¢ is 


(a) 2 (b) —3 0 (а) 3. 
9. lim — —3/n (x—4) is 
X +оо 


(а) +00 (b)— со (c) 0 (4) 1. 
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10. Let f be the function defined by setting 
xi—lifx«2 
Цан oie if x>2 
If f is continuous on R, the value of a is 
(a) 1 (3 (c) —8 (4) 11. 
REVIEW EXERCISE 11 
1. Find the domain of the function f defined by /(х)-- ES 
2. Find the domain of each of the following functions : 
MAS MGE №1 
Ө ЛӘМ (6) SAVER (0) fe МЕСІ, 
= 
3, Find the domain of the function / defined by setting 


= ЫН 


4. Find the range of each of the following functions : 


(а) =F O) /09-44/ T 
= [xt 
(©) fix) J/ ah 


5. Find the domain and range of cach of the following functions : 
(a) 2 sin 3x (b) 3 cos 2x (c) 4 cot*x 
(d) 4 csc 2x (е) 6 tan"! Sx (f) =5 sec? 4x. 

6. Find the domain and range of each of the following functions : 
(a) ез (b) 3e-** (c) 56151 (d) In (1/x) 
(е) 2in (1—x) (7) —4 In (1--2x). 


7. What can you say about the domain of f: x—>/n In sin x ? Does. 
it define a function ? 


8. Evaluate lim M 2—2, (4.1.8:5.С.Б, 1988) 
х->2 х-2 


tan 3x—2x 


9. Evaluate Кие R] 


(4.1.8.8.С.Е, 1989) 
10. Evaluate lim. tanx Їп (sin x). 
х>т|2 


è (Roorkee Entrance, 1989) 
11. A function fis defined as follows : 
хү! 


fo x» 


و 


/ 
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Discuss the existence of the limit at x=1 and x=—1, 
12. Find the interval in which the values of f(x) lie where 


0 fix)=3 sin 2 (Fe ) (LLT. J.E.E., 1983) 
13, Evaluate lim нх 1. (LIT. 7.Е.Е., 1976) 
14. Evaluate lim МАЕ 3% (ау, (LLT. J-E.E., 1978) 
xa А/За-х--2л/ х 
15. Evaluate lim- e 88 x (LLT. J.E.E., 1974) 
x 
16. Evaluate lim E (LLT. 1.Е.Е., 1971) 
>0 3х—ЫпХ 
17. Find lm 25, (LIT. J.EE., 1973) 
лт 
18. Find lim MUU egestas (LLT: J.E.E., 197/) 
> 1/4 x—n/4 
19. Find lim (1-3) tan =~. (LLT. J.E.E., 1978) 
xl 2 


20. Let f(x) te a continuous function and let g(x) bea discontinu- 
ous function. Prove that f(x)+g(a) is a discontinuous function. 
(1.1.7. J.E.E., 1987) 


21. Let fos с; 


Determine the form of g(x)=f ( /\х)) and v find the points 


of discontinuity of g, if any. T. J.E E., 1983) 
2 
22. Find the demain and range of f(x)— Цэ. Is the function 
one-to-one 7 (LIT. Ј.Е.Е., 1978) 
23. Find the domain of the function 
1 уол ийг 
ааа эцсэн ILT.J.E E., 1983) 
fe» frre түлете) Мх+2. ( 


24. Use the formula d 1 jı a to find 23 P co) 


біт J.E.E., 1982) 


-146 A ТЕХТ-ВООК ОР MATHEMATICS 


725. Determine the values of a, b, с for which the function 


Г sin (at Desin cc сы) 
Ход-4 с for x=0 1 
1 FD xt) хиз fog 3535 
bus or x : ü 
is continuous at х--0, (LIT. J E.E., 1982) с 
26. The function. ( 


( 


fepe Ata) n bx) 


————— аага дой 


is not defined at x =0. Find the value of f(0) so that fis conti- 
nuous at x=0, (LIT. J.E.E., 1983) 


27. Construct the graph of the function given below: 
х1, 2<0 
fe .x-0 й | 
xv ESQ | 
Find lim f(x) and lim f(x): Discuss the continuity of 
х+0+ х>0- 


Лод абх=0. (Roorkee Entrance; 1988) 
SUMMARY 


1. Domain'of a function f:S+T is S; and range ‘of 
1-1Лх):х eS]. 
2. Sum, difference, product an4 quotient-of two functions, 
Let f and g be two real functions with the same-domaln D. Then 
Сне) Хоа (х) 
(7 0)х) =f(x)—2(x) 
Q2) =) (х) 
(Ла) =), provided (x) is not zero anywhere on D; 
3. Composite of functions i 
И/:Х»Ү, е: Y>Z, then (gof)(x)=g( fix). - 
4.1 Inverse functions ; 
If f: X+Y, е: Y ^X be both one-to-one onto, such that eof and fog 


are identity functions oa their respective domains, then f^ and 2-1 
both exist, and 1—6, g-1—f. = 


2 
5. 6х-41-рх + E Tenue for all xER. ` 


Kes 


= 
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xt 


3 
6. In (а) — aif [x | el. 


7. Table of domain and range of some standard functions 
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Function Domain Range 

sin x R 1-1,11 

cosx R [-1, 1] 

tan x R~(2n+1)7/2 : пе2) R 

cot x Е--ілт.: пе2) к 

весх R~{(2n+1)x/2 : nE Z} {x:|x| 2D 

csc x Re(nr:neZ) ^ {х:|х|>1} 
Sin-! x 1-1,1 [= 1/2, 712] 
cos! х [—1, 1] [0, =] 

tan?! x R 1-712, TIZ 
cot-! x R 10, =1 

Sec! x {х:|х|>1} (0, m/2[U]7]2, т] 
esc") х {xi |x] ai} [—т/2, 01010, т/21 
e R R* 

In x Rt R 


8. Let fand g be defined on some open interval I containing’c, but not 
necessarily atx=c. If lim f(x)=/, lim g(x)=m, and К be some 


хэс хәс 
fixed real number, then 
(а) lim [fx)te@)l=l+m 
хс 


(b) lim [kf(x)]=kl 
xc 


(д lim (/098001-41т 


xc 
(d) lim [f@)/g(x)]=l/m, if тэ 0 and g(x) #0 anywhere on 1 
хэс 
(е) lim 1х) |= |] 
х-с 
:9. Some important limits 


dass Si 
lim 26 


=ne" (c>0, п is a rational number) 
хэс х—С 
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lim іт). 1 
x20 Хх 
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10. All polynomial functions, trigonometric functions, inverse trigono- 


metric functions, 


the exponential function, and the logarthmic 


function are continuous at all points of their respective domains, 


11. Three important theorems for continuous functions : 


(a) Every function 


defined and continuous on a closed and bounded 


interval I is bounded therein, 


(5) Every fünction 
interval attains 


defined and continuous on a closed and bounded 
its supremum and infimum. 


(c) Tf fis continuous on the closed and bounded interval [a, b], and 
c be any real number between Да) and f(b), then there exists a 


real number xo 


in Ja, 5| such that (о) —c. 


HISTORICAL NOTE 
The Babylonians (C. 2000 B, C.) might be credited with а 


working definition of a 
them like the one for n? 


function because of the tables Prepared by 
+л?, п=1, 2, 3, ..., 30 Suggesting that a 


function is a table or Correspondence between z in the left column 


and /?-rn* in the right col 


umn. 


Rene Descartes (1637) might have been the first one to use the 
term function. Не defined a function to mean any positive integral 


function of x. 


Gottfried Wilhelm Leibnitz (1692) thought ofa function as 


any quantity associated wi 
point on a curve, the lengt 


tha curve, such as the co-ordinates of a 
h of the tangent to a Curve etc. 


In 1718, John Bernoulli, a student of Leibnitz gave for the 


According to him a function of a variable quantity isa magnitude 
formed in some manner from this variable quantity and constants. 


development of the notation of a function 


is linked with the name of the famous swiss mathematician Leonhard 


` Оп others such that as the second changes, so does the first are said to 


be functions, 


However, Euler and 
that a function must be de 


other mathematicians of his time required 
fined by means of a formula, From the 


Point of view of eighteenth century Mathematicians the expression 


ac 
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25, dao os 
УС х if x>0 
defines not one but two functions. 


I 


Í It was J.B. Joseph Fourier (1768-1830) who in 1824 gave a new 
definition of a function, stressing that the main thing was the assign- 
ment of values for the function, whether the assignment was carried 
out by means of a single formula or not was unimportant. A few years 
fatter (in 1837) Dirichlet (1805-1859) gave the modern definition of 
function. According to him а variable quantity y is said to bea 

function of a variable quantity x if to each value of the quantity x 
there corresponds a uniquely determined value of the quantity y. The 
definition of a function that we use today is essentially the same as 
given by Dirichlet. 


ПП 


SIR ISAAC NEWTON (1642-1727) 


Isaac Newton was born in Woolsthorpe on Christmas day, 1642, When he 
was still a child, he showed great skill and delight in devising clever mechanical 
models and in conducting experiments, At the age of 18, he entered Trinity 
College, Cambridge. At the age of 23, he proved the generalized binomial 
theorem and created his Method of fluxions which is known today as the diffe- 
tential calculus. His method of Fluxions written in 1671 was not published until 
1736. During the next one year, he performed his first experiments in optics, and 
formulated the basic principles of his theory of gravitation. In 1669 his teacher 
Barrow resigned the Lucasian professorship in his favour and Newton began his 
18 years of University lecturing which he devoted to algebra and the theory of 
equations. In 1685, Newton completed the first book of his Principia, his 
greatest work which proved to be the most influential and the most admired work 
in the history of science. The complete treatise entitled Philosophiae naturalis 
principia mathematica was published in the middle of 1687 which immediately 
made an enormous impression throughout Europe. In 1689, Newton represented 
the University in parliament. In 1703, he was elected President of the Royal 
Society, a position to which he was annually re-elected until his death in 1727 
afteralingering and painfulillness and was buried in Westminster Abbey. 
Newton was a skilled experimentalist and a superb analyst, Asa mathematician 
he is ranked almost universally as the greatest the world has ever produced. 
Newton was the greatest genius that ever lived. His accomplishments were pceti- 
cally expressed by Pope in the lines : 

Nature and Nature's laws lay, hid in night. 


God said, ‘Let Newton be,’ and all was light, 
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Derivat ives 


31. INTRODUCTION iet 

The most remarkable achievement Of the seventeenth century” 
was the invention of the Calculus towards the end of the century Буг 
Newton and Leibnitz. To some extent, it was an attempt to answer 
problems already tackled by the Greeks, but primarily the calculus 
was created to treat major scientific problems of the seventeenth.. 
century. А di 

In the present chapter we shall introduce the notion of the 
derivative which is the basic theme of differential calculus. In the- 
next chapter we shall study some simple applications of the deriva- 
tive. Inthe fifth chapter we shall study the notion of the primitive 
(or anti-derivative) of a function which is the inverse of the notion 
of a derivative. . -We shall also see how it leads to. a solution of the 
problem of determining the area bounded by curves. 


42. RATE OF CHANGE ius 


cating the speed of the car at that particular instant. Are you 
wondering as tb whatever can we mean by the speed of the car at a 
particular instant 2 Let us denote time рут. Suppose the car starts 
at time t=0. Suppose the car travels a distance s metres in / seconds. 
There are two possibilities : 

(i) Thecar js travelling at а constant or steady speed. In- 
other words, 18 speed remains the same throughout its 
motion, Thus the car covers @ distance s/t metres in- 
one second This is the speed of the car. 'We describe this 
by saying that at every instant, the car is moving with . 
a speed (s/t)m/sec (s/t metres per second). 


(i) Тһе speed of the car keeps on changing. Suppose it is. 
changing according to the formula 5= 1% 50 that the dis- 
tance covered at the end of 1,2, 3, seconds 18 1, 4, 9, 

таға metres respectively. Thus during the time 1—0 and: 


t=1 second, the car travels а distance “y metre. During 
the time-interval from t=] to t—2 seconds, it travels а. 
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distance 4—1—3 metres, The average speed of the car 
during this interval is, therefore, 


- change in distance (in metres)during the time 1—1 to t —2( in seconds)’ 
А 1 change in time (in seconds) 


© ЯЯТЧАНО 


a 
283613 esol 
Observe that the distance s depends upon time z. So s 
is a function of t, say s=f(t), where /(4)--/2, The ave- 
rage speed of the car during any time-interyal can be 
calculated by the above formula. We sh now find the 
Average speed of the car at t=1 second. For this we 
» determine the average speeds: of the car in. short. time 
intervals around 1 second. To be precise, we find the 
average speeds of the car in the interval 2-21 to t=l +h 
or some small values of В (positive as. well. as negative, 
but not zero) by the following formula : 


"Change in distance(in. metres)during time-interval from 1—1 to t=] +-A(in seconds) 
change in time (in seconds) қ 


27112228 740) 


ТЕЗДЕН > Gy s=f (t)) 
212 
ا‎ UE 
=2+h. C. h0) 
IP? АНАР a LEBER оу А. 
Thus, when 4--005, “7; TALI --24й--24-005-2205. 
Ап this way, we get the following table : 

» 193 Sh Stt id mios зе FCM UAR 
2590896 { p 2:05 
ded е 204. 
*03 -2:03 
*02 202 
"01 2:01 
ды: f =r : 199 
—'02 = с 198 
MO ela, 1:97 
авч ШЕ 196 


-5 0077 „л falis 


` Sone aa 


ee 
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We have avoided the value h=0 because we cannot divide by 
0. Now look at the above table carefully. The average speed 
атола over the - time-interval from t=1 to t=l+h 
approaches 2. In fact 5 


lim 070) а (tal 2 
h>0 h h>0 h 


This time limit obviously gives us the average speed of the сат 
at time t=1 because when Л is very small the average speed during 
the interval from t=1 to /=1-ЕЛ, more or less describes the speed 
311-41, Thus using the concept of limit, we may not find the 
expression ‘speed of the car at a given instant’ so ridiculous. It is 
alla question of understanding. The more we know, the less we 
wonder : 

Example 1. Find the speed of the car at time t=15 in the 
above case. 

Solution. The speed of the car at t=15 is given by 

— 21 52 
lim f (U5+h)—f (15) _ lim ast) 15 
1>0 Л 1>0 
22 (15-84-15) (15+h—15) 
A Len cm Tre ОР EO 
һ->0 
TE (90-4) (h) Ч 
h>0 


lim (30+), C h#0) 
h>0 


=30. 


Thus the speed at t=15 is 30 m/sec. 


We shall as yet not get down the car that we had been riding 
above, We saw that а certain limit above gave us some idea of a 
certain rate of change viz., the rate at which the speed of the car 
is changing with change in time. We shall now probe into the. 
geometrical meaning of the same limit. The function involved was 
s=1?=f (f). You know how to draw the graph of this function on 
seaxis and f-axis. It surely represents a parabola. We graph it 
as shown in Fig. 31. 

Бог t=1 and 1+h, s=f (=f (1) and fan) respectively. 
This gives us two. points P (1, f (D), 0 (Fh, f (1 4-8) lying on the 
parabola. Join PQ. What is the gradient of the line PQ? You 
already know how to find out the gradient of a line through two 
given points. In fact, ы 
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Fig. 21, 
(10—70), 


eu 
grad. PQ— EIDE 


fath- . 
SEC MON 


As h tends to zero, the point Q approaches P оп the parabola: 
and the line PQ sort of just touches the parabola at P (i.e, it 


E 
becomes a tangent to the parabola ас Р), Thus lim ыы 


h>0 
expresses the gradient or slope of the tangent at the point r=1 of 
the curves s—f (2)=12, 
Example 2, Find the gradient of the tangent at the point t= 3, 
10 the curve $—1?, 


Solution, The required gradient 


аш FASS 
h>O h 

= lim (34135 , 
һ->0 һ 

2: (6-5). h 5 
љо Л. 


1 


lim (6--/)--6. 
һ->0 
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Example 3. Find the rate of change of the volume with respect 
to the radius of a spherical balloon during the process of its being 
blown, at any one particular instant. 
Solution, Let us denote the volume at any instant by V- 


When the radius of the balloon 18 гсш, тӛл r? cm=f (r). AST 
changes, V also does. Let us find out the rate of change of V at the 


instant when r=3. This is given by 
lim fB+A)—f (3) um $n (3+) — $n (3)% 
h>0 h һ>0 һ 
= lim ts 
һ->0 
үй (eu {3+4} +3 GrprT). 
h : 


(34-18--33 
T d 


=lim 3 
h>0 


= lim л (824-91--27), 
h>0 
= lim jn ын (?+9h+27), 


h>0 h> 
зэл, (lim H+ lim 9h+ lim 27} 
h>0 h>0 h>0 
=a {(0+0+27)}, 
=36n. 


Hence at r=3, the volume is changing atthe rate of 
367 cm?/cm. 
In general, when the radius is r, the rate of change of the 
volume with respect to the radius is 
lim үүн Ё dim fn (г4+Ю#—%®т°, 


һ>0 154) h 
= lim л { ferro), 
h>0 h 
2 т 
es { h {(r-+A) te (r+ ғ?) р 
h-0 t 
шоо $n {3г®-Е3г LR}, 
h>0 


—n lim (377+ Зуй4-12). 
һ>0 


== ід. 3r2=4nr*. 


So far we have considered rates of change of specific functions 
at specific points. Let us now consider an arbitrary function f and: 
an arbitrary point а. We calculate the average rate of change in- 


156 A ТЕХТ-ВООК OF MATHEMATICS 


‘the value of the function f with respect to the independent variable 
-x in the interval from x—a tox=a+th, This is given by the diffe- 
тепсе ratio 
Change in the value of the function 
Change in the variable 
St (a-- 1) —f (a) 
(a+h)—a 


_ flath)—f (a) 
pU 


= 


› (h#0). 


"à 


Fig. 32. 


Geometrically, the above ratio represents the gradient of the 
«chord PQ, where P and О аге points on the curve y—f (x) with 
:abscissae x= a and x=a+h respectively (see Fig. 3 2). 


1f im. f ah- (a) exists, then it is called the rate of 
КА 


«change of fata. It is usual to denote this value by f" (a). 


Аһ Remark. Ав /->0, the point Q (see Fig. 3°2) approaches P. 
о, 


(i) the chord PQ tends to become the tangent to the curve 
y=f (х) at the point P, ! 


(i) the gradient ахта. of PQ, tends to become the 
-gradient of the tangent at P. Thus lim гало. (in case it 
hs0 


-exists) is the gradient of the tangent t = 
ae ae: gent to the curve y=f(x) at the 


LÍ 


تھے — 
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(iii) оо; the average rate of change in the interval 


[a, a +k] tends to become the rate of change at а. 
Example 4. Find the average rate of change of the function f 
defined by 1 
709--х--7, Y xeR 
in the interval [2, 2+h] and hence evaluate the rate of change of f at 
х=2. 
Solution. By definition, the average rate of change of f in the: 
interval (2, 24-4] is А 
ЛД2+һ)—/\2) _ {2+hH+73—-2+7), 
em h 


(2+h)—2 
=]. 
Hence the rate of change of f at 2 = + 

-//0) 

m е, 
1-0 

= 1йп 1, 
h20 


EAT. 
EXERCISE 3 (a) 

1, Find the rate of change of the circumfererce of a circle with: 
respect to the radius when the radius 185 cm. (Hint. Find 
f (5), where f(x) 22nx). 

2. Find the rate of change of thearea of a circle with respect to: 
the radius when the radius is 4 cm. 

3. A ball is thrown vertically upwards. After: seconds of its 
being thrown, its height Л is given by the formula /=40/— 6/7, 
Find its speed after 3 seconds of its being thrown. 

4. The size п of a bacteria culture grows according to the formula. 
n=no+20t+37*, Find the growth rate at 1=10. 


5. Complete the following table : 


Jœ a Ja) 
x—9 2 
2:2--х-11 vi 
“+5 -1 
x 2 
6 7 
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6. Find the average rate of change of functions given in the 
above problem over the interval [5, 5+4] and find /7(5) for 
each of them. i 


223. DERIVATIVE 
In what follows we shall consider f to Ье a real-valued func- 
tion whose domain is a subset 1 of R. Fora point a€ I, the rate of 
«change of f at a is also called the derivative of fat a. Thus we have 
the following: 
Definition 31. Letf:I>R bea function and let xEI If 
lim fectn-fe 
1-0 


„exists, then it is called the derivative of f at x and is denoted as f'(x). 
When the notation у==/(х) is used, the derivative at x is also 
dy 


denoted as 2. 2 4 [f(x)] or Df. The notation DS is due to 


Leibnitz. When f has a derivative at the point x (so that f'(x) 
exists), we say that f is differentiable or derivable at x. If fis 
differentiable at each point of I, then f is said to be a differentiable 
function and the process of obtaining the derivatives (at points of I) 
is called differentiation. The function f' which as.igns to each 
point x of I, the derivative f (х) at x is called the derived function 
of f. 
Remark, Recall that. the. derivative is the limiting value of 
-the difference ratio 


JF _ change in the value of f 


(x-+-h)—x change in the variable х? 


but thechange in the value of f depends upon the change in the value 
ofx. Toemphasize the fact that we are dealing with a change in 
x, itis usual to use the symbol Ax (read as delta x, A being a 
Greek capital letter pronounced 'delta') in place. of Л. Тһе corres- 
ponding change in the value of fis then denoted by f. Thus 


АИЫ ауы тт ofla) а) 
атда та, Дх : 


3:31. The physical meaning of derivative 


As we have seen in the section on rate of change, the rate of 
change of distance travelled by a particle with respect to time gives 
the velocity of the particle. In the next chapter, when we shall 
discuss some applications of the derivative, we shall find that the 
rate of change of velocity of a particle with respect to time gives the 
acceleration of the particle. 


2332. Geometrical meaning of the derivative 
In the Section 3.1 we have seen that if s—f(f) represents a 
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curve, then Ф represents the slope of the tangent. In other words, 


if the equation of a curve be y=F(x), then F'(x) represents the 
slope of the tangent to the curve at the point ‘x’. In the next chapter 
we shall discuss in detail as to how we can find the equation of the 
tangent to the curve at a given point. 


Example 5. Show that every constant function is- differenti- 
able. Also obtain the derivative at an arbitrary point. 


Solution. Let f: xc be a constant function. Then 


Ү 
f(x) C 
с 
Аз ады 
Fig 23. 


ех МАУ lim Jix-- Лх) Лх) 
ше х эхэд Ах 2 
= lim Хай 
axso. АХ! 
= lim 0-0. 
Ах+0 
Hence f is differentiable and /'(х)=0, for all x in its domain. 
‘Geometrically, the tangent at every point on the curve has zero 
gradient (and so, is parallel to the x-axis) and is thus the line 
(х) = c itself. í 
Example 6. Show that the function f : x-»x--Iisa differenti» 
able function. Also, obtain the derived function of f. 
Solution, For any x, 


JORIN үд, ОВ) Gee) 
h h 


(.' Л) =с for all хЄТ) 


lim 
1»0 
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= lim 1, 
h>0 


=f. 


Thus / is derivable at every point x of its domain. This proves 
that f is а differentiable function. Since f’(x)=1 for all XER, 
therefore the derived function f’ is a constant function taking the 
value 1 at every point of R, : 

Example 7. Show that the function fix]|x] is derivable 
at every point except zero. 

Solution. In order to Show that the given function is not 
derivable at Х--0, we have to show that 


10-44 10| does not exist. 


lim 


| loons 
1-0 2 


f(x) = [х 


ІҺ|-Вһ 


>- 
x 


Fig. 3*4. 


2 [A] ; 
ivalently that lim = does not exist. 
or equivalently Be 


Now, let us see how does | h | /һ behave in any neighbour- 
hood of 0. In other words let us consider values of /; quite close to 


please to aynumber /. For h small but h»0, | h | /h=h/h=1. For 
h small but h<0, [л | .— —/ so that 1^ | Jh —h/h- —1. Thus 
there cannot exist апу number / such that I ll | would be 
arbitrarily small in any neighbourhood of zero. Hence we conclude 
that the given function is not derivable at zero. 


Let now a>0. Choose h so that |4| «a. Then whether 
h»0 or 4-0, a+h>0, so that 
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lim 02+) Да) 
%>0 2 


= lim FAI = [а] 
4>0 2 > 


1 
E 


а+һ 
(һ<0) (һ>0) 


Fig. 3:5. 
Hence f is derivable at а. Moreover, / (a)—1. 


Consider now a negative real number b. Cheose hk sot 
ПА < ГЕ Then whether /2-0 ог 150, b+h<0, Hee: m 


lim 2-0-0) 
h>0 h 


= lim 15581-15| 
h>0 h 

= tim AGH ED) 
h>0 h 

= lim 26 


4>0 Л 
= lim (—1), 
һ->0 


==, 
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E (h»0) 


Fig. 3*6. 
Hence f is derivable at b and f *(b)— — 1. 
Thus f is derivable at every point except 0. For a 0, /"а)=1 
and for а<0, /'(а)= —1. This is clear from the graph of the 


function (as shown in Fig. 3:4) also if you recall that f'(a) is the 
slope of the tangent at the point xa. 


Remark. This example shows that a function may be deriv- 
able at some points of its domain without being derivable at some 
others. а " 


Theorem 31. (Derivative of a positive integral power of x) If 
n is a positive integer, then D(x")—nx*3. 


Proof. In order to obtain D(x"), we have to determine the 
limit ете тем (in case it exists) 
30: (74 Dd 


НЭГ qs a i ык cce) cim 
һ->0 h E h 7 
: ' -by the binomial theorem, 
йй ан OM улаа pen] 
hol <. 2 _ цан 
a qim Ínx*14-hg(x, №}, 
where g(x, h) is a polynomial in x and 
= lim (na"=)+ lim (A) . lim g(x, h, 
h 0: ha0 1-0 
= nx?714-0. lim g(x, h), 
һ->0 


= пх"). 


ет 
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Thus 


Dx"—ng^^ | 
ا‎ 


Example 8. Show thai the function f defined b =v. 
is differentiable. 2 ГЭЛЭЭ» jS ris 


Solution. lim Lath f) 
h>0 h 
= lim Мх-ЕВ— Ух 
h>0 h , 
= lim Xth X xh +I) 
>0 WV XE x) : 


tare (x+h)—x 
Зон, УСА Vx)* 


Ч 1 
ЗО Р Ух 
1 5 —— 
жазы because lim Vxth=V/x. 
Remark. Later on we shall obtain the derivative. of an 
arbitrary rational power of x, whenever it exists, 


- EXERCISE 3 (5) 


Show that each of the functions in problems 1—5 below is. 
derivable at x=1. Also, find f’(1) in each case. 


1, f:x-10. Nats Усх 
ЗХР. 4. /їх-2х-41, 
5. f: x-rax--b, where а апа 5 are fixed real numbers, 


Find 2 for'each of the functions in probléms 6—13 : 


б. уха 7. у=х2+3. 
8. y-2x'45. 9. у=—@-+1. 
10. у= |х 1: у= |x| +5. 
12. y=— |x|. 13, ye241 x11. У 
14. 227 of the functions in problems 1—13 above аге differenti- 
able 


15. For each of the non-differentiable functions in problems 1—13 
above, find the points at which it is not differentiable. 


16. Find D'[f(x)] for each of the following : 
(а) Ух) = хз (b) Дх) = x 


() f= (d) fp)" 
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©) fo)e4/ G2)... (у) fee Vox. 
(0 fo)e4/3xr7. 
34. ALGEBRA OF DERIVATIVES 


Before we proceed with the task of finding derivatives of some 
standard functions, we shall develop an algebra of the derivatives 
so as to facilitate later calculations. 


-3'41. Derivative of a Scalar Multiple of a Function 


Consider the function y=cf{x), where c is a constant. The 
<lerivative of y with respect to x (if it exists !) is given by 


lim (ef) GER (qf) (x) А { жесш } 


h>0 h>0 
Е (£o nn ] 
h>0 h 
= lim c. tim AFD 
h-0 ^ h>0 h 
= сў" (x) (provided f'(x) exists !). 
This proves : 
Theorem 32. Jff is a differentiable Junction, so is cf, and 


D((cf) (x))=eD( f(x) 
Le, (сј) (x)=ef (х) 


3'42. Derivative of the Sum of two Differentiable Functions 


Let f and g be differentiable functions from В to В. Let us 


ae whether f+g, the sum of the functions f and g is differenti- 
able, 


Now нэ (ә) (x--)—(C fg) (x) 
ы Л 


= fim Leta telt Ai Soga) 
h>0 h 


25 qidi Ub) fG0)- (Gc4- 8) ga) 
%>0 h 


Alar [2220-20 аяны 


h>0 


асах 
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lim шиг ын! 


h>0 
+ lim [de | 


h>0 
=f" +g (x). 
This proves : 
Theorem 3:3. The derivative of the sum of two differentiable 


functions f and g is a differentiable function and its derived function 
is the sum of the derived functions off and g, i.e, 


D(Cf--g) (*))=D(fix))+D’g(x)) 
Le, (7-8) =f" (x)+2'(x) 


| 
Remark. The above result can be extended to a finite sum 
instead of the sum of two functions. 


3:42. Derivative of the Product of Two Differentiable Func- 
tions 


Let fand g be two differentiable functions from R to В. We 
want to find out whether their product fg is also differentiable. 
(fg) (x+h)—(fe)(x) 
h > 


о lim 
нэ h>0 


= lim fecthrgG-t b AE х 
lim Cf (+= fi)lgGc- 8)--(GG-- 8 —g))fo9 

т UE TITULOS NE 

1-0 


= lim ME 0+] 


һ->0 
+ jim [ SEED e, 49] 


h>0 
im ГОЮ ЛО) |. x+h) 
Тр h PED 4 
gath) а(х). 
Pw: M 


—f'(CoeCo--g' од). 
Hence the following : 


Theorem 34. The product of two differentiable functions is 
again a differentiable function and its derivative at any point x is given 
by the formula 
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q D((fe())=D(f(x)).g(%) 7 62. D(gG2) 
‘Jie, (7) 00) f S g" 09 


Corollary. /) ....., fn are, differentiable functions, then 


fis fasii 
fifa f m Gr) sf (fa S a) FILO (00) f a) fa) Hosen 


Л 
ОЁХ -EAGOfal x)... fa (X). 
3:45. Derivative of the Quotient of Two Differentiable Func- 


tions 


Let Е--//р, where fand g are functions from R to R and 
8(х)ғ<0 for any x. Then ; 


lim Е(х-Еһ)—Е(х) 
h>0 h 

_ tim C 000 09 
1531 л 


Лха) So 
= li Fh) g(x 
xum g(x zm g(x) 


m (x) Д\х+)—Д\х) g(x-- 1) 
h>0 hg(x+h)g‘h) 


Бей Ро) 00) 7 (x) {gx += g(x} 
hg(x--h) g(x) 


J+A) _ 8(х-Еһ)—в(х) 
ше [шө] НМ де [E] 


һ>0 lim {g(x-+h)g(x)} 
h>0 
гуу E fx) — feo 111: g(x-4-h)—g(x) 
_ [ef ig [rf] 
h>0 y jim goth) lim g(x) 
fath r 
h h 


lim g(x) li i im 8006/0800) | 
hoe n 0 [и h 


g(x) g(x) 
_ BX) f 'G)— f () g'(x) 
(g(x)? 
Hence the following : 
Theorem 35. The quotient f/g of two differentiable functions 


7 and g such that g(x)7*0 for any x, is again a differentiable function 
and its derivative at any point x is given by the formula 
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eae HAM NEARY. 
Гү пао) (х) Јо) g'(x) 
( ) m (g(x))* 


8 


Theorem 3'6. (Derivative of a Negative Power of х). 
D(x*)— nx", 
where n is a negative integer and x><0, 

Proof. Consider the function Jf: х-кхт", where те М. 

The function f may be regarded as the quotient g/g: of the 
functions g and g,, where g(x)—1 for all хЄҢ and gi(x)—x"^ for 
all x€ R. Now g is differentiable, being a constant function. Also, 
£ is a differentiable function and gı (x)z£0 if x70. So except at 
х=0, we find that the given function f=g/g, has a derivative. 

Thus, if x40. 

/'(х)=(в/в)/ (о), 
_ 81(Х)в' (х) —8 (x) ву! (x) 34 
= (n) (by Theorem 34) 
m = т-1 
کے‎ » (derivative of а cons- 
tant is zero), 
z—mxnm-l[xem, 
-—mx-m, 
Denoting — by by n, we have 
J(x) =" (n, a negative integer) and f' (x)—nx^-!. 

Example 9. Differentiate the function f: x->x*+-3x*—7 and 

Jind the rate of change of f at х--5, 


Solution. УӘ =f (x84-3x°—7), 


4 


d o4 (=, 


(by Theorem 372) 


- 09) 


-3х1--3 x (х2)--0, (by Theorem 3:1) - 
=3x?+-3(2x), 
=3x9+6x. d 
The rate of change at x—5 is nothing but f’ (5) and 
f'(5)23:512-65 
=75+30=105, 
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Example 10. Differentiate the function 
- f: x>(x 3+1) (хїб— 13). 
Solution. /'(х)= 5. (бен) (48-13) } 


-018-13) DFO FD 
(х@—13), 
(by Theorem 3:3) 


=(x10— 13) 12 (х9) 20] 


ton {2 oe 2 c1» } 


--(х19--13)(-3х71--0)4-(х-3--1)(10х9--0) 
=—3(x5—13x-4)+10(x8-+x9) 
710x?4-7x54-36x 4, 
EXERCISE 3 (c) 
Prove that if f and g are differentiable functions, then 
df ()—809)— Df (ә) —D(g(x)). 


Find dy for each of the following functions : 


dx 
(а) у=3х2+4х+5 (b) y23x3—53x?4-9 
(с) y—6xt--3x*2-1 (d) у--539--6х7--х 
(e) y=x'8—11x+1 (f) х--100х1% 
(g) y= tax + a,x? -HHan 
where ao, 41, dy,-+----, аһ are fixed real numbers, 


Find f’ (x) for each of the following functions VH 

(а) f: xx? xd (b) f: xx" x-54-2. 
(с) f: x3x714-5-4-x* (d) f: x>5x-B x4 x 
(e) f: x Gxty. (f) 7: x(x-14-2y, 
Find D(f(x)) for each of the following functions f : 


2x43 552--3х--1 
() Л) S fom 
© fe ET @ fe Xx 
(е) рада (9) f(2 


x 2xd5x7 


——— р 
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node 
(g) Го) = EE 


where a, b, c, p, q, r are fixed real numbers. 
5, Differentiate each of the following and obtain /” (2) for each : 
(а) /09-4024-12--39 b) f(x) - {84-1024578 
(с) f(x) (3-19 —5P (а) /09-4(052-10-3р. 
3:5. CHAIN RULE OF DIFFERENTIATION 


Youcan now differentiate апу polynomial function. This 
enables you to differentiate functions such as 


(02--3х)--599 


even though it may require a lot of time and patience as your 
experience with problems like 5(c) and 5(4) above will tell you. It 
is said that we owe a lot many inventions to people who were lazy 
enough not to perform certain time/labour/patience consuming ope- 
rations but were intelligent enough to find a way out. Who knows if 
the chain-rule or differntiation (using which, differentiating functions 
such as above may be a matter of not more than а few seconds) is 
nota brain child of such a person. In any case, let us now learn 
this delightful rule. 


¢ 4) 
Theorem 36. Let y=g(u) and u—f (x). If both -y gua, 


du dy 


dx ist, then e exists and is given by 
dy dy, du 
dx du dx 


Proof. Note first of all that 
э=&(и)=в( f(x))=(g° f) (x), 


sothaty is the composite function ge f. We are given that y, 
regarded as a function of u, is differentiable. We wish to prove that y 
regarded as a function of x is also differentiable. To do this (follow- 
ing our notation in the remark оп page 158) we have to show that 


exists. 


Now Au, being the change in the value of u corresponding to 
a change Ax in the value of x, is given by 


Au=f(x-+Ax)—f(x). 
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Also, f being a differentiable function of Xs 


du non jim SOHADA) 2 Ай 
е тан Ах qs 


x20 Ах” 
so that 
lim Au= tim |М. Ах b 
Ax>0 Ах>0 (Ах 
б Au } k 
= зүс) lim {Ax}, 
it { Ax NUM. ) 
аи 
ах И 
=0. 
This means that 
Ах->0 = Аи->0. --(1) 
We assume, however, that Au3<0, 


Now 
Ху Ау Au 


rare Roe i 


= lim rea} lim ixl 
ах L Ax J Ax 0 ) Ах 


i Ay du 5 
= ш, {2} + Geo using (1), 
Ф du 
du ` dx ) 
DENE А: dy du. 
Hence TE exists and is equal to dig 


Remark. Put differently; the above theorem says that if 
h(=gof) is the composite of two differentiable functions gand f, 
then / is differentiable and h'(x)=g'(fix)) . f'Go- 

Example 11. Differentiate (x?-1- I)? with respect to x. 

Solution. Let u=x°++1. Then y-—u* Since у is a differenti- 
able function of u and u is a differentiable function of x, therefore 
using chain rule 

dy dy du 
dx du 'dx^ 
d d 
207 42. qe CD, 
(. y= and и=х?-Е1) 


D 


PY 05 o t 
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==3и%.‚ 2х, 
= 6x(x?+1)? З 
Remark. Check the solution by expanding (3?--1) using 
the binomial theorem and then differentiating. 


Example 12, Find ж when y —(2x?-- 1). 


Solution. Let u=2x°+1, so that y=u°™. Since Ф. апі a 
both exist, therefore by the chain rule, 
dy dy du 
dx du ‘dx’ 
-501499 . 6x*, 
— 300633 (233 -- 1° 


Remarks 1. Instead of introducing и explicitly every time while 
applying the chain. rule, after. a little practice you. would find it more 
convenient to do away with u and arrange the working in the above 
example as follows : 

dy | — d [95454] 4 o4 
à EE OMT gy OFF). 
=501 (2х3--1)%9, 6x4, etc. 

2. Would you dare solving the above example without using: 
the chain rule ? 

Example 13. Differentiate the function h : х->(х2--7х2)%, 


Solution. h=gof where f : х->24-7х5, g : xx! 


Thus f'G)— 2. HT, 
کے‎ Qi m. ; 
=3х2414х 0 eO: 
g' ( f(x)) means the derivative of g with respect to f(x). 
Writing f(x)2x d T8y, 
al /(х))=в(у)=)у'°, 
апа 8(700)-5 0), 
$ 2=100у9°, A 
--100(х2--7х2), (2) 
Thus п) (gof )' G2. 
=g'( f(x) . f'G9, : 
--100(32--7х2)99 (3x°+ 14), 


from (1) and (2): 
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Example 14. Find 2, where у--(2х--39--58. 


Solution, Let y=2x+3 and u=(2x+3)?+5, so that у=из, 
u=y?+5, 


dy du 3 5 
Now on and ж both exist, so that Бу the chain rule, 


бу: AMT 40) 


Again, pa and 2 
du du dv 
ene 7 0) 
From (1) and (2), 
dy ду ди dv 
dx du. dv “ах” 
= бг). 2 +s. 2- аз, 
=3. 2v. 2, 
=12(2x+3){2x+3,7+5}*, 
Remark, The above example illustrates a situation where 
"more than one application of the chain rule may be desirable. 


both exist, therefore 


EXERCISE 3 (d) 
Find ра for each of the following : 

1. y=(2x-+11)7. 2. у-(3х-1)", / 
3. у=(7х+6)?--9. 4. y=(—2x+1)8—5, 

танг 2 1 | 
* JT ERES) 5 у= Ge булу 
7. у=(2х-Е3)#-+-(х--13)%. 8. у-(х--5)7--(9х--1)3, 
9, y= Qxt3* 18 (3-538 7x3 


I= утуу” MEECESIEESEPE DRM 
11, y={(x?-+x-+1)?+3}2. 12. y-(23—3) xy. 
13. ysix-F(x--1)?--(xt4-x 1-1). 
14. у-40х-5)-(9х--5) 8). 
15. yel xxt xs]. 
3-6. DERIVATIVES OF INVERSE FUNCTIONS 
Let us recall that two functions f and g are said to be inverses 
Of each other if gofand fog are the identity functions, i.e., if 
‚8(Дх))=х for all x Є dom f, and f (g(y))=y for all y € dom g. 


———— 


(rr. Ұшы 
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If we are given two functions f and g which are inverses of 
each other, and if we know that both possess derivatives, than we 
can apply the chain rule for differentiation. We shall then have 


FSO f G4 (9-і. 


Similarly f'(g(y))k'(y)—1. 5 

From the above relations we find that both the functions 
f and g can be differentiable only if neither of the derivatives is zero. 
It can be proved that conversely, if one of the functions hasa 
derivative that is not zero, then the other also has a non-zero 
derivative. This we state more precisely in the following : 

Theorem 37. (Inverse Function Theorm for derivatives). Let 
y=f(x) and x=g(y) be strictly monatone functions which are inverses 
of each other. If f has at xo the derivative f’ (xo)7*0, then р has at 
yof (хо) the derivative 


RE 
g'(yo) fG) 


Remark. In Leibnitz notation, the above rule would look 
thus ; 


ded 
dy dy 
dx 


37. DERIVATIVES OF RADICAL FUNCTIONS 


So far we have obtained the. derivative of x? where » is an 
integer. We can now obtain, by applying the inverse function 
theorem, the derivative of x, where r is any rational number. 

Т Theorem 3:8. Let г be a rational number and let y=f(x)=x". 
Then 


Ө н 


ах 
for all those x for which x"? and х" are defined. 


Proof. If r is an integer, then the result holds by Theorem 
3'1 and Theorem 3.6. 

Let us now consider the case when r=1/q, q being a positive: 
integer. In order to prove the result in this case, we consider the 
functions 

у-/ (х) x! t, and x=g (y)=y%. 

The functions f and g are inverses of each other, and therefore, 

by the inverse function theorem 


йк MET 


dx ах? 
dy 
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хон 
qy 


NT 
—(1/g)x/07t 541) 


Let us now assume that r—p/g, where p is an integer, q is a 
` positive integer. 


Then 4. (9) 4 (рлар) 
=p(x ot, Gan), by the chain rule, 
=p (ilr, xe, by (1) 
=(p/g)x?/), 


ке 


Remark, The above rule enables us to differentiate radical 
functions. 

Example 15. Differentiate (1--х2)517, 

Solution. We have 


ZA 1+ х3)97) 


таит ipt by chain rule 


=> (EFASI 2x. 


ax ten, 


‘Example 16. Differentiate 
ЛОМ FV x}. 
‘Solution. /' (x)= Lie 15 хиуа], 


_ di(xMs4- xMsys]. 4 (alta 9) 
d (18-19) 


= EF Fale + tlpa. baie at 9 
= GU p [ыс руа, 
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EXERCISE 3 (е) 
Differentiate each of the following : 
АУУ A oe E ke 2. (3x—5)5/?, 
3. (3x? Ds, 4. (2x* — 5x -3)!/*, 
5. (2x+3)¥5+ (x — 25, 6. х 224109, 
7. x8/4(2x—1) 2, 8. (3х-2)/%х--аууз, 
9. (x! xus), 10. (х2/3-- ха), 


12. (&xF1)V63—295, — 12, А/2х7-51--31/4:2х, 
3:8. DIFFERENTIATION OF TRIGONOMETRIC FUNCTIONS 


We shall now, obtain the derivatives of the trigonometric func- 
tions sin x, cos x, etc. However, while doing so we shall need the 
following limit theorem : E 


lim sîn x : 
ROT 
381. Derivative of sin x 
If у= fix)=sin x, 
then f(x-+A)=sin (x+h), 
dy lim sin (x+h)—sin x 
Gs а DEEST ТАЛУЫ», 
lim 2 sin (34) cos (x+4h) 
T0 h 


and 


-m m cos 2312) 


=соз x, 


ioo SD =l 15; cos (х+ й) = cos x. 


D (sin x)=cos | 


382. Derivative of cos x 


since 


Hence 


If y=f (x)=cos x, 
then f (x+h)=cos (x+h), 

dy. lim cos (х4-й);-сов x 
and Wes h sD 7 » 
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lim --2 біп Gn sin (54-18) 
—h-0 


lim {ер sin m ын enn] 


= o0 


= sin x, 


Since ise yee =, A sin (x--44)—sin x, 


Hence 


D (cos x)— —sin x 


Remark. We could have also proceeded thus 4 
Since cos x=sin (x--x/2), therefore, 
D (cos x)=cos (x-+n/2). D(x+n/2), 
—(-sin x). 1, 
= sin x. 
383. Derivative of tan x 
If y=f (x)—tan x, 
then J (x+h)=tan (x+h), 
dy lim tan (x-+A)—tan х 
dx 0 h Ж 
lim sin (x+h) cos x—cos (x+h) sin x 
1-0 Їїсов ¥ cos (x+h) * 
lim {ал sinh 1 1 } 


~h>0 “сов x ` cos (xh) | 


and 


шш-------- 2 

жы 2 

>a lim sinh lim 

since j0 7 » Ї-»0008 (x+h)=cos x, 


Непсе à 
ت‎ MS 
D (tan x)2sec?.x 
et 
Remark. We could һауе also proceeded thus ¢ 


Writing tan x= ш шиг, 
Cos x 


سے 
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and using the formula for the derivative of a quotient of two func- 
tions, we have 

(D sin x) cos x—(D cos x) sin х. 


D (tan х) = 
(tan x)= сох 
__ 08 X . cos x—(—sin x) . sin x 
cos? x i 
1 
=a sec x. 
cos? x 


384. Derivative of cot x 
If y=f (x)=cot x, 
then f (x+h)=cot (x+h), 
dy lim cot (x+h)—cot x 
and GE SEO ES ee 
_ jim cos (x+h) sin x— sin (x+h) cos х 
h sin (x+h) sin х Ч 
_ lim —sin h 
“h->0 h sin (x+h) sin х” 


lim f sinh до! } 
== h “віп (x+A) sin xJ? 


1 
کے‎ x, 


sin? x 
Since Papel i sinh =1, jm sin (х-ЕВ)==5їп x- 


Hence 


D (cot x) -—csc? x 


Remarks 1. Since cot x=—tan (х--л/2), therefore, 
D (cot x) D[—tan (x4-2/2)], 

—sec? (x+n/2).1, 

=—csc? x. 


à * applying the rule for finding the deri- 


2. Since cot хе 


vative of the quotient of нд functions, we have 
(D cos x) sin x—(D sin x) cos Ж; 
D (cot x)= Anes 
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(—sin x) sin x—(cos x) cos x 


sin? x x 
р RT Tm 2 Ay 
ae esc? x. 
3. Writing cot x as ung We haye 
Хо 1 ИЕР 
D cot x=D( Ton Эн tans CSG e. 
3'85. Derivative of sec x 
If у-/ (x)=sec x, 
then f (x+h)=sec (x+h), 
and dy —lim Se (x+h)—sec x 1 
dx %>0 һ 


COS x—cos 12257) 
tr h cos (x4-h) cos х”? 

jig 2812 (x+th) sin 14 
һ-0 ^. cos (x+h) cos х? 


=lim_4sin $ sin (x+3h) 
h>0 h ` cos (x+h) cosx’ 
sin x 
o x SC x tan х, 
: -_ Sin ($h ыг 1 
Since jim зыш, Jm sin (x4-34) —sin x, and 
lim = 
lim соз (x+A)=cos x. 
Непсе 


== ыс шшр О А е 


D (sec x)=sec x tan x 


و ا ب 


Remark. Alternatively, we may proceed as follows 
D(sec х)= Р ( 1 ji 
cos x 
E _ D(D соз х— (cos x). 1 
eu сов? 
_ 0. cos x —(—sin x). 1 
cos!z 


,Sinx 


= 


"cosy se x tan x, 
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386. Derivative of csc x 


If y=f(x)=cse x, 
then f(x-+h)=csc (x+h), > 
ау 22 esc (x-+h)—csc X 
and WE ALT h , 
eX sin x sin (х-ЕЛ) 
3 s h sin (x+h) sin x 
—2cos (x+4h) sin $h 


= jim “sin Gerh) sin x." 
iin sin 4h — —cos (x +} } 
< BU FR sin(@e+h)sinx S 
—cos x 
sin? x 


since lim 2 M =1, lim cos (x4-3/) =соз x, 
1-0 th 1-0 


=—csc X cot x, 


lim sin (x4-/)—sin x. 
41-0 


Непсе 


D (esc х) = —csc x cot x | 
: 


Remarks. Alternatively, we сап proceed as follows : 
4. Since csc х= —sec (x+n/2) therefore, 
D (сөс x)=D(—sec (х--х/2)), 
=—sec (x-+n/2) tan (x+n/2), 
= —(—cse x) (—cot x), 
=—cse x cot x. 


therefore, 


1 
2. Since csc x= = 
sin x’ 


D (csc xy) =D (555 ) 
D(1). sin x—D(sin x). 1 
= sin* x 5 
0. sin x—cos x. 1 
sin? x 
cos x 


= = ose x cot x. 
sin? x 
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Example 17. Find the 


gradient of the tangent to the curye 
y=tan x at х--л/4, 


ion 9.4 2 
Solution Zo (tan z) —sec? x. 


Hence the gradient of the {а 


ngent to the curve y—tan x at 
x=n/4 is вес? (1/4) — (sec т/4)%= 


Example 18. Find the rate of change of the function 
J: x3 sin x4-4 cos x at x= x/2. 
Solution. /(х)--3 sin x--4 cos x. 


(24 (3 3 
Ғо) = EA (3 sin х--4 cos x), 


d d 
“ы (3 sin x)+ Ж (4 cos x), 
=3 cos x—4 sin x. 


B f'(/2)—3 cos (1/2)—4 sin (л/2), 
=—4, 


Example 19. Differentiate y=sin 10x with respect to х. 


Solution. Let y—sin и, where u— 10x. Now 
ble with respect to и and и is differentiable with res 
y is differentiable with respect to x, and 

dy dy. du 


dx du^ ах? 


у is differentia- 
pect to x. Hence 


а,. а 
= (sin и). qx 00х), 
=(cos и). 10, 


=10 cos 10x, 


Example 20. Differentiate y —sec (3x*-F 5) with respect to x. 
Solution. Here, y—s?c и, where u=3x2+-5, 


=see и tan u. бх, 
= 6x sec (3х24-5) tan (3+5). 


Exc mple 21, Differentiate the function x> tan? (2x43), 
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Solution. i {tan? (2x--3)) 


d 
= тап (2х-Е3)) 181° Qx4-3)]x 


TE Пап 05-3) 4 (2х3), 


=2 tan (2х--3) вес? (2x+3), 2, 
=4 tan (2x--3) sec? (2x4-3). 


EXERCISE 3 (/) 


Differentiate : 
1, sin (3x4-4). 2. cos? x. 
3. x tan (4—22). 4. cot? (2x— 1). 
5. sec (2x? - x 4-1). 6. x* csc (3x— 5). 
7. sin? x cos? x, 8. sin (tan x). 
9. 4/сов x. 10. cos,/x.- 
1 
ti SIS ОРОГ 12. tan? (x3). 
13. x cos? (2x—1), 14. (cot 3x)!/s, 


15. csc(x?)--cescx. 


39. DERIVATIVES OF INVERSE TRIGONOMETRIC 
FUNCTIONS * 


Having obtained the derivatives of the trigonometric functions 
іп the preceding section, we shall now use the inverse function 
theorem to obtain the derivatives of the inverse trigonometric 
functions. 

3.9.1 Derivative of sin^!x 
Let y=f(x)=sin-'x, 

50 that x=sin y. 

=g(y), say. 

Let us recall that (i) f is a strictly increasing function with 

domain [—1, 1] and range [—x/2, x/2], (ii) g isa strictly increasing 
function with (suitably restricted) domain [—x/2, 1/2] and range 
[— 1, 1], and that (ii) f and 8 are inverses of each other. 
: Since g’(y)=cos y does not vanish anywhere in the open 
Interval ]—x/2, x/2[(in fact g’(y)>0 throughout this interval), there- 
fore by the inverse function theorem, the function f possesses a deri- 
vative for all those values of x for which —n/2<sinx<x/2, i.e., 
for -1<х<І, and 


10х39 Гах T? 
f= za ] 
= I/[g'(y)] 
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E 
созу VIE 


Неге cos y= У 1—3?, because сов?у--1--віп?у--1--х?, and 
cos y>0 whenever —n/2<y<n/2. 


Thus 
O = for —1<x<1 
392. Derivative of cos! x 
Let y-f(x)—cos"!x, 
50 that x=cos y=g(y), say. 


fis а strictly decreasing function with domain [—1, 1] and 
range [0, т], g is a strictly decreasing function with (suitably restrict- 
ed) domain (0, x] and range [—1, 1], and the functions f and g are 
inverses of each other. 


Since g'(y)— —sin y does not vanish anywhere in the open 
interval 10, «| (in fact g’(y)<0 throughout this interval), therefore by 
the inverse function theorem, the function f posse:ses a derivative: 
Tor ei these values of x for which 0cos? x<n, ie., for —1<x<1, 
an 


^ -1 
-1/ (УЛ, 
poo 
ашу’ 
ES 1 

Vig 


. Here sin y= / 1—x*, because sin! y=1—cos? y=1—x*, and 
sin у>0 whenever 0<j<n. 


Thus 


ұл 1 
Г(ссв 1 х)--- TEES for —1<х<1. 


,, Remark. We could have also obtained the 
differentiating the identity { аы 


Sin?x--cos!x— 1/2, 


DERIVATIVES 183 


393. Derivative of tan^!x 
Let y=f(x)=tan—x, 
so that x=tan y=g(y), say. 


fis a strictly decreasing function with domain R and range 
]— 2/2, т/2[, gis strictly increasing in the restricted domain 
—]n/2, n/2|. The functions f and g are inverses of each other. 

Also, g'(y)—sec? y» 0 for all уе 1--л/2, т/2[. 

Therefore by the inverse function theorem, the function f 
possesses a derivative for all xER (the range of g and domain of f), 
and 


-1 
= =] | 
=. 


12 1 
весу * 


Thus 


1 
—1,)—- 
D(tan?x)— Tax? for all x€ R. 
394. Derivative of соё “х 
Differentiating the identity 
tan x+cot“x=n/2, 


we have 
D(tan"! x)+D(cot™? x; —D(x/2)—0, for all xER, 
ie. D(cot™! x)=—D (tan x), 
1 
Яс үү! for all x€ R. 
Thus 
D(cot x)= ze for all x€ R 


14x 


Remark. We should have obtained the above result directly 
by proceeding in the same way as for obtaining the derivatives of 
81077 x, cos ? x and tanî x. 
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3:95. Derivative of sec! x 

Since ‚ sec" x=cos™ (1/x), when | x | 21, 
therefore by the chain rule for differentiating the composite of two 
functions, we have 


1 d 
D(sec = — Ta "dx (f. 
Eu Ibl c 
- Veni Ы 1/х3), 
1 Я 
р didi re 


Let us note here that while sec” x is defined for |x| 21, 
D (sec^* x) does not exist when х=-Е1. 


Remark. Note that 
V1 1-0, 
and therefore 


396. Derivative of csc! x 

Since сөс”! x=sin™ (1/3), when | x | >1, 
therefore by the chain rule for differentiating the composite of two 
functions, we have 


~ 1 4 
Des D^ FET ёс 09. 
21 
“Тхүүагр Р 


Let us note here that while csc x is defi 
D (сс x) does not exist when x=2+1, E o 


Example22. Differentiate 
tan (“Еж ) 
Iy 
S lution, »( tan-* ( 72) 
Битүү :3:1:16:53 
is БЭ) дхү1-х/ 
1552 


m EE; (1—3) -(1-Ex)(— 
“азақ ee 
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= 1 . 
~ 142? 
EXERCISE 3 (g) 
Differentiate each of the following : 


l. sin"! (x/a). 2. tan" xt. 
3 x cos (2x). 4. састы xè. 
5. cot™(2x+3). 6. (sin? 3x)*. 
7. ҰЯ cos! Vz, 8. tan! Е 
Se свет (ХЭ): 10. [sec (х--1)). 
310. USE OF TRANSFORMATIONS IN 
DIFFERENTIATION 


Sometimes a transformation of the function to be differentiated 
turns out to be quite helpful as a labour saving device. Тһе follow- 
ing examples illustrate the use of transformations in differentiation. 


Example 23. Differentiate 


cos ! гези 
ТЕТІ 
Ї- 
i —f(x)-cos1U X. 
Solution. Let y—f(x)—cos E 
Substituting x=tan 0, we have 
—cogi 1—tan* 0 
Vei) 1++tan? 0” 
} =cos~ (cos 20), 
—20—2 tan™ x, 
LS gee DS 
dx 1--х 
Example 24. Find the derivative of sin т with respect 
to tan! сон 
1-ж 
4 ча y 
Solution. Let Уа (1) 
GIC 
and z—tan t E (2) 
Then we have to find s. 
Substituting x—tan 0 in (1) and (2), we have 
2 tan 0 


=sin-1 —2 tan 0 
95 PH TEI Oe 
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=sin™ (sin 20), 


=20=2 tan“ x, © (3), 
2х 
н Wg -1 
and z=tan © ue 
e ы 2tan9 
ctam —tan? 3i 
=tan7 (tan 20), 
=20=2 tan х. (4). 
From PA and (4), we have 
NCA ee У 
dx dx? 
а У 
ахо lqx* 
-dy dy ах. 
50 that Se CU RIEN 
dy / dz 
“Жс 
=1, 


Remark, Observe that from (3) and (4), we have y=z so that 
we could have directly got 


22. 
dz 


à “гран 25. Differentiate tan [{ V (1--x?) — УХ with respect 
o tan™ x, 


Solution, Let y—tan- Е 


AD 


and z=tan™ x, Же 
Then we are required to find %. 


From (2) we have x=tan 2, which when substituted in (1) 


, 
2 
y—tani (ЖН 2)- Б 
дап 8 e 
d 1- гүн 
L tert sin E i 
=tan™ (tan 2/2); 
=2/2, ) 
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йу _ 
so that d ={. 
EXERCISE 3 (7) 
Differentiate : 
5 2х 2172Ж 
mL E E) 1 ыда 
1. sin а 2. tan ГІ 
3. cos^ (2x*—1). 4. cos? (43? —3x). 
гал, Ух- Уа 
5. sin"! (3x—4x°), 6. tan! ———— 
: 14У (ах) 
3х—х% 1--сов x)? 
zi 1 5% К 
7. tan 138 8. tan (ке х) | 
ҮС 1/8 g13 
9. sin? (2ах,(1--29), 10. tan "| TT V 
-a У(1--х2)-1 cos x 
1 4 08 WELT АС шый 
ll. tan area СА 12. {ап 11:33 


2х : 1— х? 


ў 1 -1 91 نے‎ 
13, Differentiate tan E with respect to cos met 


1 - 
14, Differentiate tan~! (gs храп х) with respect to tan™ x.- 
(5 cos x+a sin х 
1 2 a М(1-39)-401--32) |. 
1 
15. Differentiate tan ES) TOI) with respect to 
cos"! д2, OY 
311. THE EXPONENTIAL FUNCTION 
We shall show that De“ =e”. То establish it we shall need (һе: 
following result, which we have already proved. 
е^—1 


We are now ready to ргоуе: 
Theorem 39. De*=e*, for all xER. 
Proof. Let y=f(x)=e*. 


Then Ф. = ш ДЮ, 


һ>0 


1 
E 


І 
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. е%—1 
=e" lim i 
(іт h ) 


a 
=e”, since lim “1 =1. 
h»0 h 


The derivative of the composite of the exponential function 
гапа а differentiable function А can be obtained by the chain tule, 
:80 that 


Del) eh) рх) = ene) h'(x). 
Example 26. Differentiate : 


Que Gi) eet, 
i) e. (i) St 

0 б) ху 
Solution, 

(i) D (ее 


A “م‎ t -6) 72) (25. 2-к/о2. ne 
(iii) D (= )- ке“). (e e-2) eelere) zem е а ^ 
тетер 


(9 D (£355) ENE renee) 


2 1 
0) D (=2=)-2-0 (eer ‚ (e—e7), 
Lo —2Xe-— e”), 
o (eng 
; 2 - 
i) D (ate) a (te), 


_ 2)6 + ( : 
“7 (ea 
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Example 27. Differentiate : 
eX „Ух p есо5 х 7 


рүезіп X 26 Үх е? 08ے‎ x 


Solution. р 
=D езіп ху 2peV/* Des х 
= P7 реа x) 26У, рүүл) 
TE *D(cos"t X), 
= (біп х DAE х= ex PES 00s х, 
EXERCISE 3 (i) 
Differentiate : 
Ë сх+3 2, е2%15х—7 
3. езіп x Ж fost Үх à 
5. (e ал 6. tan (e Ух 23 
ih зална А 8. x tins 
9. же yx : 10. cos (sin! (Je Ух ). 


312. THE LOGARITHMIC FUNCTION 


í Let us recall that the natural logarithm function, denoted by: 
In, is defined by р 


y=ln x if and only if x—ev, 
The domain of In is ]0, co[ and the range of./n is the set R of 
real numbers. 


Since the natural logarithm function and the exponential: 
function are inverses of each other, therefore, 


іп e* =x, for all хЄК 
el^ *— x. for all x>0. 


The following theorem summarizes some of the basic pro- 
perties of the function /n. 


Theorem 3:10. For all positive numbers x and y: 
(i) In xy=In x+in y, 


(ii) In Fan х-іпу, 


7190 4 А ТЕХТ-ВООК OF MATHEMATICS 
(iii) In x'=r In x, for every rER, 
(iv) Inx=In y if and only if x=y, 
(v) In х<1п y if and only if xy. 
°3'12'1. Derivative of In х 


Let y=f(x)=In x, 

so that x=e’=g(y), say. 3 

„Since g'(y)=e"A0 for any уЄВ, therefore by the inverse 
‘function theorem, 


Dilan х)=/'(х)= 2, 


=i, for all x>0. 


Thus 


D(in x) -— x0 


We can differentiate а composite of the function Їл and a 3 


«differentiable function A by the chain rule, so that 


Din h(3))— Ко D Ax). 


= к, provided A(x)>0, 


Example 28. Find D In (x* —4x--6). 
. Solution. Since 
Xx 6—(x—2)- E270, for all xe R, 
therefore In (х2--4х--6) is defined for all x€ R. Moreover, 
1 
Din EAE) ay esr р(х2—4х+ 6), 


2(х-2) 
=x —4e46° * XER. 
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Example 29. Find 2 when y=In | x5+1 |. 


Solution. | x5+1 | >0 except when х----1, 


Also, | x5--1 | =0, when x=—1. 
Therefore, if x>—1, then 
у= | (5-1) |, 
=In (x54-1), мо 254150, 
dy 5% 
dx xr 


If x<—1, then y—In (—(354-1)), 
а B (-5х9, 


Thus, if x4—1, then дэр 
Example 30. Differentiate : 

(i) In {x+ Vet +1)}, 

Gi) In {x+./08—1)}, x > 1. 


(0) үт БЕЗ, |x| e. 
x+1 
xe 


(iv) } In » [x] >I. 

0) In е 0<х<1. 
(vi) In (Уз) х0. 
Solution. (i) Ю(л(х--А/Х РТ 


1 s 2x 
=i vF * {4 ze} 
1 


ИГ СЭ) 
Gi) D (In GE Ax) 


"Gb : ven 


= тр x1. 
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The derivative does по exist at х--1, 
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For x=1, the derivative does not exist. 
(iii) Since | x | < 1; both x+1 and x—1 are positive. Now 


D (am ГЭ eng m 0-53) 74:4 (1-х), 


1 1 
+0  20-x* 


1 
psa Ix | «lt. 


(iv) Since | x | 21, 1/| x | is positive. Now, 
c 1--1/х 
(ит 107 Eu) 


“oe (—1/x?), using (iii) above: | 


- ap 1291 9 0 
(у) For the given values of Xy 1+V/ 1—3? is positive.. 
Therefore, 
Din LEV =e pat ФУТ) но): 
_4(—2х)(й—%узв ү 
БЕРГЕН х” 


1 
BETET 0<х<І. 


(vi) If x>0, Dn (L4 vore, 


Ix] 
=D [п (at) 
—DIIn (1--/(14-x*3)—In x], 
LAV (TE) OS VAF х” 
1 
ЕРТЕН) 
If x<0, D In (1--У лээ) 


| x | 


моор (ангал, 
25 
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=D In(V¥(1+x*)—-1)—D In (-х), 
1 w 1 
=F «$. 2x. (14x8) ED 


1 
CV 
The above two results can be written together as 


EVEN 1 
Bids (+ ET )--1 x T3) : 570. 


EXERCISE 3 (j) 


1. Ins. 2. In (cos? x). 
з mp te 4. Ins/ 3-4). 
y 1—1” 
5. Iny eF. 6. e" Inx. 
1 
7. [In (2-1), A 8. Энэ! 4 
313. DERIVATIVE OF THE EXPONENTIAL FUNCTION 

WITH BASE а(>0) - 


We are now in a position to obtain the derivative of the 
function defined by 
ya", xER, 
a being any fixed positive real number, In fact, 
у= а = In y=x In a, 
ЖЭ yag Ina 
Therefore, =D ( e* h а) 
ех 
=e" Ina (In a), 
=a" (In a), 


Thus 
Da*—a* Іп a, a>0 


314. LOGARITHMS TO BASES OTHER THAN e 


You have already read about logarithms to base 10, and loga- 
rithms to base e (natural logarithms). We can, in fact, talk of 
logarithms to any base a>0 but different from 1, very much іп the 
same way as we can talk of the exponential function to any base 
а>>0 (but other than 1, the case a—2 being trivial). 
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If a and x are positive real numbers with a1, then 
s x=a" + ln x=y In a, 


so that for each real number x>0, there exists a unique real number 
y such that 
Х--а?. 


Definition 32. - Let a be a positive real number, az-l. Тһе 
logarithm function to the base.a,denoted by log a, is defined by 
setting 


y=log, X if and only if x=a". 
In view of the above definition, we find that : 
(i) the function loge is simply the function In. 7 


Inx 
ша” 


(iii) loga а?--у; for all уе В. 
а logex—y, for all x>0. 


(i) logex= 


i реу 
(іу) Порае ша: 


(у) loga x=(loge e) In x. 


The last of the above relations serves to obtain the logarithm 
ы any positive number x to base ain terms of its logarithm to 
азе е. 


: To differentiate the logarithmic function to the base a, we 
have from (9), 


D(loge x)=log, e D (In x), 
1 
=logs e - Зо 2 
Тһиз ——————À 
D(log, х)--1орд e 


er CLUB ا‎ 


We can differentiate a composite: of Ле “function: * i 
1 e 1 of the "function arithm 
to base a, and a differentiable function h by the chain vers that 


D log," НӨ)-48 e. iG грма) 
h' (х) loga е 
ЗС es 


DERIVATIVES 195 


315. THE POWER FUNCTION 


If r is an irrational number, and x is any positive real'number, 
then by definition x" isa unique real number. This enables us to 
"define the power function for irrational exponents as well. 


Definition 33. fr is a real number, then the function х-»х" 
Sor all x0, is called the power function. 
We have already seen that if r is a rational number and x350, 
then 
хер”, 
We shall show that this formula holds even when r is irra- 
tional. | 
Let r be any irrational number, x>0, and let 
у=х'. 
Writing xer In x, 
we have «dy =D(er Іп x) 
dx р 


=e In x рү, In x), 
rinx/ r 
=e х) 

=rx" 1, 


'=гх 1 | 


The above formula holds for all xER if r isa non-zero inte- 
ger, and for all x>0 if r be any non-zero real number. (Of course, 
if r=0 Шеп Dx'—0 for all xER). j 


Example 31. If f(x) =5% , find f' (x). 
Solution, A (52°) (s? qn 9-2 65, 


Thus 


—2x.5* In 5. 
Example 32. Find D log, (3x2—5x--8). 
Solution, Since Іор, (3x*—5x— 8) 1 
=(log, e) In (3х2--5х--8), 


therefore, D log, (3x2—5x+8) 
= (Іов, e) D[In(3x*—5x+8)],. 


_ _ (log, е) (6x— 5) 
53 LAT ы 
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Example 33. If y=sin (+1) V2 > 
find —— 
2 
Solution. -8У сов Ge) 72 a[ een У 1 


4 cost +"? ЕСЕМ яс 


= 2V2x(x?+1) MO соз(ә2-Ы1) ^ 


EXERCISE 3 (К) 
Differentiate each of the following : 


1. 10%. 2. Stina, 

2. 2008 X^, 4. logs. (2x--1). 

5. x log, tan? x. 6. sin x log yo (x?+1). 
7. Gt). 8^ (x2 ot! 


316. LOGARITHMIC DIFFERENTIATION 


When we have to find the derivative. of a function of the 
type 


y 


or of the type у--и”, where [ETE s Uk, Vy, Venen » Vi, u, Y are 
function of x, then it is convenient "to "take logarithms before 
differentiating. This process is called /ogarithmic differentiation. 


Type I. 


Let y= f Өд ана, 
where t, Ug, ces ШАР, Vy are, functions of x. Taking logari- 
thms, we have 

In f (х) = (In u-In шив сз "На uz) — (In ә а vi). «(1) | 
Since D(In f ()- —L— nue 
nce D(In f (x)) 79 D (f(x) ЖЕ > 
D(In и,)=——'—,......... У 
therefore, differentiating x sides of (1), we have 
f' GO. 


fe" 21 ETE s EM) 
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Уі Уз y'i 
(4 hes е: +24) 
dy uy и, 
or == > 
ах 7” ш 2 и, 
: ug ұс ЭЛ, v's), 
Лүн Uy п » Va 


Example 34. Find the derivative of 
(x—1? (v—2)8 (х—3)%. - 
Solution, Writing 
y=(x—1)? (x—2) (x—3)5, 
we have 
In y—2In(x—1)--3In(x—2)3-6In(x—3). | 
Differentiating throughout with respect to X, we have 
1 4 2 3 6 
uu ux х-1 n? PISA x3? 


2-1 25418 +5 }. | 


so that 


dx 2-1 3572 
Example 35. Find the derivative of 

(xD? (2x—3)5/* 

(3x 4-2) (5х--4)3/87 
Solution, Writing 

(x+ 1)!/2 (2x—3)5/6 
P= Gta (Saal 
‘We have 
In => Іт(х--1)-- i In(2x—3) -4 ї0(3х--2) 


—1-щ5х—4) -@) 
Differentiating (I) throughout with respect to х, we have 
dd. 1 s C ME 10 | 
y dx Xx41  3Qx—3) 4x42) | 3(5Х-:4) ' 
зо that 


dy _ 1 5 Dk 222-710 | 
ах =f 2(х-Е1) +3(2х—3) TEH) | 5(5х—4) 
Туре П. 
Let у=/ (=P, . 


where g, h are both differentiable functions of x. 
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Taking logarithms of both sides, we have 
Ip f (x)=h(x)In[g(x)], 401) 
Differentiating both sides of (1), and applying the rule for 
differentiation of the product of two functions, we have 
D In f(x)=[Dh (x)] In g(x) +A(x)DfIn g(x)] (2) 
f'G. 


Since D In Готе) 


“therefore fe) oy (x) In g(x)-A'x) ze 

A EN 7 g (x) 

i.e., Жи (х) In а(х) + A(x) Жеті 

g'(x) 

a(x), 1 
-dv 

ах” 
Solution. Taking logarithms of both sides of (һе relation 


sin 2 
JS ds 


Thus, — y Ё "(х) In g(x)+ A(x) 


sing 
Example 36. If y=x „find 


we have 
In y=sinx Inx. (1) 
Differentiating (1) throughout with respect (ох, we have 
l dy sin x Ў 


3 dx бовх In ag ом ЗО 


ог 2 =у { cos х In x4- xd 
Example37. Find the derivative of 
(sin x) 49 64 (tag x) sin z, 
Solution. Let 


у= (віп х) 9" 54-(ар x)tn е, (1) 

g(x)=(sin x) tan z, 442) 

. h(x)=(tan х) sin 6, 49) 
so that »-—g(3)-h(x), 

whence - а в) А), 4) 


We shall obtain g'(x) апа h'(x) by logarithmic differentiation, 
and then substitute in (4) to get 2. 
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Taking logarithms of both sides of (2), we have 

In g(x) —tan x Їйл sin x. 
By differentiating both sides with respect to x, we have 


#0) =sec? x In sin х+!, 
g(x) 
so that g'(x)=(sin x)" * [sec? x In sin x--1] (5) 


Again, taking logarithms of both sides of (3), we have 
In A(x)=sin x In tan x. 
Differentiating both sides with respect to x, we ши 


h'(x) ў %86с2х:7 
E =cos x In tan x+sin x жасау 


=cos x In tan x-++sec x, 


so that 
һ'(х)= (tan x) *” * [cos x In tan x+secx]. 2% «..(6) 


From (4), (5) and (6), we have 
D (sin x) ‘ае [sec? x In sin x4-1] 


(tan x) “іт е [cos x In tan x+sec x]. 


EXERCISE 3 (/) 
Differentiate : 
1. (x—1} (x—2) sinx. , . 2. sin x cos x In x. 
xt a 220 = 4 КОКУ АЛДЕ ТАСИ J 
(2) GED) G-F2) CF3) 
Ri 400. 6. (xs. 
227 $ 
Y X 8. (sin xs 2 
9. (tan x)” он 10. (tan мо * 1 (cot ten x 
11. (sim x99 * (cos хуу! X 
In х. 


12. х) -F(tan x) 


317. DIFFERENTIATION ОЕ POLIO DEFINED 
FUNCTIONS 


Most of the functions that we ‘have discussed so far have been 
explicitly defined byan ‚ algebraic equation. For example, the 


equation 
у=х+1, 
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defines а function f, where f(x)=x*+1.The graph of the function f 
is simply the graph of the given equation. { 
All functions are not, however, defined їп ап explicit manner. 
For example, the equation 
y—x*+xy=0, 
cannot be easily solved for y in terms of x (or, for x in terms of y). 
However, there might exist a function f such that the equation 


[f G9)*—3*--xf (x)=0, 
is true for every x in the domain of f. Such a function is said to be 
defined implicitly by the given equation, 


The derivative of a function defined implicitly by an equation 
in x and y can often be found without explicitly solving the equation 
for y in terms of x. Тһе process of finding the derivative in such a 
case is called implicit differentiation, 


Example 38. Find 2 if 


x y—6xy-0. 
Solution. Differentiating the relation 
xt Ty —6xy -0, 
throughout with respect to х, we have 


3334-3: 4-8 ун), 


ог е (72—65) 2 =ву—3уг, 
رف‎ 2y—. 
whence dx = yi—ax 


Remark. Неге у? is a function of y, and y itself is a functio 
of х. Therefore у? has been differentiated by the chain rule, AMD) 


6xy has been differentiated by the rule for the derivative of the 
product of two functions. 


Example 39. Find С А » if x and y are related by the equation 


х? sin у=у? sin x. 
Solution, Differentiating both sides with respect to х, 


d 
ux sin nae (у? sin x), d 


d 5 gU. 
orm (x?). sin yx Gin y= 2-0). sin x+y? 2 (sin 3), 


р 4) : 
or 2x sin y+x2 cos y = D sin x+y" cos x, 
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or (x? cos y—2y sin oe —)! cos x—2x sin y, 


ХА dy 1 y? cos x—2x sin y 
dx х? cos y—2y sin x 
Example 40. Two differentiable functions are defined by the 
equation 
xy, 
of a circle, namely, those defined by the equations, 
у= \/(1—?) and y=— “(1--). 
Find the derivative of each function. 
Solution, If f denotes either of the two actions then 
х 473091, 
for every x in [—1, 1], the domain of f. By implicit differentiation, 
D(G*--f*()))—D(1), 


or 2х+27 (x) in (9-0. 
di DER 1 fy 
whenever f 00740. 


Since f (—1)=f (1)—0, therefore —1, 1 must be excluded from 
the domain of Df. 


By the above formula for Df, we have 
ох 
р A aa 73) * and 
x 
р(— У (1 —)= 59у 


Remark. The above example illustrates the fact that implicit 
differentiation gives the derivative of every differentiable function 
defined by the given equation. 


EXERCISE 3 (m) 


Find 4%. for each of the implicitly defined functions below : 


ax*+ 2hxy+by=1. 

ax®+ 2hxy+-by?+-2gx+-2fy+c=0. 
уг», 

x=y In gs 


© deo ERIE 


y=xIn 2er 
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6. х” уй-(х--уунн, 
7. y cos x—x cos y. 
8. х5 ѕіп у--у5 sin х=0. 
9. (cos х)/--(віп y)”, 
10. хУ--у5-гс, 
ll. If x"—e*—", prove that 
dy _ х 
dx (+h xP 
12. Ifsin y=x sin (a+y), prove that 
dy _ sin? (aty). 
dx sina 


3'18. DIFFERENTIATION OF FUNCTIONS DEFINED IN 
TERMS ОЕ А PARAMETER 


Sometimes xand yare both expressed in terms ofa third 
variable, say г, which is usually called a parameter. In such cases 
2 can be directly obtained without. first eliminating ¢ and finding 


the relation connecting x and y. Thus, if 
x=f (t) and y—g(1), 


then "dec db ge 
. dy [ах 
"dtl dt 
25:40) 
£0 


provided f (050. 
Example 41. If x—a (t—sin 2%); y=all—cos г) find 2. 


Solution, Here 
dx с 
ға 8 (1—cos г), 


dye ds 
"dr 74 sin f, 


dy 
dy dt а sin t t 
t re E. 
E dx dx 7 a(1—cos 1) cot( 2 ) 
dt 


provided ¢ is not an integral multiple of 2r. 
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EXERCISE 3 (п) 


Find A in each of the following cases : 


1. х--а сов 0, y=a sin Ө. 

2. x=a cos 0, у= sin 0. 

3. x=asec0, y=b tan Ө. 

4. x=a cos? 0, y—b sin? 0. 

5. x=3 cos 6-сов 3 0, у--3 sin 0—sin 3 0. 

6. хага (cos 04-In tan 2) y=a sin 0. 

7. x-a(0--sin 0), у=а (1—cos 0). 

8. хаад, y=2at. 

9. x=sin t J/ (cos 27), Y=C0S t „/ (соз 21). 
10, xc ашы ya Тарнийн 

А/ (cos 2t) А/ (cos 27) 6 


3:19. SUCCESSIVE DIFFERENTIATION 


If f’ is the derivative of a derivable function f, then f’ is called’ 
the first derivative of f. Iff' is a derivable function, then its deriva- 
tive is denoted by f" and is called the second derivative of f. 
Similarly, the third derivative of Jis denoted by /””, and so on. 

2 In terms of the D notation for the REN the ль second, 
third derivatives of f etc. are denoted by Df, ру, D' 

If y= (x), then o x P > denote the first derivative, the second 
derivative,--....... of y, respectively. Sometimes we use the symbols 
Ул, Jo e to denote the successive derivatives of y. 


We shall discuss various methods of obtaining the nth 
derivative of a function where п is an arbitrary positive integer. 
First, we shall illustrate the technique of obtaining second derivatives 
by means of some examples. 


Example 42. Find the second derivative of 585 


Solution. Writing 


dy a(cx4-d)—c(az--b) 
dx (cx+d)* i 
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ad—be 
= (ох4-АР? 


2 =(ad—be) . (—2)(ex-Ed)^* . c, 
<.2с(а4- bo) | 
“7 (xd c 
Example 43. Find the second derivative of sin 3x cos 5x. 
Solution. Writing 
y=sin 3x cos 5х-41(8ш 8x—sin 2x), 
we have y,=4(8 cos 8x—2 cos 2x), 
Ja—1(—64 sin 8х--4 sin 2x), 
=—32 sin 8х--2 sin 2x, 

Example 44. y=e% sin (bx--c), show that 
ret sin bx-Lc4- 26), 
where r=/(a*+-5"), ф-чап (bja). 

Solution, 7/у--е44 sin (5х--0), 


then 2 =ae% sin (bx-Fc)--be** cos (bx+c), (1) 
Let a=r cos ф, br sin $, Ө] 

80 that r^—a* FE D*, tan 9--5/а, 

іе, т=\/(@%--1%), d—tan7! (b/a). . (3) 
Substituting the values of a and 5 from (2) in (1), we have 


Bim ree (sin (хо) cos сов (bx+-c) sin 4}, 


=re** sin (bx +e4), (4) 


Differentiating (4) throughout with respect to x, and using the 
same argument as above, we have 


orte sin (бх--с--20), 
where r and 4 are giyen by (3). : 
Example 45. //у--д cos (іп x)+b sin (In x), show that 
#42 d yao, 
Solution. Since, 
у=а сов (In x)+b sin (In x), 
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Се ЕРЕ D 1 
therefore, zx 4 asin (In х). x +b cos (In 21 А 
so that x ea sin (In x)+b cos (In x). (1) 
ur uei (1) throughout with respect to x, we have 
di 
ed 2% a _[—a cos (In x). +(e —b sin (In »)]. =" 


--- {a cos (In LB sin (fh ә). 
ЖЫ. 
= 


so that 


xx 43 p y t»-0. 


2 
Example 46. 7f x=a(0—sin 0), Seed, — cos 0), find 4 


Solution. Since 
x=a(0—sin 0), 
y=a(l—cos 0), 


dx 
therefore 76 —a(1—cos 0), 
Baa sin 0, | 
dy dy | dx sino 
ane : ‘dx dél dé 7 1—cos € 
Therefore, 
4-4 (0). E 49 
dx? dx] dx 
- sin 6 ) | dx. 
40| 1—cos8/ / a0’ 
Cos 0(1— cos 9)— (sin 9) sin 0 1 
(1-сов0% ” ' a(1—cos 0)” 


yi 
` a(l—cos Ө)? 
Example 47. If ax?+2hxy-+by’=I, prove that 
dy hab j 
dx* (їх--Бул 
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: Solution. Differentiating the relation 
ax*4-2hxy- by! —1 
throughout with respect to x, we have 


BRE 4 4 
2ах--2Ц уух 2 + 2by B= 5 
ог (ax-+hy) +(hx-+by) 2 —0, 


$ dy _ axthy, 
so that SO gow tae --(1) 
- Differentiating both sides of (1) with respect to х, we һауе 
4 4 
52 (22) aet (ыы D ) (ахаар > 
da (ix- by)* X 


(| у-х 2) 


TTT hetb ^ 
h*—ab Ї Ч com) 


“(ах уу hx+by 
h?—ab 112 E 
“(ХТУ . (ax! 4- hxy +b), 
a 5 
- Geir since ax*-++2hxy-+-by*=1, 
EXERCISE 3 (0) 
Find the second derivatives of : 
1. (2x+3)4 2; 44%, 
1 
3. +4 4. In (4—3x). 
5. In{(ax-+b)/(cx+d)}. 6. sin x, 
7. sin 2x sin 4x. 8. tan x4-cot x. 
zw si ay; 
9. Шу--е““ sin bx, find да 


10. If ye” соз (bx+c), show that y,—r? cae 
Ss Vo E cian (bia r? ей cos (bx-+c+2) 


il, If y-sin (sin x), prove that 


tan х 2 +y cos! x=0, 
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12.2 


13. 


14. 


16. 


17. 


18. 


19; 


20. 
IS 


320. 


If у= Ae?* + Be**, show that 
dy _ dy Ee 
da (PTD уу tpay—0. 

If у= (a--bt)e"*, show that 

4У n0 pay 
2n 2) +n?y=0. 


di? 

If y=A cos nx+b sin nx, prove that 
d*y n 
dat" у--0. 

If p*—a? сов? 04-2? sin? 0, show that 
dèpi де, 
402 p3 


If ax*+-2hxy+by*+2gx+2fy+c=0, prove that 
d'y _abc+2fgh—af*—bg*—ch* 


ая” (Вх--Ьу-+_/)% 
If x3+-y®—3axy=0, show that 
d'y | ав». 
аё (y?—ax)8 
If sin (x-- y) —py, where р is a constant, prove that 


If x=a cos 0, y—b sin 0, find 92. 


2 
If x—a(cos 04-0 sin 0) y—a(sin 0-9 cos 0), find Tx 
lf x=2 cos t—cos2t, у=2 sin t—sin 27, find the value of 
2. 
a when te . 


nth DERIVATIVES OF SOME STANDARD FUNCTIONS 
We shall show that it is possible to.determine a formula for 


the тив derivative of a function in some simple cases, where n is an 


arbitrary positive integer. 


3201. To find the nth derivative of (ax-|-b)". 


Let у=(ах +6)" 


Then y,—ma(ax--bj"-! 
Ә-т(т--1) а? (ax tb)? 
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ya=m(m—1) (m—2) a3 (ax 4- b)n- 


In general, ya-m(m-—1)-«(m--n4- 1) а" (ax +b) "n 
Remarks 1. In case т is a positive integer, the above 
formula can be written in the form 
m! хав 
=ч {т—пуї. а" (ах--5/" n. 


2. Theabove formula holds for all positive integral values of 
n if mis nota positive integer. If т is a positive integer then the- 
formula holds for all n&m. For n—m, we have ym=(m !) а”, Also 
Ya=0 for all n>m. " 
Corollaries 1. ІҒу--х”, then 


ya-m(m—1)......(m—n4-1) x", 


Ул 


1 
Qc, pow 
(= * (n1) a». 
yn (ax+b)™ 
3202. To find the nth derivative of In (ах--Ы, 
Let — y-In (ax+b) 


Then у= asp? ax +0) 


Ya=(—1) а? (ax4-5)72 
—1) 248 (ах--Бул 
a" Dn 
(ax--5)* ` 
Corollary. If y—/n.x, then. 


In general, y, -(— 1)^71 


(n—1) ! 


Jem): 6D 1. 
3:20 3. To find the nth derivative of ans, 
Let Jaa —. 
Then, Ji=ma™ In a 


уз=т? а" (In а)? 


In general, yn=m" a™ (In а)п, - 
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Corolleries 1. ЛЁ) then by putting m= TT 7” above 
formula, We get . A 
x : Ed (In a)", 

2. If yet then Бу putting m=1 and ае in the above 
formula, we де ДЭГ 


Jase. | ПР зүв 9 bag * этэй 
3. rye рена 85:43 эж Suita 
4 P А у: zn : 2. ік 
3204. To.find fod fhe nth derivatives. of. ide ndm pu 
cos (ах-- мг 
First, let y= in Wav). Fes К BR M ege 


Then, ; Nee Фф (dx--b)—a s sin тиа) 


аре соз (вэ Ура sin Кс btn), 


/ 


Уз=а? оне ren sin. ax dab Hoe 


„mokti "ewe 
GE SY T сеткен 8: 


In general;. Зуслан sn (erebt) 

f= tot 

Similarly, Тус 22 @ ax $b), then: - T 
$ torsi f کک‎ CEFR E): 


HSE ээн 
M Рр, i een itera xm) 4210101511 
537 AE) «їл 8. 
andit дан 23 =соў, е5 nhen y Jn=Cos (=+ T) 


3:205. To find the dh декан oF ee T NAP ahd 


€^? cos (Ьх--с)і! 2) ik E j 

First, let yeda EEG i 

Then, yide sin (bx--c)-4-be^* cos бурд. 

Put af dos Gand b=r sin 0. 2-- — ۾‎ 
Then, zq and tan ont, EXON 5 
With these values, 3E > 216 

` yak rê [sm (bx--c) cos 6% (ro sin 14) 
'=re™ їп (Бх--с--0). 
Similarly, pg rer sih (bx--c4-20) .: xoa 
| certet sin (tet) 


2 Fe ET Ea еф 802 23-28) 
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a Ingeneral, Yaar" ез sin (Бх--с--10), ... 
where л=м and 6—tan^t 222” 
Similarly, if y=e™ cos (bx4-c), then 


Уп=7" е cos (bx-- c-I-n0), 
where г апа 0 have the same values as above. 
Sometimes a given function can be transformed into, one of 
the above standard forms and the nth дегіуабіуе сап then be found 
with the help of these formulae. 
ы ‘The following examples will illustrate thé process.” T 
Example 48. If y=sin® x cos? x, find ya. 
Solution. 8 y-sin? x cos? х= : sin? 2х. 
: и (1--сов 4x) | 
Ў сов 4х, 
зо that, ж---- .4" cos ( vm) 
Example 49. If y —e e зіл? x, find ya. x 
Solution. у=е?* sin? x 
=e% [1 (3 sin x—sin 3x)] 
=} e'* sin x —1 e?* sin 3x, 


Let z=} е sin x, w=} ее sin 3х, 
Then, znz-1( V 5)” е^ sin (х-Еп tan"! 4) 
and W=} (4/13 )^ e* sin (3х4-п tan" i). 
Since y-z—w, 
therefore, ^ J Yn=2n wa С 5)" etsin (X-Ep tan" D 
3 \ x Til VT )" её sin (30--л tan"! 4) 
j _ EXERCISE 3 Ф) 
Fin the ай dra of... Ub n st Bano 
Gere 72. буу, xd) «вэ 7% 
2. уб ишы; pa] text 
em EGET mM ў a-bx | di 
| M LEES. 
* урж dem т гы 
T, WEE) . 5 он log p ру. ies 
9, 5% 10: FERS , 
М sin GRA). 1 21:71:12, сов (x2). 
13. е% sin 2x. 1 114. е" cos (х--5), 
15. gin x sin 3x, | А) 46. sin? x cos? х limia 
17. cos 4x. ( 22418. °соз-х-сов 2х сов 3x, 


19. eë cos 2x cos 4x... 20. e? sin. x sin 2x sin 3x. 


=o 


( 
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In each of the following problems, four'alternatives are given 
out of which one is correct. "Puta tick-mark (W i жиы correct 


alternative: А, 
1. The derivative of (352--4) is ! re 
(a) 3(3x?+-4)? (5) OAD с 
(с) 18х(3х2--4)% (4) 9х4(3х?-Ь4). .. 
2. . The derivative of (sin 2x2)? i с Ж 
(а), 3(sin 2x2)? (b) 3(sin 2x3)? cos ai 


(с) 12x(sin 2x*)? cos 233 (4) pum далу cos PME 


3. The derivative of x* is и 
(а) жесі (5) ж Inx 


(с) хеіпх (d) x* (0 --Inx). 
4. Тһе derivative of tan”? (22) is 
À 2 ух : 
(0) das) Ф OZ) 
1 2 
© Tras @ трат 
5. Тһе derivative of еб is 
(а) ех (5) ыг 
(с) 4x*e 23 (4) e^ 
6. Тһе derivative of sin -= jpg "t еы хн 
(0) F (6) Ф 7 


© m sin (5) (d) (14-x9) sini (а) 


7.1 If x—a (t+sin f), y=a (1—cos t), then 2 чөн 


(а) tan ы (b) cotàt .. 

(c) tan f (d) —cot t. 
8. , The deriyative of 25 is 4%; 

(a) 27 m2 (5) з. 27. е БЕ? 

(с) 25.2 m2, ( 2x2", 
9. х The derivative of In (sec x--tan x) i issii wW d titus 

"fus (b) sec x. eros 

‚ (c). sec x —tan x (d) tan (x/2). ott bri 
740, x The derivative of сов (232— 1) is A 

2 m 
(а) Vi i—x%) 0) (0—22) 31 


TE. i 2 4x. : x 
хул HEAR 2 па 407 


қашау o MI зе. Г 


10. 


11. 


57978 oviran 01298 
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i from бн principes : 


(a) axe +A бо) 22222 (44881986) 
(b) Gd ; (р.85.5.С.Е. 1984) 
D n 5 1 
(а) sin. „А. (08886. 1986). 
(b) sin Д4) CE AM ы, sing ИЕ Е, 1987) 
Differentiate from: first Prin руз 4 
(4) сов2х xi *x (a SS E, 1984) 
© (b) соё х 0001150) (DBSSCE., 1988) 
(д Мох | - i016 2 Obss EE., 1985) 
Differentiate from first principles : ioe (9) 
(8) tan2x `: ) (ATSS.S.C E., 1984) 
(0) tan (3х4-1): { j ‚(4-1.$.5.С„Е., 1988) 
(с) cot x. : t (а 155 22 1986) 
Differentiate from first, МЕН нд e : 
(a) cot? x 4 passer, 1985) 4 
(2): Sinai Ұға ДАЛЕ (DWBSSCE., 1969) 
(©) tanha Ener лу ^^ inis t (Ю.8.$.5.С,Е., 1987) 
Differentiate e?" from first, principles. (4.1 5.5.С.Е., 1989). 
Ааа дені the derivative оГ: die ; 
T 2 ҮЛ d 2555-2176 ди гаг: 

( MERE Mert) (44:58СБ., 1986). | 

«ЖАҒА аай, (1303 арық EC eus a: 

ЗАВ RM (nc Uwe ales) dena ro 
(b) азе бо 94) qnas 1988) 
Find the derivative of :' пв) 

1—совх | М to svit " 
(а) Үсэг: fe uk 5 TET :3084) 

БУ 8 à 
бу e" Sm slams, i) 44.15.5.С.Е., 1986) 
Differentiate with тебресї to 2 yu 0 буйру. 
(a) ев In (1--x*) (4.78 SC E. 1987) 
(b) “йл Біз 55 = (4.1.5.5:0.Е., 1988) 
гэл the derivative | gh: À 
(a i pay ЕНА азов. 1984) 
(5) нь ЗД 7 3 кек, 71987) | 
Find 2. uc if £x DV ( 
(à) »-Ginx)^* 1777 1988) | 


(b) y=xsin "(in x (4458. 1987) 1 
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12. 


14. 


Find Z if WORNI faban? ожар Эв eel) 


(а) x= ر‎ : 72757212 1986 - 
(b) (алт! x)!--y£ot X=], 3 "yl 


Find dy! when 


dx 

perti: E (D.B.S.S.C.E., 1987) ` 

(b) у=зес Ll (D.B.S.S.C.E., 1986) 
(a Y os 

Find > if - 

(а) sis (Se im 5) (А.15.8.С.Е., 1984) 

(b) Уа ат (оын) (4.18.8.С.Б., 1989) 

ша 4): Ч "or zm 

ın dx 1 Seats 

(а) ужа! men (4.1.5.5.С.Е., 1984) 


(b). угаа”! (sec xtan x) 
(Ма =v x 
с) ystan7 12 а 
(0,9 1+ Max 
SUMMARY , 
Algebra of di Tvativés. Let and g be two diffe Habla finc n 
gel ides егіз tfa dg to two dil ifferentia toqe, ca 


(а) реле DI CI ! ни 
(b) DIGE-9G91—D ES G))H-D (8091: 

( DICTED ГЈ) +A) D Ol т 
ау о келед ОЛ ОР gef) D 


x 
provided g(x) #0 for any de i 
Chain Rule for: Mieten Let уеб and пе /0), If both Pana 


2201 


du 
de exist, then 2 A exists and i is given by 


Inverse function theorem for derivatives. ДЕ fand g be нэ peint mono- 
tone functions which “ате іпуетѕеѕ of each other. If-f-hassat x, the 
derivative £(%) #0, then g has : Уо [=f (ху) the pure cR 

8 Qo) EKE T 79 


If x=f(¢), y=9(t) be differentiable functions of t, then 


(Ж) (4). 
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ane ‘Function і Derivative 
constant 0 
х" rx*— (provided х", х" are 
both defined) 
( siny cos x 
cux ^ —sinx 
tanx sec? x 
(UM сара а) —сзс%х 
z sec х sec x tan x 
csc x —csc X cot x 
1 
озо Ae ЛА vaz 
-1 
со8-1 27-ақ 
Uu REM (22 VIS 
it 17 
ті eo 
tanl x ine 
1 
a eun 
dus cot'x ize 
Ё BS 0 1 : 
1 хэ уус, 
sect x x ixive-p: Іхіз>і 
ex ix xi Vos: f {x1 St 
er PE 
In x үздігі a if x>0 


D bia ae v 1 it ' a" Ina,if a20 
К 7 


6. ‘Table of nth derivatives of some standard functions 
Function ( аі ~ Ath derivative. 


Bye oot a АЙ нэ, 
(ах--Б) Ї (7-1 пох; sid o i 
a positive 

7 4 ү қ 2 integer 
ШІСІ (pei 

а“* тас, (na) 

sin (ax+b) EIL 

cos (arts) 0 ar cos (oci) 

еч sin (bx-l-c) r еч sin (bx Fe +0), 
where r—(a*-- 55 , 

А @=tan (b 
e** cos (bx-- с) T" ea соз ФОКС, 


where r= (akp) , 
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HISTORICAL NOTE 

Calculus was discovered by Issac Newton (1642-1727) and 
G.W. Leibnitz (1646-1717) independently in the. second-half of the 
seventeenth century. /Their work was preceded by contributions of 
many mathematicians: Fermat was the first to Solve problems on 
Mmaxima- minima. by considering Кой ЖУ a function near the 
extreme values.“ Descartes devised Ф. СО, for constructing 
tangent lines to a curve, ^ Though eic in-nature, his method 
exerted quite some in се оп the development of the calculus. 
Formal algorithms for Ше constructions of tangents were discovered 
in the 165076 by the Dutch mathematiciaris Johann Hudde and Rene” 
Sluse. The work of Hudde and Sluse yas followed by the discovery 
of infinitesimal methods for determination of tangents by Issac 


Barrow (1630-16729 2. 7 : 

In Octobéf; 1666 Newton wrote:his October 1666. Tract on 
Fluxions in which he\ described. his method of fluxious to treat 
problems of determination of'tangents In 1671 he wrote his major 
treatise оп Calculus— De Methodis Serierum et: Fluxionum (of the 
Methods of Series and Pluxions).. This: work did not ‘appear in 
print until 1736-nine years after his death, but was used by him and 
many others (to whom it was loaned from time to time) as the 
primary source of his results on calculus. > 

Leibnitz recórded' his; work on Calculus in à series of some- 
what disjointed notes that he wrote during the lastquarter of 1675. 
His first published article on differential calculus appeared: in 1684 
in the Leipzig periodical Acta 


Eruditorum. Eor Leibnitz, the separate 
differentials dxiand dy-were fundamental ; their ratio twas: merely" 
a geometrically significant quotient. -— ; 
. JNewion's formative work on the calculus, dated from: 1664 to 
1966, while Leibnitz’s work was done during’ 1672-1676. However, 
Leibnitz’s work appeared in 1684 and 1686, whereas Newton did not 
publish anything on Calculus ‘until: his Principia" of 1687 dnd his. 
Optiks of 1704. The "Newton-Leibnitz -controversy as 19 who 418: 
covered calculus first; is one of the fiercest,controversies. regarding 
precedence, so far as mathematics. is concerned: This: unfortunate 
controversy has less: to.do with mathematics than'the ‘traditional 
nationalistic rivalry between English and “continental “European 
mathematicians. гоя ie ры ; iif hake 
The concept ‘of rigour in calculus was introduced by AT. 
Cauchy, J.L. Lagrange and Karl Weierstress during the nineteenth 
century. ; TIA 


pia 
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јо фай поа omen nina de хиа i 
» the greatest mat mati шо ЫН сеп — was 
g hi 
Es E y P 20 By fate oa al pa ani ІШСЕ бна аа 
Кіп. ‘oF У БАЛТ Bonaparte! ХУЛ! ‘called 
‘the Lofty end of Mathemati tical Senos) айж Matia Antoinette 


st love ws classics. He ныг Euclid and Танан but 

mamm 1 by S onto the side of math Р АШ “His: Conversion to 

math e ios E Na by améssay’ ой! Halley on сани of the 
Де ане Over those of geometry, бі 19006 X 

ge was pend the EE of | Math аса atithe 


5% L гї! hool о а со гисїей the-calculus 
Eum шоо h in his great work Analys 


drew all of Abel, "Galo К+ т... His 
work aa sion trom ЭН Жүні шека REY Ке ы E Ч Ёс 9 


awarded him the Grand Prize for нь. ГАЕМ of кА 3-body problemi Нечуоп” î 
this хаган times. It was he who devised the metric: system. of weights and 
measure: 

Despite his’ mathematical distinctions, Lagrange was of ' an indifferent 
disposition. A perfect gentleman, he knew how to hold his tongue. Не was 
often given to Melancholy. He married twice, once early in life and once at 
the age of 56, His second wife was forty years younger than himself, but kept 
him well in tow and made him comfortable, He died in April 1813, well 
satisfied with life, 
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D^ X опаа. 
Applications of. the Derivative 


41. INTRODUCTION 


compute. erivatives of f. functi ions. Derivatives have 

not ТЫ. “а bisa RR үң оп i JE Ма 3 

engin шив рс? ics “іс. ЦЭ it 

some simple ations of p tives” id sits 

motion under gravity, tangents and normal ination : 
of: change of quantities; determination гоё: onan iin whith a 
function is increasing or decreasing, maxima and mini of func- 
tions, "and-eürvezsketching:" ‘we shall ын 
опе Бу опе. 

42: MOTION IN A STRAIGHT LINE ا۵‎ эрж 


The derivative of a function expresses the rate of change ud 
the қ ере 13 I үн before: e concept of.raté 


change in Же, consider Los ion. | ү ‘hi i 
tráight Tinê. With "1088: lity, W таў 
най uM din a sr f DR. ЫН о УРАЛ ina 


straight | line; In our discussion we shall use the: words ‘particle’ and 
‘point’, үр yare bras of motion ina straight line. 


4 
о А Р mrt 
Fig. 41. — zu 
Let a point O on L be taken as the origin А ав (ће w it oint 
on L so th AL OA uit. ia particle jv ing Lit n Дат р 


be its position оп L at time /, Let s (f) ) denote the co-ordinate of 

The function ¢ — s (£) is called the position function. of the oi 
"We: сал” define, һе: velocity гаад ася of the particle: ав 
follows : oS 


Definition 41. Jf s is the position- funcion of ё а 222 then 
its velocity at time t is defined as 
lim 3 (t+h)—=s (0) | 
h>0 h 
«and is denoted by v (1). ХІ 
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Thus, у(Ә- E . 


3 5Defmition 42. [fy (г) is the velocity of a particle moving in a: 
Straight line at time t, then its acceleration at time 115 defined as 


зоры ааа апоу 
h>0 ш 
and is denoted by a (t). 


24 4% MOMOUGORT HI 
A р 50 лг dm ен 


.. Remarks 1. Since we are dealing with a physical situatiom 
here, We assume that a Particle in motion has a. velocity" and an. 
‘acceleration? at time, Therefore we are assured that the limits in. 
the above definitions Au Si, B Sub. dol 
1:2: ‘Following Newton, the derivative оға function with respect: 
to time is often denoted by a ‘dot’ overhead; Thus, instead оѓ. ж. 


: . 2 : 
we often write 5. Similarly, 2, is denoted уз, and $3. isideno-: 
ted by 5. We shall use this notation whenever convenient, 

3. The relation’ between units of Measurement of distance, 


time, velocity and acceleration is shown below : 
Unit of distance. ‘Unit of time “Unit of velocity ` Unit of 


) 7 д 


! acceleration: 
cm sec 'em/séc ' cm/sec? 
m | Inox ок, m/min m/min? 

“km hr km/hr km/hr? 


_ The following examples will illustrate the Tole of derivatives im 
discussing motion in a straight line, 


. Example 1. The distance travelled by a particle moving in а 
straight line in time t js given by | f : 
Pints NOSSO о Йыл райы 
where's iis measured in centimetres and t is measured in seconds. Find" 


the velocity and acceleration at timet. Also find the initial velocity- 
Cie., velocity at 1-0), 


Solution. s (t)=321-6;2 
| зев 324412: 


у=ў=12, 
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Thus tHe’ velocity at time 7 is 324-127, initial velocity is 
32 cm/sec, acceleration at time t=12 cm/sec, 7 6 ош 

Example 2. The position of function of a particle moving in a’ 
straight line is given by s (t)=3 cos 21:-4 sin 21. Find (a) the velocity- 
at time t, (by acceleration at time t: (c) the maximum distance of the 
particle from the origin. (d) the "maximum velocity Also: show that 
the acceleration is directed towards the centre: and is proportional 10: 
the distance of the particle from the origin. цох 


Solution. 3 (0—3: сов 22-4 sin 2¢ а sihi o (0) 

Differentiating (1) twice throughout with respect’ tó f, we have- 
5-44-6-58 214-8:сов 21 E УН. ЭДТ 
= — 12 cos 21—16 sin 21 RS. 


(a). Velocity at time / is given by (2) above. 
(b) Acceleration at time 1 is given by (3) above, , 
(c) From (1) we have by putting zi Tan 
3er cos a, 4=r sin a, (so that r—5, «—tan^! (4/3)) 
s (O=r (cos 21 доз a--sin 21 sin а), с 
=rcos(2t—-a) 2 2. % 5 
=5 cos (24— а), where агаад) (4/3)... (9 
Since |'cos (2/--а) | < 1, therefore- the maximum. value of’ 
5 (t) is 5. dno бее, 
(4):Ав in (c) above, or by /differentiating (4) throughout, we 


have 


“у(0-4--10 sin (21--0), 
so thatthe maximum velocity is 10, 
From (3), we find that 


5---4 (3 сов 2/4-4 іп 21)----45, : 


showing that the acceleration is proportional to the distance travelled. 
The negative sign shows that acceleration is directed towards the- 
origin. ? ээл ) 

di 


EXERCISE 4 (a) 


1. The distance travelled in 7 seconds by a particle moving in a. ` 
straight line is given (in metres) by s (2). 


Find the velocity and acceleration when 
(а) 500203, 22 ЫН 
(B) 5(0)55101:-11, 13: 

(c) s (t)=201—422, 1--2:5. 
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2: A particle із. moving -in a straight line so that its. position at 
time t is given by <. Ee nee E 1 
s (SAPT BEC, 
A, B, С being constants, °° 
If at time 2 seconds, it is at a distance 8m from the origin, its 
velócity'is 3m/sec;-and--acceleratíon is 4m/sec*, finds A, B, C. 
Also find:its position at time 1-3 seconds». . 
[OR ПЕТРЕ З \ 
3. А particle moves їп a straight liné. "Its distanée from а fixed 
22 point on the line at (іле teconds is 2*-+61-+1 metres. Find 
гол velogity. and acceleration where 17-275 sec, 
4, The distance s (1) travelled by a particle moving in a straight 
^ line is measured in mefres;.and is given bye 
5 (0--2/-9(14- 1244-6, : 
Fd vesc EE cil (7 
Find where its, aec eration’ becomes то and the yelocity at 
that instant. “ 6? m M i irt ond te mold “ 


5. A particle moyes in a fixed straight line so that D VT. 
Show that the acceleration is negative and proportional to the 
cube of the velocity. mait 7124-6905 16 уу! yes л 

6. А particle moves in a зэ line so that its distance s (7) 
from и fixed point оп the lînê at any*ingtant i$ 317, If v is the 
velocity and f:the acceleration at time t, show that’ ie 

¥=nfs/(n—1). é 

7. А particle moves along a straight line such that its distance x 

from a fixed point on it and the velocity v are related by %% 
012336 (9—53). 20-10) 010) 1 

Show that the acceleration varies as the distance оѓ ће particle 

from the origin and is directed towards.the origin. 


8. Atrain Starting at time t=0 moves in time 1, a distance 
У--1001-е-%), Find the Velocity and acceleration at time г, 

43, MOTION UNDER GRAVITY 77 
Galileo discovered in 1589 that when a body falls vertically 
near the surface of the earth (air resistance being neglected), it does 
50 with a constant acceleration: in his famous experiments con- 
ducted while he^was at. Pisa, he showed that all bodies; near the 


'earth's surface fall with the same. - acceleration, whateyer.. their 
masses. ү 


Їл the early part of the seventeenth century Johann Kepler 
(1571-1630) put forth his three laws of planetary motion which were 


"based on the observational data. collected by the Czech. astronomer 
"Tycho Brahe. : : 


APPLICATIONS OF THE DERIVATIVES 221 


Daring the later "part of the Жеуетібейін гу "Newton 
propounded his universal law of gravitation and three laws of 
motion.: He:showed: that Kepler's empirical dawsicouldj һе deduced 
25'a:consequence of his ‘laws, thus.;providing «a justification, for the 
universal law of gravitation. According) 10:08. law; twa S 
of masses т and m', at a distance r apart, attract each other with a 
force Gmm' |r?, where G is а universal constant depending only upon 
the system of units employed. It can be shown that ‘as a consequence 
of this law the mutual force of attraction between two spheres of 
masses mand т’ is Gmm'/r* where ғ is the distance between their 
centres. This implies that near the surface of the earth, the gravita- 


tional force on a body of mass m is m ( эм ) ‚ where М is the 


$ 1 

mass of the earth, and Ris the radius of the earth. This force, 
called the weight of the body, is approximately 9 8 m newtons, if 
the mass is measured in kilograms. If the body is allowed to fall 
freely, it will have the ассејрее (оп WORD Әшіс is independent of 
the mass of the body. білсе the earth is n actly a sphere, the 
acceleration, usually denoted by g, varies in “magnitude from 
9 78 m/sec? at the equator to 9:83 m/sec* at the North Pole. We 
shall, however, take the value of gto be constant, equal to 9'8 
m/sec*. (The magnitude of this'aéceleration also varies with height, 
but the variation is rather small). . The direction of this acceleration 
js "towards the centre of La Үй ‘In fact, бейнес Tie Vertically 
downwards: direction"; This is төсі) aeeurate "сае rt 

églect. ^' STU 


effect of earth’s rotation; which again Ч ЁС 
43.1. Motion in a Vertical straight line z 


соох af a particle.is thrown, vertically, upwards, with.an initial velo- 
city и, it will move with an acce eration g Crested downwards). The 
-position function 5(1)18 givenby | 953858 , ‘ 
зов xi TUR ЕСА 3r eae 
ios ^ ЧД particle islet fall from à'póltit Oe the toni the 
por AG OP DOE ЛО 
position-function is given by , : 
пэйодйтоо 16 охлов 15525» тойг гпойтирэ 9vods 9dT 
sagno 197 “әй: bas .redenos 21 (#) (йосоізу oilt 


i { 3 
vi We have already..considered. such, , ing the. preceding 
‹ 181 m tsy 


» 


section. i A (S mA wie м HOS 
432. The path of a projectile ООР 


A body projected from a point, into һе air, ina direction 
other than the vertical, describes а curved path. A body so pro- 
jected is called a projectile and the pat _ described by it is called its 
trajectory; Тһе тойоп of a. ргојес A i “СА ctice is quite а 
complex one. However,; if. we. assume, 1 at (2 the body, pr ed 
is so small that it can be regarded asa partic e, (ii), the aireresis- 
tance is neglected, (iii) acceleration due to gravity is assumed to be 
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«constant throughout. the motion, then the path ofa projectile is a 
parabola, 00. is em 

7 Let О be the point of Projection "of a particle and let OX and 
"OY be'a pair of rectangular ‘axes lying in the рїапег of projection 
with OX horizontal, and OY vertical. 


1 


к } Fig. 42, 


„JE u be the velocity of. projection, a the angle which th direc- 
ition of projection makes with ОХ, and P(x, у) the Position of Nhe 
"particle at time 7, then the motion is given by 5 


х=(исовау ^. 7 і 
; y=(u sin a)t—J gr? } tae MU 
Differentiating the above relations with TeSpect to /, we have 
Не ORG те 
)=u sin a—gt у “20 


dui DPE the velocity of the particle at time /, along 


The above equations show that the horizontal : 
| 4 | ‚(Ве hor component of 
the velocity (4) is constant, and the verticle c i 
2 cit constant, th е component (y) is the 
ате as if the particle were "vertically dam it a 
Oughout with respect to 1, 


ғ а r 


velocity и sin a, Differentiating (2) thri 
“we have р: 


7:799 


їр i ; “ш T 
4 «bût diua bart 


eee -0) 


ч е à 5 > 
п of the Particle at time t (in fact, 
n is constant, being equal tog 
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Remark. Equations (3) are а consequence of Newton’s 


:second'law of motion. Equations (1) and (2) are obtained ‚Бу inte- 
grating equations (3). You will learn the meaning ап. techniques 
“of integration in the next two chapters. Неге we have only tried 
‘to give you a glimpse of an important application of calculus. 


Example 3. A cricket ball is projected at an angle x14 to the 


ri ntal with a velocity 245 m[sec. , Find the equation. of the path 
к maximum height which it attains during the mo ion (Take 
8-98 m/sec*), (22 ) HSA T 


газ the equation of the path. . , 


3. 


"a 


iu its velocity when it has travelled 
2: A ballis dropped vertically downwards from ‘the top 


Solution, The position of the ball at time £ is given by 
х=24`5 cos 22285523 t, мар | (1) 
у= 24:5 sin (n/4) --- (9:8)2 ) 

эу бе см = 

Eliminating / from (1) and (2), we have’ 5 

у=х—49( 282 х y =x- 98, 


Differentiating (2) with respect to 7, we have 
D 49 . Wy 
у= 2/2 918 t ор 
The ball stops rising above when y=0. 


Now y=0, when t= 


49 ЖЕШ) pe 
22x98 242 
мас oss M yes ANLE КЫ 
М-ы, =3 ay) (ғ) 


245 
а metres, .. 


лімі? (1) mori 
DU 9 stot 
EXERCISE 4 (b) .- 
The distance travelled in t seconds by a ball dropped ve Ну 


downwards from, а tower b Erde 5=4 9%, What will be 
for. 3,seconds ? 0222-02 
ofa 
tower 40 meters high. The distance , trayelled by ithe ballin · 
time? is given Бу s4°9/2, "What will be the velocity .of the 
ball when it reaches'the ground? ^ 


Jeket Bait’ is ‘thrown “tom ithe ground estically Upwards 
“height. at, time. f. se Л 966 iyen, -by, s(t) —l41—4 9/2, 
Чив е ir er 9 seconds Y How high will the 


t£ FN 


« Eos L. porcos age 11111: 18 to 7 92x ^ 
R е, 18 4 (3175) pat ап angle 

ege Peto 223 Find ation К Ч Hew 

тш time does it take 10 reach highest point?” 


5. А ball is projected at а angle S to the horizontal: Тһе. 
2 imum height attained, by it is 20 metres. Find the,velocity 
ЧАНД n est rU mee. Байн 


276. А particle is projected табан аа 62097 to the horizontal and 
returns to the ground in 10 seconds. Find the velocity of 
Projection... 0) --- (bia) пі 2:86 

7. А particle is projected at an angle 60° to the horizontal. 1f 
the velocity of projection is 14 m/sec, find the greatest height 

©- attained by it. 5% + 


Sys 
44. RATE OF CHANGE OF QUANTITIES |... 


We have seen that 105 be the fence travelled by a particle, 

then ds/dt, the:rate of change "of distatice” travelled with respect 10 
time, represents the velocity of the particle. , Similarly dy/dt, the 
rate of change of velocity with respeét^to tite) represents” the 
acceleration of the, partiole,: generally, zif a- quantity: y varics 
with respect to another quantity x ording to the functional 
relation y= f(x), then the derivative fc) epresents the rate of 
urthermore, if two 

quantities x and y are related to each other by the functional re- 
lation y=f(x), and x &nd y:both»vaty авг, Бо that хапа у аге 


T5 


-0) 


From (1) we find that if УЕ үем Гара dx|dt, we can find d) 

The following example. will i ow x "сап use (1) буол 

the rate of change of a РЫ е rate of change of a related 
Үй н 90, а а үш Doe t ni Цзу д1) | 


20 Ши Е рї 4 =4 12187773 ЧИТ Ёс: 
гай name rey. Ин iio пап 
s qurfate area increasing when its rdius-is d ‘em? "(Talie «5-3: 14), 


Er ее геу 


and ris given by 
(1) 


5--4ау? 
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Differentiating both sides of (1) with respect to t. we have, 


45 dr 1 
ЕС а (2 
dt a dt 9 
We are given that 02 when r=4, Therefore from (2), we 
have \ 

45 


di —8x3:14x4x'02- 20096, 
so that the surface area is increasing at the rate of 2 0096 cm*/sec. 

Remark. Following Newton, we can denote derivative with 
respect to time by a dot, so that са 5 сап be denoted / by r 
and § respectively. We shall often use this notation. 

Example 5. Two buses start from a certain place at the same 
instant. One goes east at 45 km per hour, and the other goes north 
at 60 km per hour. How fast is the distance between them increasing 
3 hours later ? 


Solution. Let the buses 
start'from О, опе of them: going 
éastwards along OX, and the other 
going northwards along ОҮ, At 
time t, let A and B denote the 
positions of the two buses. If 
ОА--х, OB=y, AB=d, then from 
the right-angled triangle OAB, we 
һауе ^ | RADA : 

d= ty. A) 

. Hence x, y and d are all 
functions of f. 

Differentiating both sides of 
(1) with respect to 7, and denoting | 
derivatives with respect to 7 by ' 


dots, we have А x 
244-2хх + yy, 1 Fig 4.3 


o dd=xxtyy. RAS) 
We have to find d when t=3. 
We are given that x=45, ў=60, x=3.45=135, у--3.60--180, 
d—4/(x*3-y*?)—4/((3.45)*--(4.45)?) —225. Substituting these values 
in (2), we have 
225d=135.45 4-180.60, - 

—225(27-1-48), 

--225.75, 
ог 0295: 2.36000 
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-Thus the distance’ between їе: buses is increasing at the rate of 75 
km per hour. ша 

77 Example 6. The pressure (р) and the yolume (у) of a given mass 
of gas are connected by the relation py=200. Find the rate of change 
of volume when the pressure is 8 yaar per second and it is increasing 


at the rate of ‘4 gm|cm*. 
Solution. We are given that 
Ч ру--200 x) 
сс Differentiating both sides with respect to 7, we have 
p vp ъ= 0. 0. ; 3 502) 


11 Whèn p=8;'from (1) we have v—25. 
Also, p p="4. Thereforc from (2), we have 
(s su X25--8y--0, 
E анд MAN 9%. Стар ал 28, 1 
Therefore the volume is decreasing at the rate of 1:25 em? per 
second. 


Example 7. А street light is 5m above the ground: A man 2m 
tall walks away from the light in a straight tine rat: the, rate of 15m 
per second. How fast is his, shadow lengthening when he is 40m away 
from the foot of the street light ? Дәл а : 

_ Solution. Let О be the foot of thé light, L the light, AB the 
position of the man at time /, and AS (16 shadow at time ‘r. 

If OA—x, AS— y, then from similar triangles ABS and OLS, 

we have ü 


5in 


21:48) 
satiny зан) 


t Fig. 44. 


2 ЭРЧ 
4222 7750 that Sy=2x+y), ie., y 
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Differentiating both sides of the relation y —$x with respect to f, we 
have , Е 
ут ёх 4 
! 
Since х=1°5, therefore y-2x1:5—1. 
Therefore the length of the’shadow is increasing at; km per sec. 


‘Remark. Observe that y is independent of the distance of 
the man from the street light. 


EXERCISE 4 (c) 


1. Water is flowing into а cyclindrical tank of radius 60 cm at 
the rate of 30000 cm?/min. How fast is the water level rising ? 


2. The surface area of a spherical bubble is increasing ас 2 cm?/ 
sec. When the radius of the bubble is 6 сіп, at what rate is 
the volume of the bubble increasing ? 


3. The height of a cone is 25cm. If the radius of its base in- 
creases at ‘5 cm/min and its height remains constant, at what 
rate is its volume increasing at the instant when the radius of 
its base is 30 cm ? 


4. An aeroplane at an altitude 800 m flying horizontally at 720 
km/hr (passes. directly over an observer. At what rate is it 
approaching the observer when it is 1000 m away from him ? 

5. A sphere is expanding 50 that its surface is increasing at the 
rate of 0:01 cm?/sec. Find the rate of increase of its volume 
when its radius is 10 сіп. rod " 


6. A ladder 6 т іп length is resting against а vertical wall. Тһе 
bottom of the ladder is pulled along the ground away from 
the wall, at the rate of l'5.cm/sec. How fast is the height of 
the highest point of the ladder decreasing when the foot of the 
ladder is 4:8- т away from the wall 7 


1. "Sand is poured at the rate of 20 cm?/sec so as to form а coni- 
cal pile whose height is always one-third of the radius of the 
base. At what rate is the radius of the base increasing when 
its height is 10 cm ? 


8. A'rod АВ, 5m long, moves'with its ends A and В on two 
perpendicular lines OX and OY respectively. If A is 3 m from 
О and is moving away from it at the rate of 1 m/sec, find at 
what rate the end B is-moving. ~ 

9. Ап inverted cone has a depth 10 ст апа the radius of its base 
is 5 cm. | Water is poured into it at the rate of 1 cm?/min. „At 
ммм тер is the water level іп the cone rising when the depth 
is 3 cm 7 E «y 
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10. low 
: fel containing watér is in the form of an inverted hol 
id E ае) angle 30°. Water is running йа, 
the cone at the rate of 4 cm*/sec. through a small hole at нь 
vertex of the cone. At what rate is the surface area in con 
tact with water changing when ry is re ст? of water 

remaining in the cone 7 


45. DIFFERENTIALS ; ERRORS AND APPROXIMATIONS 


Suppose we are given а function f, and с is'a point in the 
domain of f. Then 


ЖЕЛІК га 
р ГА: lim ‚еә. ; ; , (1) 
D. we write тайды d denote by Ду! the change i in y as x changes 
from,¢ to c+ x, then | di 


j 


Ay-ftet A2 afte), 7 442) 
abd (1) may be written ds ' K , АД 
ne aN Эй лел Sa зр jim. E д -0) 


ж! йер 0n 


Tie жшше is tity denoted 8 LA ав weave donc all 
зонд i in thecneoseding аре Leibnitz, tet developing calculus, 


uauloy 2011 этэ Yo 


thought of Эс as the ratio oF dy and. dx. He called dy and dx as 


94) rentals. АЛ ida, that, we can rewrite es as 
idi s 1 


n 45 ; ө! bio by dx. т (4) 
In (3), we can think of dt tis one varintile, аш 4) m Чанг vari- 
- able defined) by «һе. relation (9 If we.take. А-а, (2) will 
;become |, SEDIN ie oda ЖАУАР be qe 


51 SK a ptio i inim sd D НО 


Minis 


w 5 Geometrically, the quantities al А 5 dy ате related in the 
«manner as shown in Fig. 5, NOD; =~ 5 4e Em 
W bn, ә Bic xuivom-si à 
АВ an анаан” consider the fun HON лу 
бер эв, ю bi | lı эдгээд and с=2 . 45558 
| е п Aya ӨРТТЕН Биш 
Letting Эрэ we haye 
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Alef (0) © 


o|----2-- -- 


Ax, dx 


Fig. 45. ch at 5 2 
ду- 12, аа бау алы у, bw 
Also, dye f'(2dx— 2 dx. MR EA. 


Observe that Ay and dy are approximately equal; they differ 
in second and higher powers of dx. As dx takes smaller. and smaller 
values, this difference becomes smaller and smaller.,Fot,example,,. 

If dx—' 1, then in the above illustration 

Ay 1261, dy-Y2. 
jf dx="01, oc | 
Ay="120601, dy="12. 

The fact that when dx is small, the differential dy is an app- 
roximation to Ay is often used to calculate errors. The following 
examples will illustrate the method. 

Example 8. Find dy for.the function given by 

у=д—394-6х+7, when x=2 and dx= 0] у ai es. Багт 

Solution. Let у(х) =х1—3х%--6х+7, ee ery ek 


gii 


so that f (х)--428--6х4-6 (ЕЖЕ ! 
Now 222222 Фу f O а, do 
2 =(4а—6х+6)4х+ `7, 440) 
When © x—2 and dx="0!, (1) yields ЗА ^ 
dy--(4.22—6:24-6) зарин? 24) S bid 
==26:01= 26. з CR 


Example 9. Find the approximate value of EPE Be 
Solution. Let 70). S Тау ac en 
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When х--125, f(x)—(125)!/3— 5. 
We wish to find the value of f when 
қ х--123--125-2--125--(-2). 


Taking Ax=dx=—2, we have 
7(125--Ах)--/(125)--/ (125) . dx 
-341/7(25)) (72) -“(1) 
Since S (x)= 1. хээл, 
$0 that f'a25)- 1- (125)... 


From (1), we have | 
У(123)--54: Ж (-2-4974 (approx). 


Example 10. The radius of à sphere has been found to be 
10 ст by measurement. If there is a possible error of ‘01 стіп the 
measurement, find the possible error in the calculated volume. 


(Таке в=314). 7 ; 
3 ! 14:1 ич 
‘Solution. If r be the radius of the sphere and. V. be. its volume, 


then we know that- i PERT 110950. >; өзе 8) 55) | 
ACTA e лаб MAN 
Taking differentials of both sides of (1), we have 
dV-4nr? dr, P г; 
AX YAX 100301 cim, 
841256 08896101 їл tr 
5 EXERCISE4(d) 5: o + NERIS 
Find dy in terms of x and dx : NP Л 04441 13, 
Ti 151 позе? 
1. у=зд—3х+1. 2, 25150 ч 
E у= Qx- 1), 2222 4. yesinaxcos2x; ون‎ 
5. y=e* In (x—1). 6. Y=e73x cos 2x. 


Find dy for the values given for x and dx: 

7. у-х42х-1,х-2, dx—01.. | 

8. y= AGH) хээ, dx=:02, бё ш 
"ТУБ, а. O 
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Find the approximate value of : 

и. 4/6. 12. 34/126. 

13. (9971. 14; (1028, 1 оіан 

Find the approximate values of the volume and surfiice of. n= 

15. Acube of edge 10703 ст. И! "оё 

16. А sphere of radius 602 cm. 

17. The time-period T of a simple pendulum of length / is ‘given ‘by 
T=2nv (lg). 


If the length of a simple pendulum of period 4 seconds is 
increased by 4%, what is the percentage increase inthe period? 


18. Find the possible error in the area of a.circle whose circum- 
ference is measured as 112 cm with a possible: etror 01705 ст, 


19. The radius of a sphere is to be calculated by measuring its 
diameter, If the diameter can be measured to within 02, 
n is the maximum perio ge error in the volume calcu- 
ate 


10. А cubical box has an edge of шек 10 ст Ke a posible 
error of “1 cm. Find the possible error'in its volume.” 


46. TANGENTS AND NORMALS 

In this section we shall use derivatives ю find the equations 
of the tangent and normal to a given curye. 3 
461. Equation of the Tangent 

We know that if i is the angle which the tangent at any 
point (x, у) on the curve ЫШ, makes with the x-axis, then 

tan od zx. 

Therefore,’ the equation the tangent ; iat the paut % y) on 

the curve y=f(x) is "t : 
Ү-у-/! (x) (Х—х), 2 Du 

where (X, Y) are the current có-ordinates “ апу point on the tan- 
gent. 


Tangent to the curve өх, у-го), at the point ‘t’. 


At any point ‘t’ of the curve 5/10, ang at. "id oro, 
the slope of the tangent із iioa 
dy dy d 280) 
‘dx dt dx f ий 95114 80111160 
Hence the equation of the tangent to the curve 
х-/(0,у- (0) БАЛ 
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-at the point ‘£’ is 
ТҮ-(017/0)-4Х-4/016 (0. 
Example 11. Find the equation of the tangent «to the curve 
у=2х2—х2-4-3 at the point (1, 4). 


Solution. · Differentiating the relation. 
реа bi ua | 


throughout with respect to x, we have ; 
a dy = 3 Б 
1722 66-1. Әс 
At the point’ (1, 4), D 6.1 — 244; 
2. The slope of the tangent at (1, 4) 4; ^ 
Hence the equation of the tangent at (1, 4) is 
de E emen ° 1 mud о 
E E T ATAS саа 
quation of e „tangent to the cycloid 


or ил 59-01 
Example 12. Find the е, 
x=a(0+sin 0), у=а(1— соз 0) at the point ‘0. 
Solution. We have st | 
Babe i себе D O sin 0: 
r PEKE ni dy 4 46 bile cv " ii 
5 de МУГЖ i Temaon T 
e 
dO pdh 
DM 4. except when cos 0----1, 


4 =tan (0/2). 
(1.4) The slope of the:tangent at the point Osis 4ап (0/2); 
Hence the equation of the tangent at the point 0’ is 
у—а(1— сов 0) =(ап (0/2) ж-а(6 1-біп 0)}, 
гох sin (0/2)—y cos (0/2), ey. j : 
-а(0-віп 2) sin (0/2)-4(1--сов 9) сов 
x sin (8/2)—y. cos (0/2) =а0 sin (0/2), ot) 5. 
ight line xfa [Ы 2 touches 


(0/2), 


ог 
^ "Example 13. Prove that the sira 
RM (xla)" --(y]b)^ —2 at the point. (a, b), whatever be the value 
Solution. Since the point (a, b) lies on the curve 
ЖЕ EE) 


voy eda (lb), Tv 
(2) 


28 well as on the line “ӨВ 
$ xla+y|b=2, 
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we have only to show that the slope of the: tangent to (lat the 
point (а, b) is —b/a [the slope of п line (2)]; dais id the value 
of n. 


Differentiating (1) throughout a respect to x, we have, 


тауы, Û туву ag d 
ог vod s P C grt] pe 


The slope of the tangent at (a, b) is 
—(b/a) (аа (b]b)" 1 — —b/a. 
whatever be the value of л. 


Hence the curve (1) touches theline (2) at the point (a, l b, 
whatever be the value of n. 


EXERCISE 4 (e) 
l. Find the equation of the tangent to each of the ‚ following 
curves at the point (х, у): 
(i) xr y*rzgx2fytc-0 
(ii) x*[a3-- y? — 1. Ё 
(iii) x]a$—y*[D* —1. EA PH 
(iv) ape. ЗГ ab ОЛКЕ ИЛ t 
(у) »*=4ax. ару 


2. Find the equation of the tangent to each of the following 
curves at the point 9”: 


(i) x=a cos 0, y=b sin 0: 
{ (ii) x=a sec 0, y=6 tan 0. 
(iii) x=a cos? 0, y=a sin? Ө. 

(9) x=a(0— sin), jal соз 0). ^ "n roni 


3. Find the equation of the tangent to the curve 33)*— - 
the point (1, 1). Г id а а 


45 Find the points Оп curve у=(х= 1 х-224х-- —3) at ‘which the 
tangents are parallel to the axis of Ж; 


5. Prove that the line x/a+-y/b=1. touches’ the curve у= ее 
at the point where it crosses the axis of y. 4! 
I 


6. Find the equations of the tangents to the curve ba parallel 
to the line y=12x-++1. e n 


рл 


TU 


7. Find the condition that the line X cos іп a=; 
touch the ellipse x?/g?-I-y*/b?—1. em han tg 
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28 If the line.x соз aty sin a=p touches the curve 
cuia tl od эх: Tu (+ nitn-1) 1 
і СЕРУ = 

prove that (а соя а)"--(Б sin a)" —p". 


9. Show thatthe е? cos афу sin a=p touches the curve 
xm yn q"*^, provided 
p? ipt = (m) n)" qm соу" a sin a. 


10. Prove that all points of the curve y*=4af{x-+a sin (x/a)} at 
which the tangent is parallel to the axís of x lie on a parabola. 


462. Equations of the formal at a point 


The normal to a curve at a point is the straight line which 
Мый through the point and is perpendicular to the tangent to the 
curve at the point. 

To obtain the equation ОҒ the normal to the curve у /(х) 
2 point (x, y), we first find the slope of the normal If m be 
Nope of the normal, then 


so that т--і ГЕ- 
dx 
The normal being the line through (х, у) with slope т, its 


equation is 
Yo yt X=), 
if 2 à 


4 , ! 
ог 2 [A yi Bataan 9 .01) 
where (Х, Y) are the current co-ordinates of a point. 
aid Hence je equation of the normal at (x, y) to p curve y=f(x) 


The n ofthe normal a 
жыл, күн Ain БУ t any point.” on the, curve 


мг 7107 (11:27:07) (0-0, 

bola Example 14. Find the equation - om. normal to the hyper- 
Bev Gale 1 re 

at the point (a 42, b). 


My 


Ч 
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Solution. Differentiating the relation 
за 
М ЖАКИ 


gb 
throughout with respect to x, we have 


Та b dx 
dy Ж 
ог vide. азу 
The slope of the tangent at (a У2, Б) is 
BaJ/2 | bV2 
db ...4 
The slope “т” of the normal at (ау 2, b) is, therefore, given by 
by2 
m——=—1, 
a 
or т=— © 
(2724 


The equation of the normal at (a ¥2, b) is 
а 
у-ӛ-- 420-92), 


or ax4-b 4 2y —(a*4-b) 42. ) 
Example 15. Find (he equation of ihe normal to the curve 
у= which is parallel to the line t i (Is ' 
х--12у--1. 
Solution. Differentiating the relation y= x9 throughout with 
respect to x, we have 
d 


Мун 


4х 
The slope of the normal at (х, у) is 


oid on эй көз. 
dy ~ 3x2 f 
dx ч 


The normal is parallel to the line x+12y=1, provided” ` 


WOE aA ) T 
Зд 12 
ies; х=&2. 5 


The points on the given curve whose abscissae а: 
(2, 25) and (—2. (—2))), i.e., (2, 8) and (—2, —8). Эй ны 
The normal at (2, 8) is the line through this point parallel to. 
x+12y=1, E 
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i.e, (х-Е2) +12 (y—8)—0; : 
ie, х--12у-98--0. (1) 
Simiiaily, the equation of the normal at (—2, — 8), is 
(x-F2)--12 (y ¥8)=0; қ 
ie, x+12y+98—0. 442) 


From (1) and (2), we find that the given curve has two nor- 
mals parallel to x-| 12у==1, and their equations are 
х+12у498=0. 
EXERCISE 4 Cf) 
Find the equation of the normal at (x', у’) to each of the 


following curves : 


qox узага. 


l. 


(1) y?=4ax. 
2 
(iii) сд += 


x 
Uy c SAUCE Kis leu 
2. Find the equation of the normal à 
following curves + ` 
(4) x=a cos 0, УзР sin 0. 
as Gl). xa 866 @, y b tan 0... STA PaL er 
(i) x—a(-L-sin 0), у= a (1~ cos D) а oss “мэр 
(у) x=acos* 0, у=а sin? 0. ý i 
3.. Find the equation of the normal to the curve I 
y(x—2) (х--3) —x4- 17-50 ) 
at the point where it cuts the axis of x. 
4, Find the equation of the normal at (2, 2) to the curve 
‚ жу*е=32.! Шой уй qo vg "T 
5. um itne шч of the i in ы parallel to the line 
6. Find the condition that the line Ax--By—1 may be normal to 
the Gury Frere уы Font oils m fols 5: enian ed 
47. ROLLE’S* THEOREM AND LAGRANGE S MEAN 
“7 THEOREM Ed аво 
~~ We shall now discuss a simple, yet very important theorem 
2 known as Rolle's Theorem, which gives a set of sufficient ошон 


52 СҮ: АР, ROLLE (1652-1719). was a member of tl 
end Asien He contributed mostly to analytic geometry and 


t the point ‘0’ to each of the 


азе 


F iz y > 


1/ 


+5 
5, 
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under wliich the graph of a real function may havea tangent para- 
llel to the x-axis. А simple consequence of Rolle's theorem is 
Lagrange’s mean value theorem which has important applications 
some of which we shall discuss in the next section, 

Theorem 4:1. (Rolle's Theorem). Let f be a function defined 
onla, b] such that ar E o Pani 

(i) fis continuous on la} b]; f { Ын ib ti 

(i) f is:derivable оп Ja, bf; n 

(iii) |. £f (a) —f (5) Е 

Then there exists a real number с between а апа Б such that 
/' (с)=0. | 

We shall not give a proof of the above theorem but will con- 
finê ourselves only to its consequences. i боо 

Remark. Rolle’s theorem ensures the existence of at least 
one real number ¢ such thatf'(c)—0.. It does not say anything 
about the existence or otherwise of more than one such number. As 
we shall see in Example 20, for a given f, there may exist several 
numbers c such that f’ (c)= 0. 

Example 16. Verify the hypothesis айа conclusion | of Rolle's 
theorem for the function f defined: in [—-т/2, л/21 by setting 
f бў)= соз х. 11:91 

Solution. Неге we have f (x)=cos x. fg 

(i) The function f is continuous in [—x/2, 1/2]. 

(i) |. f^ (x) exists іп 1-2, л/21. 5 қостау 

(ій) /(-т/2)-0--/ («/2). : 

Therefore all the conditions in ‘the hypotheses of Rolle’s 
theorem are satisfied. j 

According to the conclusion of Rolle's theorem, we must have 
a ‘e in ]—n/2, x/2 | such that f’ (с)--0. This is indced the case, for 

(х) —sin x which vanishes “at |x = 0." Observe that hére с=0 
which lies in ]—x/2, т/2[, ! $ 

Example 17. Examine the validity of the hypotheses and the > 
conclusion of Rolles theorem in [— 1.1) for the function f defined. by 
f@= 1х1. { E a 

Solution. Obserye that 

(d). fis continuous in [—1, 1]... 4 бү Ме 

(b) /(—1)=1—1|=1. Ж Ў Ч 

f=) t=! БІРДІ 
so that f(—N=f (1). nt. 

(c) fis not derivable in 1-1, 1[in as much as 77 (x) does not 

exist at x=0, Ti He ) 


Ї 


nt 
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гн Thus all the hypotheses of Rolle's theorem are not satisfied, 
While two of them are satisfied, one of them is violated. 


н D x ifx 20 
Since | oe 0, 
therefore f' (х)= —1, if x«0 апа f’ (x)=1 if x>0. We find that 
7. (x) does not vanish anywhere on R, and therefore, in particular, 
it does not vanish anywhere in ] —1, 1[. 


Thus the conclusion of Rolle's theorem is not valid. 

ү Example 18. Prove that if ao, а1-..., аһ be real numbers such 
that 
Ч Har tte eo 

then there cxists at least one real number x between 0 апа 1 such that 
VAYA ox" ax” 14-70. 

нв Solution. Consider the function / defined on (0, 1] by setting 
i ) хн T т 

fea dy mre 0а, 

J satisfies all the hypotheses of Rolle's theorem. For 


(0 no f is a polynomial in x, and therefore it is continuous іп 
» Н 

Ю % Since every polynomial is derivable, therefore f” (x) exists 
in (0, 1[. 


(ш) /(0)-0. 
Also f= e bn pes St fan, 


=0 (given), 

sothat/(0)—f(1) ^ ) 
By Rolle's theorem f” (x) must vanish atleast once іп (0, 1]. 
Since f" (x)-—agx"--ayx? 1-4... Бап) ! ! 

it follows that we must һауе ї 

ul ах ал 14-24 Байт-0 7 

for some real number lying between 0 and 1, 

Example 19. Verify that the function f defined by f (x)=sin х 


satisfies all the hypotheses of Rolle’s theorem in (0, 2т] and show that 
f’ (x) vanishes twice in 10, 254. 


Solution. f satisfies all the hypotheses of Rolle’ i 
оаа £ ур 50 ae theorem in 
#00) віп жі continuous in |0,21, 
(i) sin x is derivable in (0, 2, 
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(iii) sin x has the value 0 at'x—0 and x=2r. Also, f' (x)= 
cos х Pi vanishes twice in ]0,2z[, namely when vs and 
x=3n/2 ) 


Geometrical significance of Rolle's theorem 
Interpreted geometrically, Rolle’s theorem says, that the curve 


Y 


Fig. 4'6. 


representing the graph of the function / must have a tangent parallel 
to x-axis, at least at one point between’ a and 5. 


Lagrange's mean value theorem 

One important consequence of Rolle's theorem is the follow- 
ing theorem due to. Lagrange (1736-1813) which is called Lagrange’ 8 
theorem. 

We shall state, the theorem without proof and discuss. its 
implications : 

Theorem 42. (Lagrange*s mean value theorem). Let, f ‘bea 
function defined on (а, b], such that 

(i) fis continuous on [a, b], and ,, 

(ii) fis derivable on Ja, Ы. 

Then there exists a real number c in |а, b[ such that 

f (b)-f (а) =(b—a) у" (с). 

From Lagrange’s theorem ‘we can deduce the following impor- 
tant corollary, 

Corollary. If fis d: 7 "ed and continuous on (а, b] and is 
derivable on Ja, Б, and if f^ (23) 0 Jor all: х in la, М, then cre ie 4 
constant value throughout (а, 2-7 


240 А TEXT-BOOK OF MATHEMATICS 


(Proof: Let с beany point of Ja, b]. Then 

G) fiscontinuous on [ac] ;: 3 

(i) fis derivable on Ja, cl. 

Since f satisfiesall thé conditions of “Lagrange’s mean. value 
theorem on [a, c]. Therefore, there exists a real number d beiwecn a 
and c such that ) 

7 с)--/(а)-(с--а) / (4). 
Since /” (х)--0 for all x in Ja, М, therefore, іп particular, 
* (d)=0 and consequently f (c)—/ (а) =0. Since с is any point of 
Ja, b], therefore, it follows that f (x)=/ (a) for all x in la, 5]. 

Hence f (x) has a constarit value throughout [a, 5]. 

Remark, The hypotheses of Lagrange's theorem cannot be 
weakened. To see this consider the following examples : 

1. Let be the function defined on [152] by setting 

| TOEA 
f (x)=x* whenever 1 < х<2; 
fQ=1. 

It can be easily seen that fis continuous as well as. derivable 
on Jl, 2[ but is not continuous at х=1 and at х=2. That is, the 
first of the two conditions is violated. 

JOSS HRY 
; Also, 1-3 ; 1, e 
/' (x)= 2x, whenever 1 >х<2, 
so that f’ (x) is positive for all x in ]!,2[. , 


uoi offhus ко С») for any xin 1, | ae 


Bs sty à ‘Let f be the function defined on [—1, 2] by setting 07 
v woe Ixl.foralxin[-L A : 
Here fis continuous on [—1, 2], and derivable at all points of 
1-41, 2[ except at x=0 (so that the second of the two conditions is 
ividlated). | \ X XC 205 


AL. —lifx€]10,' 
Nowf'G-[ хей? 
ake LOT Te dee 


2-(-1) 73 2 
-$o that foc» 5417 (x) for any x in 1—1, 2... 


2 


i _ Geometrical Interpretation of Lagrange’s theorem 
9221 Interpreted. geometrically, Lagranze's mean value theorem says 
(Big. 4:7) that the tangent to the graph of fat some suitable point 
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between a and b is parallel to the chord joining the points оп the 
graph with abscissae a and b. 


| 


Fig. 4°7. (а) 


Fig. 47. (9) 


Example 20. Find *с of Lagrange’s mean value theorem if 
/б)=җх—1)(х—2); a=0, b=}. 
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n $elutien. /(х--х(х-1)х--2). A Ten : 
. f(0-0,/(D—18—)0 G-22 1: > 5 0) 


Also, Jf'(x)2333—6x4-2. 
Putting а-0, b=}in 


f (b)—f (a)=(b—a) 77 (с), 


‘we have form (1) and (2), 


or 12с1--24с--5--0. 
: 365421: 
7» E Ло 
біпсе----- 6+. zu lies outside ]0, T therefore, this value of c has 


to be шуна. : 
` Hence the required value of c is (6— 421)/6. 
EXERCISE 4 (g) 
1. Verify the hypothesis and the conclusion of Rolle’s theorem 


for the function f defined on (а, b] in each of the following 
cases : 


(а) f (x)=, а=—1, b—1. 
(b) f (x) —x*—6x?--11x—6, а=1, b—3. 
(с) f (х) = cos x, а= —n|2, b—n|2. 
(4) f (x)=sin x, а--0, b—2s. 
2. ‘Verify Rolle's Theorem for the function f (x)— x?— 4x--3 in the 


` interval [1, 3]. (D.B.S.SC.E. 1985) 
3. Use Rolle's theorem to VEU с” such that f’ 4 =0{‹ = 


4. Verify Rolle's ооа for the function f (x)=si d 

the interval (0, т/2]. Ae sine ene in 
5, Verify Rolle's theorem for the function = 

the interval (0, 2x]. foem is E 
Verify Rolle's theorem for the function 
f (x)=sin 3x in (0, =]. (4.1.8.8.С.Б. 1987) 
Examine the validity of the hypotheses and the Conclusion of 


Rollé's theorem for the function f defined 
the following cases : шэг а e 


(а) f (x)= 1х1, a——1, b=]: 

(b) f à) 2-- (x— D? 5, a—0, b=2. 
(о) f Go mx, a1, b—5. 

(4) /(д--(х-2) Vx, а=0, b=2. 


м а 
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8, 


10. 


13. 


14. 


48. 


Verify the hypotheses and. conclusion\of Lagrange’ exea; value 
theorem for the function f defined» өр }[@}i 51 іпоевоћ оѓ the 
following cases : Ж 
(a) /(д--х, а----2, 5-1. Ба Б.Б осогнийл 
(b) f (x)=1/x, a=1, b=4, XXX REC AM 
(c) f (x)— x^ (n being a positive integer) , а----1, b=1. 
(4) f (x)=cos x, a=0, b=n/2. 9:5 Ut . 
Verify Lagrange’s mean value theorem for the function 

S (x) =2х2—3х+1, хЄП, 3]. (D.B.S.S.C.E, 1987) 
Verify Lagrange’s mean value theorem for the function j 

f (x)=2x7—10x4-29 | 

їп the interval (2, 7]. (4./.8.8.С.В. 1984) 


Verify the hypothesis and conclusion of Lagrange's mean yalue 


theorem for the function 


i 


ORES 

(4.1.8,8.С.Е. 1989) 
Use Lagrange’s mean value theorem to determine a pointP - 
on the curve y= ¥(x?—4) in the interval (2, 4] where the tan- 
gent is parallel to the chord joining the end-points of the 
curve. 6 жай (4.15 S.C.E. 1986) 
Find the number “с that appears in the conclusion of Lagrange’ 
mean value theorem in each of the following cased: D^ 
(a) f()933—2x43, a=, b= ° í 
(8) /(х)гг28, 4--1, b512" -> 
(с) f (x)=In х, a=1, b=1'1. 
(d) f()=In x, a=1, b=1+4+1/e. NO 
Examine the validity of the hypotheses and the conclusion of 
Lagrange's mean value theorem for the function / defined on 
Га, b] in each of the following cases : 
(а) f (x)= | x 1, a= —2, ӛ--1. 
(b) f x) ex, if x70, f (0)—0, a=—1, b=2. { 
(с) f (ху--х18, a=—1, b—1. 
(d) /(х)--14-х28, a=—8, b—1. 
INCREASING AND DECREASING FUNCTIONS AND 
SIGN OF THE DERIVATIVE | 
It 15 often possible to obtain valuable information about a 


function from a knowledge of the sign of the derivative. In the pre- 
sent section we shall see how the mean value theorem proves useful 
jn this context. We shall first recall a few definitions. 
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Pub. Délieitien on 43. A fuuction f defined оп an interval Iis said 
increasing in 1 4f (Хх) © f (X3). whenever 21, X, are іп I and 


- Definition 44. 4 function f defined in an interval 1 is said to 
be strictly increasing in 1 if f(x1) f(x») whenever xi, Ха are in I and 
ху. ma sd 393 

Figures 4.8(a) and 4.8(5) show graphs of an increasing functiom 
anda strictly increasing function respectively. 


ity ий © 
Fig. 4'8, р : 
54 Definition 45. А function f defined on an interval lis said to 
be decreasing in I if. Јо) fox) whenever Xy,xa are in I and х<х». | 
Definition 46. ч A function 1 defined on an interval І is said to 
be ишу decreasing in І if f(%1)> f(x) whenever ху, x are in I and 
X1« X. j 


Figures 4.9(a) and 4.9(5) show graphs of a decreasing function: 
and a strictly decreasing function respectively. е 


ЖА? : 50 SRE uu 


о а س‎ 
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Definition 4.7. A function is said to be-monotone in an interval 
d if it is either increasing in I or decreasing in 1. 

Definition 4.8. A function is said to be strictly monotone in an 
interval 1 if it is either strictly increasing in I or strictly Өзегін 
іп 1. 

Figures 4.8(a), 4.8(b), 4.9(а) and 4.9(b) show graphs of i2 
tions which are monotone in [a, b]. Figures 4. 8(5) апа М 9(5) show 
graphs of functions which are strictly monotone in [a, 5) 

Theorem 43. Iff is continuous en (а, b] and f (960 in Ja, bl, 
then f is increasing in |a, Б). 

Proof. Let x, and x, be any two distinct points of [a, b] such 
that x, «x, Then / satisfies the hypothesis of the mean value 
theorem іп |х, хз]. Therefore, there exists a number c such that 


х<с<х,, and 
Лха) Лоа) = Gg (0). 
Since x,—x,>Oand / (с) 0 (for f'(x) 20 whenever x is іп Ja, 
Ы and c is a point of Ja, М), therefore, 
Р) Ха) 20, 
i.e., fox) f(x). 
Since x, «xa f(x) (ха) for all хү, xg їп 46, 9), therefore it 
follows by definition 4,3 that f is increasing in (0, 5]. 
Theorem 44. Jf f is continuous on [a, b] and У (хууд in Ja; bi, 
then f is strictly increasing іп (а, b. 1 
Proof. Let ху and x, be any two distinct points of [a, b] such 
that x; & Xs. Then f satisfies the hypotheses of the mean value. 
theorem іп [x,, x,]. Therefore, there exists a uumber с ems that 
х\<с<х;, 


апа Лха) — fo) G3 — x Ce). 
^ Since xs—x1>0 and f'(c) » 0 (why 2), 
therefore, Јоха) —f 63)» 0. 


Since xı < xy f(x) </(хұ) for all x, and x, in (а, b], therefore. 
f is strictly increasing in (а, b] 

Theorem 45. If f is continuous on (а, b] and у(х) <0 in Ja, М, 
then f is decreasing in [a, b) 

Proof. Let us define a function g by setting 

g(x)=—f(x) for all x in [a, Б]. 
"Then g is continuous on [a, 5], and 
g'(x) —f'(3)20 in Ja, М. 
Therefore, by Theorem 4'3, the function g is increasing in 


Аа, b]. This means ‘that if x, and x, be any two distinct points of 
i a, Б} such that x, «x; then 
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3 g(x) <a), 
ке. SDK for), 
ie, ЕЗ» ЖЕЗ) 


Sines x, «xy fo) bfx») for all x, and x, in (а, b], therefore, 
fis decreasing in la, (259 2 

|, Theorem 46. If f is continuous оп (а, b] and £ (4<0 іп. ]а; Ы, 
then f is strictly decreasing in (а; b]. $ ; қ 

Proof, Let us define a function g by setting 

; 20(5)----ДХ) for all x in [a, Ь]. 

^: "Then ғ is continuous on (а, b] and 8/()----/() 50 for all x: 
in Ja, bl. Therefore, by Theorem 4:4, the function g is Strictly increa- 
sing іп [а,Ь]. This: means that if x, and x, be апу two distinct points. 
of fa, b] such that х<х,, then Е 


gx) SED, 
е, є) <); ! 
ie, fx) fx). 


Since x, «x, fx) 7» fix) for ай x, and x, in [a, b], therefore 
7 is strictly decreasing іп [a, 6) 


Remark. We have deduced theorems 4°5 and 46 from 
theorems 4*3 and 44 respectively. We couid as well have imitated the 
proofs of theorems 4:3 and 4'4 to prove theorems 4*5 and 46, 1 


Having read theorems 4:3 to 46, the reader might be wondering 
8519 what would happen if: the derivative of a function vanishes 
Over an interval. The situation is covered by the following (corollary 
to'theorem 42, page 240) which we state here for е sake “of 
completeness : А d 


If f is continuous опа, b] and derivable on la, bl, and if f'(x)=0 
. for all x in Ja, bf, then f has a constant value throughout [a, b]. 


The following table summarizes the results of the above 
theorems for a function f which is given to be continuous on [a, b]. 


Nature of f'(x) in Ja, bf Nature of f in [a, b] 
Ј6)20 f is increasing 
S(x)>0 fis strictly increasing 
LOL - fis decreasing 
f'(x)«0 Fis strictly decreasing 
f'(x)=0 fis constant : 


;Exasmaple 21. Show that the function f defined on R by 
2d Лођ = xt 622+ 12x—4 for ай x ER. - 
їз increasing in every interval. 


‘APPLICATIONS OF THE DERIVATIVE 247 


Solution. f(x)=x?—6x*+12x—4, 
f'()=3x2= 12x12 

ў =3(x—2)%, 

Thus f’(x)=0) when x=2, and / (х) » 0 when x2. 

Let c bé any real number less than 2. Then fis. continuous in: ў 
le, 2] and f(x)>0.in Je, 21. Consequently f is increasing іп (с, 21. 

22 Similarly f is increasing in every interval (2, d], where dis any 

real number greater than 2. : 


Р From the above results we find that f is increasing in every 
interval. Ум! : „оле! 


defaced ante 22. Separate the intervals in-which the шс S 
Лх) =х2— 6х%#+9х-+-1 for all x ER, 
is increasing or decreasing. 
Solution. /(х)-32-6х2--9х--1. 
22 Т(х)гг3382--12х-89, 
{ ==3(х—1) (Х--3), 
so that f (>0 whenever х<21, 
f'(x)=0 when x=1, 
/'(х)<0 whenever 1<x<3, 
У'(х) 20. whenever x53, 
f'(x) » 0 whenever x73. 

Since f"(x) » 0 ineach of the intervals 1--00, 1 | and ] 3, оо, and: 
since f is continuous everywhere, therefore it is strictly increasing in 
each of the intervals ]— co, 1] and [3, oof. : 

Also, since F(x) <0 in 11, 3[ and since f is continuous in [1, 3], 
therefore it is strictly decreasing іп (1, 3]. 
EXERCISE 4'(h) 
1. Show that the function /, defined on R by 
ЛДх)е-х24-3х2--3Х--8 for all x€ R 
is increasing in every interval. 
2. Show that the function f, defined on R by 
f()—9—12x-4-6x*—3 for all XER 
is decreasing in every interval. | 
3. Separate the intervals in which the function f, defined on: 


R by 
f(05233—15324-36x—7 for all x R 


is increasing or decreasing. 
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qt. 


13. 


14. 


a5. 
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Determine the intervals in the function f defined below is 
increasing or decreasing : 


. Ах) 2228 —24x--107. (А.1.8.8.С.Е., 1984) 
. Д(х)==х#++5х#—1. (D.B.S.S.C.E., 1984) 


f(x) x — 8x3 -22x1 — 24x - 21. (A.LS.S.C.E., 1984) 
Дх)= cos x, 0& x«2n. (D.B.S.S.C.E., 1985) 


. Дх) = 2x1—24x 45. (4.1.8.8.С.Е., 1985) 
. Лод--2х2--32--12х--6. (DBS S.C.E., 1986) 
. Show that the function 


)709)-28--6х24-15х--3 
is an increasing function for all x. (A.LS.S.C.E., 1988) 
Determine, for what values of x, the function 
Јо)=х*— = 


is increasing or decreasing. At what point is the tangent 
parallel to the x-axis. (D.B.S.S.C.E., 1986) 


12. Determine, for which values of х, the function 


f(x) —238—15x24-36x4- 1 is increasing 
and for which values it is decreasing. 


Also determine the points where the tangents to the graph of 
the function are parallel to the x-axis. (4.1.5.5.С.Е., 1986) 


Determine the intervals in which the function 
2 Xi—9x*-E15x--11 


is increasing or decreasing. Also find the points on the h 
at which the tangents are parallel to the 415) 58, 
(D.B.S.S.C.E., 1987) 


Determine, for which values of x, the function 
m cr 
Хд- xir 


is increasing, and for which values of x, itis decreasing. Find 
also the points at which the tangent is parallel to the x-axis. 
(A.LS.S.C.E., 1987) 


Determine the interyals in which the function 
Bue ven, 
{x)= 3t3-28 
is increasing or decreasing. At what points are the tangents to 


the graph of the function parallel to the x-axis ? 
(D.B S.S.C.E., 1988) 


APPLICATIONS OF THE DERIVATIVE 249 


49. MAXIMA AND MINIMA 


Consider the following functions : 
(а) f (х) =х°, for all xER 

(b) g(x)—x*, for all xER 

(с) h(x)=1/(1+22), for all x€ R 
(4) s(x)=sin x, for all x€ R 


„What can you say about the geeatest and least values of these 
functions ? Let us consider these functions one by one : 


(а) fis strictly increasing on R. It can take every real number 
asa value for some value of x. In other words, it has - 
neither a maximum value nor a minimum value. 


(b) g(x)>0 for айх € Rand g(0)—0. Thus the minimum 
. value of g is 0. It is attained when x=0. Also, since g(x) 
can be made as large as we please by taking x sufficiently 
large, therefore g does not attain any maximum. : 


(c) A(x)<1 for all x € Rand A(0)=1. Therefore the maxi- 
mum value of A is 1. It is attalned when x=1. Also, since 
h(x)>0 for all x Є Rand can be made as close to 0 as 
we please by taking h sufficiently large, therefore h does 
not attain any minimum. 

(d) Since —1 < s(x) «|, and s(—x/2)=—1, s(1/2)— 1, thero- 
fore s attains both a minimum as well as a maximum. 


Let us make the meaning of maximum and minimum values 
as used in the above illustrations precise by making the following 
definitions : 


Definition 49. А function f defined on an interval I із said 
40 dave a maximum value at x=c if с € Land f(x) S Хо) for all 
x € I. 


Definition 4:10. A function f defined on an interval 1 is said 
40 28 a minimum value at x—cifc Є Land f(x) 2 Ло) for all 
> ? 

Remark. The maximum value as described in def. 4'9 above 
is sometimes called an absolute maximum or a global maximum to 
distinguish it from local maximum to be introduced a little Jater 
іп this section. Similarly the minimum value as described in def. 410 
above is sometimes called an absolute minimum or a global minimum 
Зо distinguish it from /ocal minimum to be introduced a little later 
in this section. 


Example 23. Find the maximum and minimum values, in case 
ghey exist, for each of the following functions : 


(a) /09--2--2х-32 for all x ER 
(b) 2G) —31—6x—I7 for all x € В. 
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Solution. (a) Writing 2--2x—x*—3—(x—1)*, we find that 
f(x) < 3 for all x € R and f(1)—3. Since f(x) < f(1) for all x € R, 
therefore f has (an absolute) maximum at х= [, the maximum value 
being 3. Also,since f(x) сап be made less than any number what- 
ever by taking x sufficiently large, therefore f does not have any 
„minimum. > У 

(b) Writing x*—6x—17=(x—3)*—26, we find that g(x)>—26 
forall x € Rand g(3)=—26, Since g(x) > g(3) for all x € R, 
therefore g has (an absolute) minimum at x=3, the minimum value: 
being —26. Also, since g(x) can be made as large as we please by 
taking x sufficiently large, therefore g does not have any maximum. 


., Inthe above example we were able to examine the maxima/ 
minima of functions rather easily. This may not.always be so. ln. 
сазе we cannot decide about the maxima/minima of a function over 
an interval I by inspection, we proceed in a systematic way as 
follows: 7 

, Step 1. Separate the interval I over which we have to find the: 
maximum (resp. minimum) value of a function J into intervals over 
whith the function is increasing/decreasing. 

Step 2. (a) If /is increasing over an interval ]— оо, a] it does- 
not haye a minimum in this interval but has a maximum at x=a. 
1222110) If fis decreasing in 1— оо, a} it does not һауе a maximum 
in this interval but-has a minimum at x=a. 

w © Af is increasing in (а, b], then it, haşa minimum at x=a 
and maximum at x=. 

., „ If fis decreasing in (а, b], then it has a maximum at ха and. 
minimum at x=b, 

(d) If Fis increasing in |), of, then it has a minimum at 
х=} but no maximum. 


117 18 decreasing іп [, сс, then it һаб а maximum at x=b 
but no mininum. 
. 4, Step 3. The absolute maximum (resp. minimum) of f over I 
is the largest (resp. smallest) of all the maxima (resp. minima) of 
fover the various sub-intervals obtained in step 1, Iff does: not 
,hàvean absolute maximum (resp. minimum) over any one ofthe 
sub-intervals, then itdoes not havean absolute maximum (resp. 
minimum) over I. 
? Example 24. Find the absolute maximum and minimum of the 
Junction f defined by : 

Д)=2х%—0;4-Е12х-120 
(а) over R. (6) in the interval [~3, 31. 
Solution, Step 1. f(3)—2x3—952-L12x-120 : 
РО) = 6x? = 18-4125 6(x—1)(x—2) ` 
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so that °` У(х)»0 | whenever x«1, 

f'G0-0 when x=1 

/'(Х)<0 whenever 1<х<2 

S'(x)=0 whenever x=2 

/'(х)>0 whenever x>2 

Since f'(x) >0.i in each of the intervals [— ос, 1Г and |2, өс and: 

sidce f is continuous everywhere, реше Sis strictly increasing in 
each of the intervals!]— o», 1] and (2, со 


Also, since f(x) «0 in ]1, 2[ and) since f is continuous in 11:21, 
therefore / is strictly decreasing іп (1, 2]. 


Step 2. Since fis strictly increasing in ]— oo, 1], therefore it 
does not have a minimum in this interval. 


Also, since fis strictly increasing in (2, оі; therefore it does. 
not have a maximum in this interval. 


Step 3. / does not have an absolute maximum or an минээ 
minimum over R. 


(b) Step 1. Using the calculations in step 1 of (a) above and: 
considering only the interval 1-3, 3, we find that/ is strictly 
increasing in each of the ЖЕНЕ, 3, 1], and (2, 3], and is strictly 
decreasing in the interval (1, 2]. 


3 -1 0 1 2 3 
Fig. 4:10. 


Step 2. Since / is strictly increasing in [— 3, 1], therefore 

the minimum value of fin [—3, 1]=/(—3), } “(АР 
and the maximum value of fin [—3, 1]—f(1), 

Since f is strictly decreasing in ГІ, 2], therefore 

the minimum value of fin [1, 21-4/(2), (B) 
and the maximum value of fin [1, 2]=/(1). 

Again, since / 15 strictly increasing in [2, 3], therefore 

the minimum value of f in (2, 3]—/(2) ] "NC 

the maximum value of fin [2, 3]—/13) 

Step 3. From (A), (B) and (C) above, we find that the mini- 
mum value of f is the smallest of the numbers f(—3) and /(2). 

Since 0—3) =2(—3)2—9(—3)24-12(—3)--20= —151, 

Л2)=2(2)2—9(2)24+12(2)%+20=24, 

it follows that f has an absolute minimum at х----3 and the mini- 
mum value is —151. 
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Again, from (A), (B) and (C) above, we find that the maximum 
value of f is the biggest of the numbers /(1) and f). 

Since f(1)—2(3)'—9(1)*4-12(1)4-20—25, 

(3) —2(39 —9(3)*--12(3) 4-20—29, 
therefore f has an absolute maximum at x=3 and the maximam 
"value is 29, 1 
: Remark. In view of the above discussion we have the follow- 
ing rule for finding the absolute minimum/maximum of a differenti- 
able function f over a closed and bounded interval [a, 5]; 

If f is differentiable оп (а, b], and су, c,,-..,cs are the zeros о of f" 

dying in (а, b], then the absolute minimum of f over [a, b] is 
min. ( f(a), flc),+++, fen), f(b)), 
«and the absolute maximum of. f over [a, b] is 
1 max. { f(a), Га)... f(en), f(b)). 
Example 25. Find the absolute minimum and maximum of the 
Junction f defined by 
f(x) 9 335—25x54-60x-1-15 
іп the interval [—1, 3]. t 
,, Solution. Since f is a polynomial function, therefore it is 
‘differentiable on every interval, and in particular over [—#, 3]. 
7/(9)--15х5--75х3--60, 
z:15(x4-2)(x-- 1)(x— 1)(x—2). 
... The zeros of f'(x) are —2, —1, 1, 2 out of which —1, 1 and 2 
lie in [—$, 3]. 
Now f(—3)=3(—3)§—25(—3)?+-60(— 8) -- 15— —429/32 
f(—1)—3(—1)—25(—1)*4-60(—1)--15-—23 : 
Л0)-3(18--25(1)-4-60(1)--15--53 
f(2)-3(2)5—25(2)*-60(2)--15—31 
/(3)—3(3)5—25(3)* -- 60(3) 4-152249 

Comparing all the above values we find thatf(—1) is the 
smallest and /(3) is the biggest. 

Thus f has an absolute minimum at х=—1 and absolute 
maximum at х--3, The values at these points are —23 and 249 
respectively. 

EXERCISE 4 (i) 

For each of the following functions find the points at which 

the function has an absolute minimum and absolute maximum 

in the indicated interval : 
1. f(x)=4—-7x+6, 10, 6]. 
2. /(х=3-+2х—1, [—5,5] 
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Лд=х°—3х+1, 1—4, 41. 
Јо)= 3х2—4х--1, - [71,1]. 
Л) = 4х4 44+? —x+1, |2,21. 


Find the absolute maximum and absolute minimum for the 
function 


олы 


(х) = 325-—25х2--60х--1 іл [—2, 1]. 


7. Examine the function f defined by f(x)—223—6x*4-5 for all 
x Є В, for absolue maximum and minimum over В. 


491. Local maxima and minima 


Consider the function f defined by 
f(x)+x*—-3x°+2 for all х € В. 
This function does not possess an absolute maximum or absolute: 
minimum over R. However, 


S'(x)=3x*—6x=32(x—2), 
so that f'(x) vanishes at x—0 and х=2. 


Also f’(x)>0 if x < 0 and f'(x)<0 if 0< х < 2. This means 
that if we take a small interval around the point 0, say 1-4, 4, 
thenin this interval f(x) < f(2), ie,fhas a maximum-at x=0 so 
far as this interval is concerned. | 

Similarly, f(x) < 0 if O< x <2 апа/'(х):>0 ifx> 2.' 
This means that if we take a small interval around the point x=2, 
say 15, ?[, then in this interval f(x) > f(2), Le., fhasa minimum at 
х==2 so far ав this interval is concerned. We say that f has a /оса! 
maximum at x=0 and a local minimum at x=2, ; 


[Note that there is nothing special either about the interval]— 
3, #[ or about the interval |, 4. 


What we are concerned about are some interval around x=0 
and some interval around x=} howsoever small these intervals may 
be. We shall now try to make precise the meaning of local maxima 
and local minima. 


Definition 411. A function f is said to have a local maximum 
at a point X=c, if in some interval I containing c, f(x) < fie) for all 
x € I. 


Definition 412. A function f is said to have a local minimum 
ata point x—c, if for some interval I containing c, f(x) > f(c) for 
all x € I. 


Remark. If f has either а local maximum ora local mini- 
mum at x=c, then we say that f has an extreme value or extremum 
atx=c. While a function has at the most only one absolute maxi- 
mum value and at the most only one absolute minimum value, it 
may have several local maxima and several local minima. 
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If a function has a local maximum at a point с, then at points 
-close to c its graph isas shown in Fig. 411, f(x) > 0 for values 
-of x close to с but less than it, and /'(х) < 0 for values of x close 


to c but greater than it. This Suggests that / (с) must be zero. 


Fig. 4:11, 


If a function hag a local minimum at a point c, 
close to с its graph ig as shown in Fig. 4312. f'(x) < 0 for values 
of x close to c but less than it, and f'(x) > 0 for valucs of x close 
'to.c but greater than it. This suggests that f'(c) must be zero. 


Y 


Fig. 4:12. 
492. A necessary condition for 
values of а derivable function 


In view of the above discussion, we give below 
-a necessary condition for a derivable function to ha 


the existence of extreme 


(without proof) 


i уе extr 
‘value at a point x=¢, an extreme 


then at points 
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Theorem 47. . Let f be a function defined on ап open, interval 
I and let f be derivable atc € І. If f has ап extreme value at c, then 
/"(с)=0, : 

Remarks 1. The above theorem says that if a function is 
«derivable at a point, then it can have an extreme value at. that point 
only if its derivative at that point vanishes, А. function may, 
‘however, have an extremum at a point without. having a derivative 
at that point. For example, let / Бе the function defined on R by 
setting 


f(x)=x?!? for all хЄВ. fis not derivable at x—0, but it hag 
a minimum value at x=0. 3 


Fig. 4:13, 


2. The condition f’ (с)=0 in Theorem 47 for the existence 
of an extreme value is only necessary. There exist functions for 
which this condition is satisfied but which do not have an extremum 
at x—c. For example, let f be the function defined on R by 
setting 

f (x)= for all хев, 


Неге /” (0)=0 but /-4оев not һауе an extreme value at x=0- 
(see Fig. 4°13), 


3. If f’ (x)=0 at x=c, then we say that x=c is a stationary 
point for f. Also, f' (с) is then said to be a stationary value of f. 


4. In view of the above theorem, we find that if a function ^ 
‘has an exterme value at a point x=c, then either fis not derivable 
at x=c, of f’ (c)—0. Therefore, in order to investigate the maxima 
-and minima of a function f, we have to first find out the values of 
x for which either f'(x) does not exist, or if f'(x) exists, then it 
vanishes, (These values are generally called the critical values for the 
function f.) We then examine as to for which of these values does 
the function actually have a maximum-or a minimum, 
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4:93. Sufficient conditions for the existence of extreme values 
In the following theorems we give without proof two sets of 
sufficient conditions for the existence of extreme values. 
Theorem 48. (First derivative test) 
Let f be derivable on an open interval 1 and let f'(c)—0 at some 


point cel. 17 f'(x) changes sign from positive to negative (resp. 
negative 10 positive) as x passes through с, then f has a maximum 


(resp. minimum) at х=с. 
Example 26. Show that the function f, defined by 
f G0oxi— 5x 4-533— 1 for all x€R, 
has а maximum value when x=1, a minimum value. when x=3 and 
neither when х--0. « 

Solution. Here / (х) = —5х*--5х2—1, ¥x€R. 

S'(x)=5x4*—2029 + 157, У хЄК. 
=5x%(x—1) (x—3), ухев. 

Since f is derivable for all x€R and since f'(x)—0 when x=0, 
1, 8, therefore, the critical values are 0, 1 and 3. 

Now /(х)>0, when х<0, 

/'(х)=0, when x=0, 

f'(x)>9, when 0<х<1, 

f'(x)=0, when x=1, 7 
f'(x)<0, when 1<х<3, 

Год-0% when x=3, 

f'(x)>0, when x23. 

Here f(x) has the same sign for all хіп ]—1, 0170, Ц, and 
consequently f has neither а maximum value nor a minimum value 
at x=0. 
Since f (x) changes sign from Positive to negative as x passes. 
through 1, therefore f has a maximum value at x—1. 

Again, since f'(x) changes sign from negative to positive as x 
passes through 3, therefore f has a maximum value at x=3, 

Example 27. Given n real numbers di, d», di 
value of x yr which the sum эс варто indi the 


n 
E (x-a) 
i-1 


is à minimum. 
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Solution. Let us define a function f by setting 


n 
if mei. (x—aiy for all x€R. 


n n 
Then Zo. aS E ai=2n(x—a), 


where @=(a;-++a,+...4-an)/n is the arithmetic mean of the numbers 
01, 7, ав. 


Also, fi"(x)=2n 


Since f'(x) exists for all x€R, therefore the critical values of 
x are given by f’(x)=0: Since f'(x)—«-x—à, therefore, the only 
critical value of x is.à. 


Also f'(a) —2n, which is positive. 
Hence f has а minimum at x—à, 


% 


п 
Thus the sum Ox (х--а() is a minimum when x=4, 
: әш 


49:4, Second derivative test 


Sometimes it is not easy to check whether f’(x) changes sign as 
x passes through a critical value c. In such situations we use another 
test, which. we give below. without proof : 1, : 1 
Theorem 4'9. (Second derivative test). 


Let f be differentiable, on an open-interval I, and let /'(с)=0. 
for some сЄГ. If (i) f"(c)<0 then f has a local maximum ‘at x—c 
(ii) f"(c)>0; then у has a-local minimum at х= c. ж 

Remark. It is not possible to draw any conclusion regarding 
the maximum or minimum values of a function at a point x=c if 
f' (c)=0 and f "(с)=0.) Foriexample, 

(i) Let f be the function defined on R-by setting (x)—x? for 
all x€R. Here /'(0)=0=7"(0), and the function has neither a 
maximum nor a minimum at х=0, - 

(i) Let f bethe function defined оп R by setting {=x 
for allx€R. Here f'(0)—0; /50)--0 and the function has a minimum 
at x=0. ў 

(iii) Let f be the function defined on R by setting /(х)=—х* 
for all x€R. Here /7(0)--0--/7(0), and the function has a maximum 
at x0. ^ 


If f'(c)=0, /(-0, we may try to. apply the first derivative 
est. os 


Example 28. Find the values ох for which the function f, 
defined by к: 
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S (x)=12x*— 45 +40x3+ 6 for all хЄВ. 
has a local maximum or a local minimum. , 
Solution. Here f (x)—12x5—45x*--402?--6, for all xeR 
Ј' (х) =60х*—180х3-+-12022, 
= бох х-1) (x—2). 
ЖЕ?) =240x*—540x?-+-240x, 
«-60х(4х3-9х--4). 
Since fis derivable for all x€R, and since / (х)--0 when x=0, 1, 2, 
therefore the critical values are 0, 1, and 2. 
‚ Now /'(0)—0, f '(1)—60, f"(2)=240. 
Since f (1)--0, f"(1) «0, therefore f has а local maximum at 
x=1, 
Again, since f'(2)—0, /"(2)>0, therefore f has a local 
minimum at x—2. 
495, Application of maxima-minima to problems 
We shall now illustrate the application of maxima and minima 
to solution of problems by means of examples. 


Example 29, А rectangular box with a square base and open at 
the top is то be made from a piece of card-board having area 192 ст, 
What should be the dimensions of the box so that the volume of the 
box may be maximum possible? (There is to be no wastage and the 
entire piece of card-board 1s used.) 


Solution. Let the length of each side of the square base be 
x cm, and let the height of the box be y cm. 


The total surface area of the box 
area of the Базе--агеа of the four side-faces 
==x2-4-4xy=192 (given) 


У ax IK У eo) 
Also, the volume V of the box, is given by 
48 
vestes ($ ) by п 


1 Y ! 
—48x—,-*. | (2) 
Differentiating both sides of (2), we have 
dv 3 ay 3 4 
"dx 48 F 22) de E х. (3) 
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From (3), we find that 
LAL БА өрг He 
dx =0>48 45 0, 
ог = 64, so that x= +8. 
Now x cannot be negative, therefore x=8, 


Then =. se—12«9. Since TY «0, therefore V is 
maximum, 


From (1), we find that when x8, у--4. 


Thus, for the volume to be maximum, length of each side of 
the base must be 8 cm, and height must be 4 ст, ` 


Example 30. A can in the form of a closed right circular 


cylinder is to be made of sheet metal, to һауе capacity V. — Find hv ight 


of the can ond the diameter of its base so that the metal има пау be 
a minimum. 


Solution. Let r be the radius of the base, ^ the height, and S 
the total surface area of the can. 


Then V=rr*h, 


501) 
S=2er?-+-2nrhk: (2) 
Since V is given, we may express A and S as functions of r in 
the form ; 
h=V/(ne*), 
S=2nr2+2¥. (3) 
We have to minimize S. 
Differentiating (3) w.r.t, г, we have І 
48 аа 2], E 
If S has an extremum, dS/dr=0, 
which yields 
r=[V/(2n)}, 


458 
Also, ЫА а 
which is always positive. ae 


- . Therefore S is a minimum when r=[V/(Qn)}, and then 
Л (тг?) = 2r. ` 


Thus the diameter of the base of the can must be (4\/д)!? and 
its height must be equal to its diameter. 
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EXERCISE 4 (j) 

Find the local maxima and minima of each оГ the following 
functions : 

1. Дх)=(х—1)(х—2)(х—3). (4.1.8.8.С.Е. 1988) 

2. f(x)92239—212?4-36x—20. (4.1.8.8.С.Е. 1984) 

3. f()-——x42sin x, 0€ x«2z. (A.LS.S.C.E. 1984) 

24: Дх) =віа 2x—x, —x/2«x« n2. (D.B.S.S.C.E. 1984) 

5. f(x)=2 cos хх, ОК x&v. (4.I.S.S.C.E. 1987) 


6. f(x)=sin x+} cos 2x, 0<х<л/2. 
17. Investigate the maximum and minimum values of the function 
J, defined by 
Д(х)==ә?—12х°-Е45х for all хЄ(0, 7]. 
8. “Determine the values of x for which the function /; defined by 
; Д\х)=1245—45х4--40л9--6, for all XER. 
attains a (7) maximum value (ij) a minimum value. 
9. The sum of two numbers is24. Find the numbers so that 


their product is maximum. ~ (D.B.S.S.C.E. 1987) 
10.. The product of two numbers is 256, Find the numbers so that 
their sum is least. 
11. The sum of two numbers is 160. If the sum of thrice the 
square of the first and twice the square of the second is a 
minimum, find the numbers. 


12. Find the dimensions of the rectangle ОГ area 96 cm? 
perimeter is the least. Find also its perimeter. 

à : (D.B.S.S C.E. 1986). 

13. A rectangle has a given perimeter of-40 em. What should be 

its dimensions so that its area may be maximum ? 

14. A figure consists of a semi-citcle with a rectangle on its. 


diameter. Given that the perimeter of i 
find the dimensions of i fede a iue ps ote Ч ү 


maximum. (4..S.S.C.E. 1986) 
15. The sum of the perimeters ofa circle and a square is 300 

Show that when the sum of the areas is minimut аш. 

the square is double the radius of the Ше et баавай of 
16. А closed right circular cylinder has аг surfa 

What should be its radius and height so cate pig ца. заг 


possible volume 77 
17. A right circular cone is such that t its diam 
а енен Fd д ОД volume, 48: diameter and 


whose- 
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fs. 
19. 
20, 
21. 
22. 


23. 


24, 


to 
л 


26. 


21, 


28. 


29. 


30. 


ЗЫ 


Show that of all rectangles of given area, the square has. the. 
smallest perimeter. 1 


Show that of all rectangles baving a given perimeter, the 
square has the largest area. (D.B S.S C.E, 1985) 


Show that rectangle of maximum area that can be inscribed in 
a given circle is a Square. 3 


Show that rectangle of maximum perimeter. which сап be 
inscribed іп a circle of radius a is a square of side 24/2. 


Proye that the least perimeter of an isosceles triangle in which 
а circle of radius г can be inscribed is 64/37. 


The sum of the lengths of the hypotenuse and another side;-of. 
aright angled triangleis given. Prove that the area of the 
triangle is a maximum when the angle between the hypotenuse 
and the given side is 1/3. Ч қ 


Show that the height of ‘an open right circular cylinder ог 
кк 98] surface and greatest Volume is equal to the radius 
of its base. 4 


Show that the radius ‘ofthe right circular cylinder of greatesr 
curved surface which can be inscribed ina рїүеп тїрї circulat 
cone is half that.of the cone. MO HN 
Show that the “altitude of a’ripht círcülar done Of maximum 
volume which can'be inscribed is She of NS ГА ^ 
Find the altitude of a right circular cope of /maximum ‘curved 
surface which сап be inscribed їп а sphere of radius ғ. du 
(A.LS.S.C.E., 1989) 


Show, that the altitude .of a right circular.cone of minimum 
volume circumscribed about a sphere of radius ^is 4r, and its . 
semi-vertical angle issih}. ! 

Show that the semi-vertical angle of the cone of maximum 
volume and given slant height is tan 4/2: Ў & 
Given the ‘total surface of a right circular ‘cone, show, that. 
when the volume of the cone is maximum then the semi- 
vertical angle is sin}. : NE sins 

Show that the right circular cone of least curved surface amd 
given volume has an altitude equal to 2 times the radius of 
the base. 


410. CURVE SKETCHING 


In the second chapter we bad studied the graphs of some real 


functions. We had seen how considerations of symmetry, be- 
haviour of the function for small values of x as also for large values 
of x, and intersection of the graph with the axes of co-ordinates can 


prove helpful for sketching the graph. 
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Having learnt some elements of differential calculus in the 
preceding chapter, we have seen how the concept of the derivative 
сап be used (/. to separate intervals in which a function is increas- 
ing or decreasing, (ii) to.determine the maxima and minima of a 
function, and (й) to determine the equations, of the tangent and 
normal to a curve. We shall now try to see as to how we can use 
this information to sketch a curve which represents the graph of a 
given function. 


While’ our main emphasis in this section will be on learning 
the use of ‘derivatives for sketching of curves, for the sake of com- 
pleteness. We shall enumerate’ the various points that we should 
consider while trying to` sketch a curve. This will enable us to 


consolidate the knowledge acquired. so far in the matter of curve- 
sketching. 
4 


, Sometimes the equation of a curve is given in implicit form as 
fX, y) —0 instead of the form y=F(x). Since the explicit form 
у=Ё(х) can always be put as f(x, y)=y—F(x)=0, therefore we shall. 
consider f(x, y)=0 in our discussion. 


In order to trace a curve whose equation is of the form 
f(x, 3)—0, examination of the following facts is often useful : 


7221. Symmetries, (а) A curve f(x, у)--0 is said to be sym- 
metrical with respect to the x-axis if (x, —y) is also a point on the 
graph whenever (х, y) is a point on it, .e., f(x, --у)--0-> f(x, у)==0, 
Le, if its equation remains unaltered when y is replaced by — 
throughout. Such a symmetry is often called reflective symmetry. 
about the x-axis: because the portion of the graph below the x-axis 
is the reflection in the x-axis of the portion of the graph above the 
axis, 


"Jf a curve is symmetrical with respect to the x-axis, it is enough 
-to first sketch the portion of the graph above the x-axis (Le, in the 
first and the second quadrants), апа then'sketch its reflection in the 
x-axis, : ў 
(b) А curve f(x, у) = 0:15 said to be symmetrical: with respect 
to the y-axis if (=x, у) is also.a point on the graph whenever (x, y) 
is à point on it, 12, f(—x, y)—0«f(x, y)—0, Le. if its equation 
remains unaltered when x is replaced by. —x throughout. Sucha 
symmetry is called reflective symmetry about the y-axis because the 
portion of the graph to the left of the x-axis is the reflection in the 
y-axis of the portion of the graph to the Tight of the y-axis. 
if а curve 15 symmetrical with respect to the y-axis, it is enough 
to first sketch the portion of the graph to the right of the y-axis (i.e., 
Р the T and the fourth quadrants), and then sketch its reflection in 
the y-axis. 


(с) If a curve is symmetrical with respect- tO both the axes, 
then, it is enough to first sketch the portion of the graph in the first 
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quadrant, and then take its reflection in the y-axis to get the portion of 
the graph in the second quadrant. To complete the graph, we take the 
reflections in the x-axis of the portions of ‘the graph іп the first and 
the second quadrants. 

(d) A curve is said to be ‘symmetrical with respect to the 
origin if (=x, —y) is also a point on the graph whenever (x, y) is a 
point on it, ie, if f(—x, —y)—0efíx, y)=0, ie., if its equation 
remains unaltered when x is replaced by —x and у is replaced by 
—y throughout. Such asymmetry is often called rotational sym- 
metry about the origin because if a curve has this type of symmetry, 
then the portion of the graph in the third (resp. fourth) quadrant 
can be obtained by rotating’ the portion of the graph in the first 
(resp. second) quadrant through an angle of 180° about the origin. 


(е): A curve f(x, y)=0 is said’ to be symmetrical with respect 
to the line y=x if (y, x) is also a point on thé graph whenever (х, y) 
is a point on the graph, ie., if f(y, x)—-0«f(x, y)—0. 1/а curve 18% 
symmetrical with respect to the line yx, itis enough to sketch the 
portion of the graph on one side of the line y=x and then complete 
the graph by taking the reflection of this portion in the line y =x. 
Illustrations sa 


„1. Thecurve )!-х-0 is symmetrical with respect to the 
x-axis. 
222 The curve ‘p2x*=0' is symmetrical with respect to the 
y-axis: ) EAE | 4 4 

3. Тһе curve x*y*=a*x?-+-b2y* is symmetri cal with respect, to 
both the axes. | : (2 ^ 

4. The curve y= is symmetrical -with respect to the origin. 

5. The curve >2--у?-Заху is symmetrical with respect to: the 
line y=x. - 4 YT 

2. Quadrants, Sometimes it» is possible to see that graph 
lies іп certain quadrants only, and that no рат оГ the graph lies in 
certain other quadrants. For example, (i) no portion of the graph 
of the curve y(4—x)=x* can lie im the second and the third 
quadrants. (Observe that if x«0, then y*<0, which is not 
possible). '' \ : 

(ii) “Мо portion of the graph of the сітуе 3 -уб--4ху can 
lie in the second and the fourth quadrants (Observe that xj)“ 20 
for all values of x, y so that 4xy can never be negative, i.¢.,X and у 
cannot be of opposite signs). 

3. Range and Domain. The permissible values of xand у 
can often be seen. For example, (/) Consider the curve 
у%20—х) =, a>0. Бог this curve, y*—3*/(2a — х), or 
y=+x{x/(2a—x)}""". It is obvious that we cannot have x>2a or 
x<0. Therefore the graph must lie in the region bounded by the 
lines x=0 and х=24. ! 


у 
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(4) Consider the curve y(1--x?)—1. For this curve, 


y=1/(1+x). It is obvious that, whatever x may be, y>0 and 
y<!. Thus the graph must lie in the region bounded by the lines 
y=0 and у=1. 

4. Points of intersection with the axes of co-ordinates. 
It is useful to find the points at which the graph of the curve 
f(x, y)=0 intersects the axes of co-ordinates. 


7 To find the points on the x-axis, solve f(x, у)--0 and у--0 
together. 


To find the points. on the y-axis, solve f(x, у)--0 and x=0 
together. 


The points onthe graph lying on the axes of co-ordinates act 
as gates through’ which ‘the graph enters from) one quadrant: to 
another. It is useful to find the equations of the tangents to the 
curve at these points, (Remember that the equation of the tan- 
gent(s) to the curve at the origin can be obtained by equating to 
zero the lowest degree terms in the equation of the curve). 


5. Discontinuities. Find the values of x (if any) which give 
discontinuities. Find the behaviour of the curve near the points of 
discontinuity. à: 

6. Shape of the curve near the origin. lf the curve-passes 
‘through the origin, the shape of the curve near the origin can be 
obtained by retaining only the most predominant terms and drop- 
ping out the other terms, For example, consider the curve 
у= х?-+-249—2х%. The curve passes through the origin. For small 
values of x, x?--2x9— 3x9z2x", so that the curve approximates to the 
parabola y==x* in the neighbourhood of the origin. 


7. Behaviour forlarge x. The approximate shape ofthe 
curve for large values of x сап be obtained by retaining the terms 
involving the highest power of x. 


_ 8. Minima and Maxima, Examine the curve for critical 
points (by equating dy/dx to zero). For each critical point find 
whether the curve has a maximum or a minimum there. 

9. Variation of y with respect to x. If it is possible to 
solve the equation of the curve for y in terms of x, do so, and by 
examining the sign of dy/dx find in ]— co, co[ the intervals in which 
У is increasing or decreasing. This step is often very important. 

10. Intuition and Experience 18 the most helpful guide for 
sketching graphs of curves. Опе may collect ай the information 


detailed out in 1—9 above and yet may not be able to sketch the 
graph if one does not intelligently apply one's common sense. 


On the other hand, all the information asked for in 1—9 above 
may not actually be necessary in every case. Intuition will often 
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tell us whether the information gathered upto a certain ‘stage is 
enough for tracing a curve, or whether some more information is 


necessary. 


The following examples will give us some experience of curve 
tracing and will enable us to handle the curves given in the problems 
(ог encountered elsewhere) successfully. 


Example 31. Trace the curve у=, 


Solution, t 
1. Since the equation of the curve, remains unchanged when 
x is changed to —x and y is changed to —y, therefore the curve is 
‘symmetrical about the origin. There are no other symmetries. 
2. If x>0, then y>>0, and if x<0, then y «0. Therefore the 
graph of the curve lies in the first and the third quadrants only. ) 
3. For each ХЄВ, у is real. Therefore the domain of the 
function y=x* is R. x iUt 
4. The curve meets the axes of co-ordinates at the origin 
only. ( 
5. The'tangent at the origin is у-<0. 
6. dyldx=3x2. ‘Since dy/dx vanishes at x=0 only, but does 
not change sign as x passes through 0, therefore у. does not possess 
апу extreme values. | К 


Fig. 414. 


7. Since dy/dx>0 in ]— 9, 0| as also in 10,1, therefore y is 
trictly increasing in ]— co, 0] as well as in (0, cof, i.e. in 1— 90, Ol, 
8. The tangent at (0, 0) is the line y=0. 
9, y>—0 as x>— co, and у->:- as х->>:-9. ; 
The graph of the curve is easily seen to be as shown in 
Fig. 4.14. 
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Example 32. Trace the curve уо). 
Solution. 
1. The curve does not possess any Зэс 


2. If x<3, then у2<0. Та particular, no portion of the сон 
lies їп the second quadrant. 

3. The curve meets the x-axis at points given by х--0, 3 ie. 
at (0, 0), (3, 0). It meets the y-axis only at the origin. 


4. The tangent at the origin % 
is fhe line y=0, Since у < 0 for 
small values of x, therefore it 
follows that the shape of the 
graph in the „neighbourhood of 
the origin’ is as shown in 
Fig. 415. 22: a 


5. ipt (x—2). 


Since dy/dx > 0 when 
x « 0, therefore, y is increasing 
in І-с, 0]. Fig. 4:15. 

` Since dy/dx <,0 in 10; 21, therefore yis decreasing in (0, 2]. 
^ rig since dy/dx > 0 if хо» 2, therefore у is increasing im 
12, 00 

Also, y has a maximum at (0, 0) and a minimum at (2, —4). 

6. у = —@asx—>—Oandy—> +% as х > +o. 


Fig. 4:16, 
The graph of the curve can 
Bernie : now be seen to be as shown im 
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Example 33. Trace the curve yor —x*—2x, 
Solution. 1. The curve does not possess any symmetries. 


2, Thecurve meets the 
_x-axis at the points given by ү 
33--32--2х--0, іе, Х----1,9, 
2. Therefore the curve meets 
the x-axis at the points (—1, 0), 
(0, 0), (2, 0), , 


3. фу/дх--332-2х-2, 
=3 (x— a) (x—B), 
where «, are the roots of 
3x? —2x—2=0, so that 
a=} (1—4/7) g—i0-- D, 


say. 

Ifx<a, dyldx > 0 so 7 
that, y in increasing in the 
interval 1--00, а]. Fig. 417. 

Ма — x < 6, dy/dx < 0 so that y is decreasing in the interval 


(в, gl. 
Ifx > 8, dyldx > 0 so that y is increasing in the interval 


ЇВ, --o0]. 
Also, y is a maximum at х=а, 
5. у> —%0 asx-—-—o,and y > +% as x > 400. 
The graph of the curve is as shown in Fig. 4:17. 


Example 34. Sketch the curves : Н 
UTI 1 тээж "M E 
(а) yay () уУ=-зүү (jui 


Solution. (a) Let /(х)= Ip ЯН 
1. ©Since f (—3) f (x), therefore fis ап even function of х. 
The graph of fis therefore symmetric with: respect’ to the y-axis. 


There are no other symmetries. BAD 1 

2. Since f(x) > 0 for all x € R; the graph lies entirely above 
the x-axis. Also since f(x) < 1 for allx Є.В, therefore no part of 
the graph lies above the line y—1. ё 

3. When x=0, f (x)=1, therefore (0, 1) lies on the graph. The 
graph does not meet the axes of co-ordinates at-any other point. 

4. fis continuous for all x € В, and therefore there is no 
break in {һе graph. Г 


5. f' (x) D Since f" (=0 when x=0, therefore the 
tangent at (0, 1) is parallel to the x-axis. Also f '(X) changes sign. 


and a minimum at х= p. 
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from positive to negative as x passes through 0. Therefore Thasa 
maximum at х==0. F 


6. Since f" (x) > 0 in ]— со, 0 [, therefore f is strictly increas- 
ingin 1-0,0), Also, since f'(x) «0 іп 10, оо, therefore fis 
‘strictly decreasing in (0, oof. : 

fs lim f (x)=0. 

х» + ә ; : 5 

From the above considerations we find that a rough sketch of 


the curve y= saris as shown in Fig. 4:18 (a). 


Fig. 418 (a). 


Е х 
(b) Let ех) XT Sy ‘Ke 
1. g(—x)=—g (x), therefore g 18 ап odd function of x. The 
graph of g has rotational symmetry about the origin, There are no 
other symmetries, 


2. Since g (x) has the same sign as x, therefore no part of the 
graph can lie either in the second quadrant or in the fourth quadrant. 

3. Since g (x)=0 iff x0, therefore (0, 0) lies on the graph. 
The graph does not meet the axes at any other point. 

4. gis continuous forall x € R, and therefore thére is һә 
break in the graph. s x eder 


"us VG Ee Ls 
57 8G) ES тиу" 
87 (х)==0 when х= l. Also, as x passes through the value -1, 
8 (x) changes sign from negative to positive, so that 2 (х) hasa 
minimum at х= 1, . i I 

Again, as x passes through the value 1,2” (x) changes sign 
from positive to negative, so that g has a maximum at x>], E 

4 6, The equation of the tangent at the origin is у--х. Since 

20) € x if x 2 0 and g(x) > x if x < 0, therefore the graph of g 


APPLICATIONS OF THE DERIVATIVE 269 


lies below the line y—x in the first quadrant, | and above it in the 
third quadrant. Lk 

7. g'(x) < 0іп)--, —1 Land 11, of. Therefore g is strictly 
decreasing in each of the intervals ]—oo, —1] and ПІ, oof. Also,. 
since g' (x) > 0 in ]— 1, 1 [, therefore gis strictly increasing in the 


intérval [— 1, 1]. 
b bs „4 0970, gel 59-9 


дай 14 above dons ati we asc that a rough sketch of 
g is as shown in Fig. 4:18 (b). 


Fig, 4:18 (b). 


Fig, 4°18 (c). 


(с) Leth (x)= His 


Now h (x)= A =g (x) if x > 0. 


Also h (x)= — FH =—g (x) if x 60. 
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The graph of Л can, therefore, be obtained from that of g by 
reflecting the portion of the latter lying in the left-hand half of the 
plane in the x-axis. The graph is, therefore, as shown in Fig. 
418 (c). n 
Example 35. Sketch the graphs of (a) y=sin x, (b) y=cos x, 
с) y= | sin x |, (d) y=2 sin x, (е) у=—2 sin x. 


Solution. (а) Let f (x)—sin x. 


i 1. Since sin (x--2m)—sin x, for. all x € R, therefore fis 
periodic with period 2x, and consequently it is enough to Sketch the 
‘graph over one period, say in |0, 2r], or in [—7, = 

2. Since sin (—x)=—sin x, fis an odd function of x. The 
graph for negative values of x, in particular in [— т, 0], can be 
obtained from that іп (0, т) by giving the graph in (0, т], а half-turn 
„about the origin (rotation about the origin through x radians). Let 
"us therefore concentrate on the graph in (0, x]. 

3. Since | віп х | < 1; therefore no part of the graph lies 
outside the line y=—1 and y—1. 

4. The graph meets the x-axis at the points given by sin x—0, 
ї.е., when x=0, + т, + 2n,---... and at no other points. In parti- 
cular it passes through the origin. И does not meet the y-axis at 
-any other points. 

5. /' (х)=соз x. Since f'(x) > 0 in |0, x/2[ therefore fis 
strictly increasing іп |0, m/2[. Also, since /” (x) < 0 іп ]r/2, al, 
therefore f is strictly decreasing in [x/2, x]. 

6. f’ (x)=0 when х=т/2, so that the tangent at v=n/2 is 
parallel to the x-axis. | с 

7. f' (x)=cos x, f" (x)=—sin x. 7: 


Y 


Fig, 419 (a). ` 
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Fig. 4:19 (b). 

Since /” (x)=0 at x—x/2, and /” (1/2) < 0, therefore f has a 
maximum at x—/2. 

8. Since f' (x)—1 at x=0, therefore the equation of the 
tangent at the origin is yx. 

From the above considerations, the graph of fin (0, п] is as 
shown in Fig. 4:19 (a). 

By using (2), we extend the graph to Ғ-т/2, 0] also, and the 
graph in [— 5/2, п/21 is as shown in Fig. 4:19 (b). 

We now use periodicity to get the graph of y=sin x ав shown 
an Fig. 4'19 (c). А 


Fig. 4:19 (c). 

(Б). Since cos p=sin (p-++n/2), therefore the ordinate of cos x 
at x—p is the same as that of sin x at x=p+n/2 for all pER. This 
means that the graph of sin x can be obtained from that of cos x by 
‘pushing (translating) the latter forward (parallel to the positive 
direction of the x-axis) through a distance п/2. Equivalently, this 
means that if we push the graph of y=sin x backwards through a 
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distance /2, we shall get the graph of y=cos x. The graph of cos x 
‚ is, therefore, as shown in Fig. 4:19 (4). . 


Fig. 4:19 (4). Graphs of y=cos x and y=sin x. 

(c) Since | sin (x+n) | = | —sinx |= | sin x | , therefore” 
Д sin x |) is, periodic and has aperodm. 15 « 

Also, | sin x| =sin x, ¥ x € [0, ті). 27 
«Therefore theicurve y= | їп х | has'the:same graph as у-віш | 
xin [0, x]. Thus to get the graph of» | 50 x |$ we shall draw the | 
graph of y=sin x in (0, ж] and repeat it оп both sides. The graph 18 | 
as shown in Fig. 419 (е. ° ы : TET, 


ne 


Fig. 4:19 (е) Graph of y= | sin x | . 


sin x, if sin x 2 0, 
—sin x, if sin x <0, 


first drawn the graph of y=sin x, and then | 
Below the pl in the axis to obtain. | 


Remark. Since | sin x} = { 


M: USE ME 
the graph of y= | sin Х1 
« (4) Let (0) sin x, g (x)=2 sin x. 

ЖЕТЕК аулы ға лан Хүй 
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f" (x)=2g" (х) for ай х Є R, therefore f and g behave exactly 
in the same manner as regards periodicity, symmetries, intersections 
with the axes, maxima-minima, and intervals in which the functions 
are increasing/decreasing. Also, every ordinate of g is twice that of 
the corresponding ordinate for f. The graph of g is, therefore, as 
shown in Fig. 4119 (f). 


Fig. 4:19 (f). 

(е) Let h (x)=—2 sin x. Since h (x) —g (x) forall x € R, 
therefore the graph of h can be obtained from that of g by reflecting 
the latter in the x-axis. The graph of / is as shown in Fig. 4719 ( £). 

Example 36. Sketch the curve y— sin? x. 

Solution. Let f (x)—sin? x. 

1. Since /(х--я)--/ (x), for all x € R, therefore f is periodic 
and л isa period. Consequently it is enough to sketch the 
graph over one period, say іп [0, х]. The graph сап then be 
extended on both sides by periodicity. 

2. Since f(x) 20 for all x € R, therefore the graph does not 
lie below the x-axis. 

3. Since 0 < sin? x <1 for all x € R, therefore the graph 
lies entirely in the region boundcd ly the lines у=0 and у= 1. 

4. 7 (x)=2 sin x cos x=sin 2x, f^ (x)=2 cos 2x, f'(x)-0 
at x—0, п/2, л (in the interval (0, һ)). Also, /” (0) >> 0, 
J*(n/2)——0, f” (x) > 0. Therefore f has a minimum when x—0 
and т, and a maximum when x—/2. 

5. Since 2 “(350 in 10, т/21, therefore f is strictly increasing in 
[0, т/2]. Also since f '(22<0 in] л/2, xl, therefore f is strictly 
decreasing in [x/2, т]. uto 
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The tangents:at x=0, x/2, т аге y —0, у=1 and y=0 respec- 
tively. 


From the above considerations we find that the graph of y= 
-sin? x is as shown in Fig, 4:20. 


2. 


3. 


4. 


5 


6 


H: 


Fig. 420. 


Example 37. Sketch the graph of y=sec х. 
Solution. 


Since sec (х--2л)--вес x, for all such xER for which sec x is 
defined, therefore sec x is periodic with period 2m. It is there- 
fore enough to sketch the graph over one period, say either in 
10, 2x] or in [— т, nx]. 

Since sec (—x)=sec x, the graph is symmetrical about the 
y-axis. It is therefore enough to draw the graph for x20. 
The graph for x<0 will be obtained by reflecting it in the 
y-axis. This means that if we first draw the graph іп [0, x], 
and reflect itin the y-axis to draw the graph in [—7, 0], 
then we can get the graph in Г--л, x]. By using (1) above, we 
can then draw the graph for other values of x. 


Since | sec х | >1, therefore no part of the graph will lie 
betweenthe lies y= — Land у= 1 (i.e. in the region — 1 y« 1). 
Since sec x is not defined at x —m/2, there will be discontinuity 


in the graph at x=n/2. Furthermore, sec x is continuous in 
(0, w/2[ and | x/2, т]. 

dyldx=sêc xtan x>0 іп |0; n/2[. Therefore sec x is stricly in- 
creasing in (0, z/2[. Also y> +o as x->n/2— and у->— 2o as 
x>n/2+. : 

dy|dx-0 when x=0, т (of course also at x——z, -2л,......-- 
also but we are considering only (0/ x} at the moment). There- 
fore the tangents at x—0 and x— are parallel to the x-axis. 
dy fxd sec x tan? x+ sec? x—sec x (Sec*x--tan*x). 


d d*y 
Now Ts =0 and 7-70 at x—0, therefore the function has 
a minimum at x=0. 
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р Diver ny, е Р 
Also, since dx =0, de at x=w, therefore the function 


has a maximum at х=т. 
From the above observations (1)—(6) we find that the graph 
in [0, т/2[ is as shown in Fig. 4:2 (a). 


Fig, 421 (a). j 


Using (2), we find that the graph of sec x in [тя] is as 
shown in Fig. 421 (b). 


! 
! 
| | 
EE е 
! 
| 
! 
1 
1 
l 


Fig. 4:21 (b). 


276 A ТЕХТ-ВООК OF MATHEMATICS. 


Using (1), we extend the graph on both sides for х<— л апа. 
Xm. The graph is as shown in Fig. 4:21 (c). 


Fig. 421 (0). 


The graph extends indefinitely on both sides. 
Example 38. Sketch the curve : 
y=}(e +e). 
Solution. Let f (x)=3(e"+e-*). 
1. Since f (—x)=f (X), the curve is geometrical about the y-axis- 
There are no other symmetries. 


2. Since f (x)>0 for all xER, therefore no part of the curve lies 
below the x-axis. (In fact, /(х) 21 for all x€R, therefore no 
part of the curve lies below the line y—1). 

23. In view of (1) and (2) above, it is enough to sketch the portion 
of the curve lying in the first quadrant. 

4. Since f(0)—1, the point (0, 1) lies on the curve. The curve 
does not meet the axes at any other point. 

5. f' D=Het—e*), f" (х) Me*-Fe-*). f'(x) vanishes at х= 0, 
and f" (0/20. Therefore f has a minimum at х--0. 

6. is f' (x)>0 if x> 0, therefore / is strictly increasing in 

Ж: 10 

7. The equation of the tangent at (0, 1) is y—1. 

3. lim f@=+8 
xo 4 
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9. For small x, f (x) is approximately equal to Ер [OFX 51 


powers of х. 


2 


Therefore near the origin the curve resembles the parabola 


у= 148. 


From the above considerations, we find that а rough sketch of 
the curve is as shown in Fig. 4:22. 


Fig. 422. 


EXERCISE 4 (k) 


Sketch the curves : 
у=х(у—3). 
у=(х—2) (x4 0*. 
у=х(х—3)%. 


у(1+)=:?. 


o rues 


(а) y=tan x. 
(b) у= | tanxl. 
dl. (a) y-cos?x. 
(b) у= 2 cos 2x. 
13. у=е2—1. 
15. у-Қе--е-2). 


2. у-х(х--1). 
4. у=х+3х+1. 
6. у(1--х2)--х3. 
8 у= Бат 
10. (а) у= сої x. 

(Б) у= соё х1. 
12. (a) у=сѕс х. 

(b) y=2 cse x. 
14. y-l—e*. 
16. y=3e7+1. 
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TEST YOUR UNDERSTANDING IV 
For each of the following problems four alternatives are given 
out of which only one is correct. Put a tick mark (У) against the 
correct alternative. 
1: Тһе distance travelled by a particle in t seconds is given by 
s(t)=3t?—2t+ 1. Its velocity at 1—2 is 


(a) 12 m/sec (5) 14 m/sec 
(c) 10 m/sec (d) 9 m/sec. 
2. А particle is projected vertically upwards with a velocity 
14 m/sec. How high will it go? 
(а) 10m (5) 28m 
(c) 100m (d) 56m. 
3. If y=x°, dx="02, the value of dy at x=2 is 
(a) 701 (5) 4 
(c) 708 (а) '8. 
4. The radius of a sphere is increasing at 1 cm/sec. At what rate 
will the volume increase when the radius is 5 cm ? 
(a) !00 cm?/sec (b) 10л cm/sec 
(c) 10 cm?/sec (d) 100 x cm/sec. 
5. The equation of the tangent to the curve y—3*—x at the origin 
is kz4-y--0. The value of k is 
(а) 1 (b —1 
(с) 0 (d) 2. 
6. The function /(х)--х2--3х--2 is increasing іп [k, oo[. The 
value of k must be 
(а) 0 (b 1 
(c) =1 (4) 2. 
7. The maximum value of 3 sin (2x-++4) is 
(а) 1 (b) 4 
(0 2 (d) 3. 
8. The function f (x)—sin x is strictly increasing in 
(a) [0, x] - (b) [—т,т] 
(с) [—n/2, «/2] (d) 10, 21. 
9. Тһе minimum value of 3 sin x—4 cos x is 
(а) 3 (b —4 
() 5 (d) -5. 


10, Тһе function f(x)—3? satisfies all the conditions of Rolle’s 
theorem is ; 


(a) [2,4] (6) [1,3] 
(с) [-2,1] (4) [—2, 2]: 
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REVIEW EXERCISE IV 


The distance s(t) travelled by a particle in ¢ seconds is given by 
8(4)--343--21. During what time interval is the particle mov- 
ing in the positive direction ? 


If s=1/(1—1), 0<1<1, where the distance s is measured in 
metres and time is measured in minutes, what is. the velocity 
when t="5? 


A ball is dropped from a height of 40 metres. What is its velo- 
city on reaching the ground ? 


The motion of a particle moving in a straight line is described 
by s—21?—1, where the distance s is measured іп metres and 
the time is measured in seconds. What is the acceleration when 
the velocity is 23 m/sec? 


A street light is 6 m above the ground. A man 2 m tall walks 
away in a straight line from the point under the light at the 
rate of 1:5 m per second. How fest is the shadow increasing ? 


Find the approximate value of (248)!/5. 


The radius of a sphere is found by measurement 10 be 5cm. 
If there is a possible error --0705 cm in the measurement, find 
(a) the error in the value.of the surface area; (b) the error in 
the value of the volume ; (c) the precentage error in tbe value 
of the surface area; (d) the precentage error in the value of the 
volume as a result of the possible error in the radius due to 
measurement. 


A particle is moving in a straight line such that its. distance 5 

metres at any time / seconds is given by s—11*—6109--15(?— 3. 

Obtain its maximum velocity and minimum acceleration. 
(D.B.S.S.C.E., 1986) 


How should a wire 20 cm long be divided into two parts, if 
one part is to be bent into.a circle, the other part is to be bent 
into a square, and the two plane figures are to have areas the 
sum of which is maximum ? . (Roorkee Entrance, 1986) 


A firm has a branch store in each of three cities A, В and C. 
А and B are 320 km apart and С is 2(0 km from each of them. 
In order to minimize the time of transportation. it should be 
located so that the sum of the distances from the godown to 
each of the cities is a minimum. Where should the godown be 


built ? (Roorkee Entrance, 1981) 
Find the maximum and minimum value of the function 
40/(3x4+ 8:33 —18x?-- 60). (Roorkee Entrance, 1989) 


А rectangular tox with square base and open top is to be 
made from 1200 cm? of cardboard. Find the maximum possible 
volume of such a box. 
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13. Find the dimensions of the right circular cylinder of maximum 
Ў volume inscribed in a sphere of radius г. 
14. Find the maximum value of a cos FD sin 0. 
15. Find the maximum and minimum values of а cos? 0-- sin? 0. 
16. Find the minimum value of 

a? sec? 0+5? csc? 0. 


17. Show that ne is maximum when x=e. 


18, Find the equations of the normals to the curve 3x?—)?—8 
parallel to x-+3y=4. (D.B.S.S.C.E., 1985) | 


19. Tangents are drawn from the origin to the curve y=sin x. 
ў Prove that their points of contact lie on x*72=x*—y?. 
(Roorkee Entrance, 1986) 


20. In the curve x*y’=k%+, prove that the portion of the tangent 
intercepted between the co-ordinate axes is divided at its point 
of contact into segments which are in a constant ratio (all 
segments being positive). (Roorkee Entrance, 1988) 


SUMMARY | 
1. If a particle moving in a straight line travels а distance s units in time t 


units, then its velocity at time f is sand acceleration at time / is 5. 
2. Acceleration due to gravity is 9:8 m/sec*. 


3. Ifa particle is projected with a velocity vina direction making an angle 
ж with the horizontal, its position (x, y) at time t is given by 


х==(и cos а) t, y=(u sin уы gt, 


2 
4, If y=f(x), then dy =f (3) dx. 
5. The equation of the tangent at the point (х, y) on the curve Y=/(x) is 
Ү-у-/ (e) (Х-х), 
where (X, Y) are the current co-ordinates of any point on the tangent. 
. 6. The equation of the normal at the point (х, у) on the curve y=f(x) is 
(Хх) (х) (Y —0—0, 
where (X, Y) are the current Co-ordinates of any point on the normal. 
7. Rolle’s Theorem: Let fbe a function defiaed on fa, b] such that 
(i) fis continuous оп (а, b], 
(ii) derivable in la, bl, 
(iii) f (a) f (b). 
Then there exists а real number c lying bstw:23 2 and b such that f'(c)=0. 


8. Tagrange's mean value theorem: Lat foz а fuactioa 4:021 on [a,b] such | 


(i) f is Continuous on (а, b], 
Gi) fis derivable on Ja, df. 
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Then there exists a real number c lying between a and 5 such that 
f(b) —f(a)— (b —a)f*(c) 
9: 2 7, 3 continuous on [а, Б] and f'(x) >0, then f is strictly increasing іп 
а, 


10. Я n continuous оп [a, Б] and f’ (х) <0, then f is strictly decreasing in 
а, 0]. 5 


11. LU Ae елд суд on [a,b] and has an extremum at c€]a, bl, then 
с)=0. 


12. First derivative test. Let f be derivable on an open interval I and let 
f'(c)=0 at some point cEI. If f '(x) changes sign from positive to negative 
(resp. negative to positive) as x passes through с, then f has a maximum 
(resp. minimum) at x—c. 


13. Second derivative test. Let be derivable on an open interval I and let 
/ '(с)=0 at some point c€L. 1ff”(c)>0 (resp. <0), then f has a minimum 
(resp, maximum) at x=c. 


HISTORICAL NOTE 


The symbols y, ) were used by the British mathematician 
Sir Issac Newton (1642-1727) to denote derivatives. These symbols 
аге used even to-day when derivatives with respect to time are 
required. 

The symbol 2 for derivative of a function is due to the 


erman mathematician Gottfried Wilhelm Leibnitz (1646-1716). 
The notation f’, f", f" for the derivative of a function fis 


due to the famous French mathematician Joseph Louis Lagrange 
(1736-1813). A 


Lagrange’s rotation is superior to that of Leibnitz in the sense 
that is emphasizes the important fact that the derivative of a func- 
tion f is another function f’. 


oO 


GOTTFRIED WILHELM LEIBNITZ (1646-1716) 


Gottfried Wilhelm Leibnitz was born in Leipzig in 1646. When he was 
only eight years old, he could read Latin and Greek. Mathematics was only 
oneof the many fields in which Leibnitz showed conspicuous genius, Before 
he was twenty, he had mastered the ordinary textbook knowledge of mathe- 
matics, philosophy, theology and law. 


Leibnitzis said to have lived not one life but several. As a diplomat, 
historian, philosopher and mathematician, he did enough in each field to fill 
one ordinary working life. It was in 1672-73, while he was on a diplomatic 
mission, first in Paris and then in London, that he exhibited his Calculating 
Machine to the Royal Society, discovered the fundamental theorem of the Cal- 
culus, developed much of his notation in this subject and worked out a number 
of elementary formulas for differentiation. In 1675, he first used the modern 
integral sign as a long letter S derived from the first letter of the Latin word 
summa (sum), to indicate the sum of Cavalieri’s indivisibles. His method for 
finding the nth derivative of the product of two functions is still referred to as 
Leibnitz rule. His notation in Calculus proved to be more convenient than the 
fluxions of Newton. The theory of determinants is said to have originated 
with Leibnitz. He also did much in laying the foundation of the theory of 
envelopes, The last seven years of his life were embittered by the controversy 
which others had brought upon him and Newton concerning whether he had 
discovered the Calculus independently of Newton, Infact, each discovered the 
calculus independently of the other. While Newton’s discovery was made first, 
Leibnitz was the earlier one in publishing results, - 
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СНАРТЕК 5 


Indefinite Integrals. 


51. PRIMITIVES/ ANTIDERIVATIVES 


In the preceding two chapters we discussed how to differentiate: 
certain functions. This amounted to finding the derived functions 
of certain given functions. Thus for example, if we are given the 
function f, where f (х) =х°, then differentiation gives us the derived 
function f’ ав f'(x)—2x. Thus differentiating f, we get /'. А natu- 
ral question now arises : can we invert this process ? In other words, 
given a function f, can we find another function F such that F'(x)— 
f (x), for all x in the domain of F, so that the given function f now 
becomes the derived function of F. For example, if Л, where fix) =2x, 
is the given function, and if we take F(x)=x?, then we know that 
F’(x)=f (x). Given f, the process of finding F (whenever we can) 
such that F’(x)=f (x) is called integration. It must have been, clear 
to you by now that differentiation and integration ате inverse proce- 
8568 in the sense that if by differentiating a function f we get the 
function g, then by integrating g we can recover f. It is our object 
to describe the process of integration in this chapter. We begin by 
introducing a term that plays the same role in integration as the 
term derived function plays in differentiation. However, before doing 
that, let us remark that yielding to the prevalent mathematical slang, 
we shall use. the symbol f (x) for f, and similarly f’ (x) for f’ etc. 
However, the context will make it clear whether we have the func- 
tion f in mind or its image / (x) at x. 

J Definition 51. Given а function f (x), a function F(x) such 
that 

Е'(х)=/ (x) 
(in case its exists), is called a primitive (or antiderivative) of / (x) 
and is written as 


ғод-) f(x) dx. 


For example, both sin x and sinx+1 are primitives of cos x. 
A function need not have a primitive, but if it has, then it has a 
whole lot of them as shown below. 

Theorem 51. Jf ЕО) isa primitive of a function f(x), then 
F(x)-EC is also a primitive of f (х), where C is any constant, 
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Proof. Since F(x) is a primitive of f (x), we have, 


Е(х)-4/ (х). 
Now, [FG)-EC]- F'()--0 
=F'(x)=f (x). 


This shows that F(x)--C is also a primitive of f (х) whatever 
be the value of the constant C. 
Theorem 52. Any two primitives of a function differ by a 
constant. 
Proof. Suppose f(x) ane /,(х) ‘are two primitives of a func- 
tion f(x). Then 
1509-4106, 


and f) f (9. 
Now, I-A «f^i 09-75 09, 
-f6)-f (9-0. 


AO -h (0)=С, 


"where С is a constant. 


Remarks 1. The above theorem says in effect that if fi (x) 
ad " (x) are two primitives off (х), then f, (0) — (х) +С for 


2. It follows from the above theorem that primitive of a 
‘function, if it exists, is not unique. f f(x) dx thus denotes a whole 
-class of functions, that is, the class of ай primitives of f (x), called 
the general primitive of f (х). The adjective general will normally 
be dropped. 3 


Thus | f(x) ах=Е(х)+С, 


"where F (x) is a primitive of f (x) and C is any constant, known as 
the constant of integration. In practice, however, the constant of 
integration is usually omitted and J f(x) dx stands for any one 
primitive of f (x). Because of the indefiniteness of the constant C, 
"the general primitive of f (x) is referred to as the indefinite integr al 
of f (х) or simply the integral of f (x). The process of determining 
‚ the primitives of a function is called integration and the function to 
ibe integrated is called the integrand. 


; 3. The notations f(x) dx is due to Leibnitz. ‘dx’ indicates 

that x is the independent variable and that the integration is to be 

performed with respect to x. When the independent variable is 
different from x, we write that variable in place of x. The symbol ‘J’ 

Т resembling an elongated letter ‘$’ is the first letter of the Greek w ord 
summa’. In fact, the subject of integration first arose in connection 
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with finding the areas of some plane regions where one was confron- 
ted with the limit of a certain sum when the number of terms in the 
sum tended to infinity and each term tended to zero. The literal 
meaning of the phrase ‘to integrate’ is ‘to find the sum of’. It was 
observed much later that integration and differentiation are inverse- 
operations. 

In this chapter, we shall use our knowledge of differentiation 
to determine integrals of some standard functions. Some standard 
methods for finding integrals will also be discussed. The summation 
aspect of integration and its applications to finding areas of plane 
regions will be considered in the next chapter. 


Theorem 53. If a function f (x) has a primitive, then 
AL Sf (x) 215) (x). 
Proof 1.61 F(x) be a primitive of f (x), so that 
F (x)= (x), 
and [ло dx=F (x) +С. 


Then [ло 4х - [roc] 
zF' (x)+0, 
=F’ (x)=f (x). 
Theorem 54. Jf the function f (X) has a primitive, then for 
all kER, 


| W) б) х= лоо a 


Proof. Suppose f(x) is a function which has a primitive: 
F (x) and that KER. 
Thus (omitting the constant of integration) 


| f(x) dx=F 09, 
where Е' (x)=f (x). 
Now, £ (kF ок F 21 
-ЮР (=k SW 
by definition, 
fk f dx=k. Е (х), 


= k | S ax. 
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This proves the theorem. 


Remark. Observe that both f(k f) (х) dx and kJ f(x) dx 
represent families of functions. The equality between them isto be 
understood as an equality between two sets; do not confuse the 
‘equality here to be an equality between two functions. А similar 
remark applies to the next theorem also. 


Theorem 5:5. Jf both f, (x) and fa (x) have primitives, then 
(ода оа | ло ax | л, 09 а. 


Proof.. Let fı (x) and f, (x) have primitives Е; (x) and Е, (x), 
wespectively. Then F’,(x)=f1 (x) aud F^, (x)=f (х). 


Now, АГ Fı EF, 0) | Е, WEF @, 


=f, (х) (х) 
by definition, 


Fo POOL co. 
= [A O ax ло), 


which proves the result, 
Corollary. ІЛ (x),....... fn (x) have primitives, then 


Example 1, Evaluate : 

(i) | хах (ii) | e dx 
(iti) |Б dx, x£0 12 | Та 

0) | (sec? xe") dx. 


5 SL dx 1 
Solution. (i) Since af. dco, 


EXER 
| x dx= 2 +C, 
where C is constant, 


G) Since 4 (е-е, 
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therefore | e" dx—e 4C, 


where C a constant, 


(iii) since 4(—— =, 
1 1 
therefore ЇЕ dx—— 5+6 
where C is a constant. 
(iv) Nov, qot dee] x* dx. 


а[ х? 1 
i == — 271 6 
Also, since 4( 7 )- .7.х!71-39, 


| Xt dx +С. 

'Hence т| x^ ace ( crc. 
where C is a constant. 

(у) Now, | (sec? x-+e") ж«-| sec? x ax е? dx, 

Also, 4 (tan хурал X, 

Je? x dx—tan x C;, 

where C, is a constant, 
:and | e dx=e 4C; 
«where C, is a constant. 


| sec? x axe ef dx=tan x+e7+C 


«where C is a constant. 
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Differentiating tan x--e*--C, we get sec? x-Fe?, which is the 
integrand. Hence our solution is correct. (You should always check 


yyour answers in this way.) 
EXERCISE 5 (a) 
Evaluate each of the following : 


Ju | 2. | “хас 


3: | cos x ax : 4 | sec x tan х ax. 
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s | ax ах 6. K xt) de 
| GF) dx 3 | (4а a). dx 
9 {(2 2-4 Ух--5 sec? x) dx 10. | (x5—4x*4-5) dx 
| вээ trt2 


5 2. ысын OF FUNCTIONS ІМ STANDARD FORM. 


In this section, we shall obtain formulae for determining pri- 
mitives of certain functions in the standard form. 


521. Integration of the Power Function 
Theorem 56. /f fix) x" QE 156—1, then 


| ж d At +C, С being a constant. 
2 а(х (a+) 1-1 
Proof. Since ы (22:)- ЖЕП? ХЭЛТ — xf, 
S 5 хэн 
therefore | i Жеты Fi +С, 


where C is a constant. 
Thus we have the following : 


) Rule. То obtain the primitive of х", n#—1, increase the 
index of x by unity and divide by the new increased index. 
Example 2. Evaluate : 
0) | dx (ii) | xU de (шу | 3734 dx, 


Solution. (i) [== 


931 
10 
A t€ 
ш) | ema серро, 
ш) [m a= -E Cac 


5/22. Integration of the power Mom with exponent —1. 
Consider the [олш (= ج‎ ра! хё—а 


ITE INTEGRALS 289 


Г). 1 1 
x Since as unt | xal ДЕ ЕЕ 
Ix dx=In (| xa|)4C. 


хаа 
Corollary, By putting a70 in the above result, we have 


|= dx=In | x | +C (x0). 
х 
Example 3. Evaluate d dx. 
Solution, Since 2-08(1347| cir 
4 х+7 
[р tein етс. 
‘5:23. Integrals Involving Trigonometric Furctions 
(2) | sin х dx— —cos x +C г 
а АЖОСУ ИЕ 
a6 (-сов x) = —(—sin x)=sin x. 
(ii) | cos x dx=sin х- С 


dx 
(iii) | sec’ х dx=tan x+C, 


іу 
—— (sin Х)--с0в x. 


ын & (tan x) —sec? x. 
а) ese dx=—cot x +6, 
23 (—cot x)= — (—csc* х) esc? x. 
(у) | sec х tan х dx—sec х--С, 


i (sec x) —sec x tan x. 


(vi) | cse x cot x dx= ~cse x4 C, 


tA d { 
de (csc De DEN EIC x. 
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Example 4, Evaluate | © се де 


іп x 
% соз х cos x 1 
Solution. | 06. а= | ا‎ 
sin” X sin x sin x 


-| cot x CSC x dx=— cse x+C. 


Example 5, Evaluate [5988s dx 


Р 1—соѕ? xa (1—cos х)(1-Есоз x) 
кооп. te 1--сов x a, | Coss mui соз), Т 104608 X —— dx, 


-fÍ (1—cos х) dx=x—sin х--С. 
524. Integration of the Exponential Function 
We have already seen that: fet dx=e*+C, 


Now, consider the function f(x)—a*, a>0. 


: 4 а а .In a 
хэрэ 2) )- Ina за» 


X ЖАБУ! 
аа сес. 
Example 6. Evaluate | 108 dx. 


ӘЗІЛІ (3:4 10°. л10- 
. Solution, Since 2 (тети) ttm 


JE | 10% а +С. 


5'25. The Inverse Trigonometric Functions as Primitives 
- [dx Nu 5 
0) [ењ 3 ға or —cos! х--С, 
Яо disi 1 4 
36 jy; (біп 1 x) C=) dx (— соті x). 

Remark. eem of the answers sin! x--C and  —cog-i х+С 
is as good as the other because each can be reduced to the other by 
making an adjustment of -Ел/2 in the value of C. 


- (ii) [ien x+C or —со 1 х--с, 


ж Яг Чап. дент - Conr 1 x), 
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(iii) hada xtCor—cscuRO, — 


id peers: 1 d, 
27 (sec SS ETE (-сөс% x). 


Example 7. Evaluate ї evum) dx. 

Solution. Ї reos) dx 
ШЕРГЕ ЕЛЕС. S 

=s тра et Saw 

=5 tan! x—7 sin"! x+C. 


EXERCISE 5 (b) 
Evaluate each of the following : 
ae x dx. 2. | х9" dx, 

3. Re E Е А 

5. | (4—2х-+-5) dx. 6. е) 

7. | exe» ax в. [eene a 
9. Јох 36x44 de. 10. (X 2 "de 

11. ЕЕ &. 12, {( cena is 

1. [251 а. м. (хо х) d. 

15. M zu) dE: : 

16. | (3 sin x--8 cos x) dx. 


17. [a cos x-+5 sec? x—4) х... Wess 


18. ( 15 csc x cot x+ a sect x49 sin x Jai 


292 A TEXT-BOOK OF MATHEMATICS 


5 
» 155: » Rs 
21 | tan? x dx. 22. | cot? x dx. 
соз? x ] —cos xa 
23. 138 х 2 25 | sin? x 
cos? x 
25. (Go co) ax x. 26. | 55 dx. 
27. K 84-29) ах, ё 28. | (14-2е“) dx. 
29. | e** dx, 30. | (374-7 вес! x--5c*) dx. 
31. ee 3 32 | К аре A RS ах 
= 3 Ге (21) / 4: 


s. Јожа "Terres )% 


xtt 4s attr? +4 
34. [ж dx. 35, pu dx. 


53. INTEGRATION BY SUBSTITUTION 


The method of irifegration by substitution consists in changing 
the independent variable of the integrand to another variable by 
making a suitable ияр! so that the transformed function is 
easily integrable. 


Theorem 57. ` Let fen bea fection which has a primitive. If 
x= ф(!) is a derivable function of t, then 


| лэ «-| леше) а. 
eae Suppose 20 isa КЕТ of f(x). Then F'(x)—-f(x). 
Now ар 9 (рс) =f [FG] . M ; 
=F 463) . са , 
-f 5 2 » 
fib. $. 
5 P=] явна. 
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Thus | лм аро | feos ar. 


This proves the theorem. ! > 


Corollary 1 [Ufo ЛО) de; Ж Г Lows 
Proof. Let Дх) =. 
Then а. zf'(x). 
Now, | LODEF’) = | т.д, 
1% 

"up 

г ЖӘНЕ 2 

"үг ТС 
Corollary 2. [Ж dx=In (| fix) \)+С, 
Proof. Let /(х)=/. 
Then "c 


| pe ІЛ) 1)--С, 
Corollary 3. lf F() is a primitive of ДТ), then 
ШЕ а= F(ax--B)--C. 


, Proof. Suppose ax+b=r, 
Then a dx—dt. 


| ‘flax+b) й al fio) de, 
- ree. 


-L F(ax--b)-- C. 


For suitable choices of the dion £f we have the following © 
specia] cases : 


: 1. (аха 
(9 | (ax-+-b)” da A Pg TC. 
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ах bows 
= Inf ax+6 | +C. 


gatio dx= L. ente. ` 


i arte 


езе umm TC, 270. 


sin (ax+6) dx= -— cos (ax--b)--C. 


ES 
= 


ee, ee а ee‏ ب ج 


(vi) | cos (ax4-b) deat sin (ax-+6)+-C. 


(уй) | sec? (ax+-b) ду tan (ax4-5)-- C. 


(viii) | csc? (ах--9) фдк--4- cot (ах--5)--С. 


(ix) | sec (ax-I-b) tan (ax-+5) d --. sec (ax4-b)-- C. 


(x) | сөс (ax-+5) cot. (ах4-5) dx=— ese (ax4-5)4- C. 


Remark. In the beginning, however, it will be instructive to 
evaluate integrals of the above type by actually making the substi- 


tution (and not by using the formulae) as illustrated in examples that 
follow : 


Example 8; Evaluate | (P43). 2x dx. 
-Selution. . Let x24+3=1. 02 
Then 2x dx—dt. 


СЕР &=| rai to =d бас. 
Example 9. Evaluate | cos (2х4-3) dx. 
Solution. Let2z--3—:;, Then 2 dx=dt 


Ї соз +3) = | cos t dt= + sin tC, 


ЛЕ х = > (sin (2x--3)-1-C. 


Example 10. Evaluate p dx. 


INDEFINITE INTEGRALS : 


Solution, Let 2x*+7=+. Then 4x dx=dt. 
4x dx dt 
r=) tc. 


= (228--7)--С, 
since | 252--7 | =2x?+7 for all x€ R. 


Example 11. Evaluate | sin? x cos х dx. 
Solution. . Let sin x—/. Then cos x 4х-<4/. 

| sin? x cos x «-| "n d sin? x--C. 
Example 12. Evaluate | (4х4-57 dx. 
Solution. Let 4x4- 5-1. Then 4 dx dt. 

| (4x #5) a= й=- | 1% di, 


4 
ENR 
TI 


ufu ram GSC. 
Example 13. Evaluate | ese (3x 7 dx. 
Solution. Let Sx-+4=1. Then 5 dx=dr. ` 

| сөс? (5x 4-4) d] esc? t dine cot 1+C, 


= -5 cot (5x--4)-- C. 
* 


35:45 
Example 14. Evaluate Lee dx. 


Solution. Let 5x-+3=7, Then 5 dx= dt. 
| 4x dx [28 dt 


5x43 t S 
4 (1—3 
жс ЕТІ ДІ 
446.23 
)چ‎ 
4 
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4 2. 
=з ((52:4-3)-3 In ( | 5х4-3 [ )]+С. 


à 1 
Example 15. Evaluate | ҮСХ 4х 


dx 


1 9 
сов х | sin? (x/2) d» 


Solution. We һауе, | i => 
ҚҰДА 2 (5-) "- 
=F Ге 5 dx. 


Let er Then SE 


2 
zl esc? (+) 28| esc? t di, 
=~—cot?+C, 
х 
= (5). 


5:31. Integration of Some More Standard Trigonometric 


Functions ` 


(i) | tan x dx=In | sec x | --С. 


Let cos Х-41. 
Then —sin x dx=dt. 
5 _[зїпхах ,(d _ 
30 [tan хает x |د‎ i ж-іп|і| +С, 
=n : +C, 


111 
-іп |весх| +C. 


(ii) | cot x dx=In | sin x | --С, 


Let біп X«f, 

‘Then cos x dx= dt, 

х [etsi cos x dx _ dC ent] EC 
2s simz - jt » 


4 = | sinx | +C. 
(iii) | сөс x ха | tan x/2 | +С. 


Now 


esc x dem [s dx, 
sin x 


INDEFINITE INTEGRALS 


1 
-| 2 sin (x/2) cos (x/2) dx, 
1 [== (х/2) 


772 1 tan (x/2) 
Let tan (x/2)=¢. Then + вес? (x/2) 4х--ай. 


| cse ха [tan l| +С, 
=[п | tan (x/2) | +C. 
(iv) | sec x dx=In | sec x--tan x | +C, 


Now | Erat ax- sec x (sec xttan х) gy 


sec х-Мал x 
Let sec x-Ftan xt. 
Then (sec x tan x-+sec® x) dx dt. 


| sec x х= | сла |t] C, 
=n | sec x+ tan x | - C. 
Example 16. Evaluate | ese (3x--4) dx. 


Solution. Let3x44-/, Then 3 dx=dt. 
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| ese (3-4) dx= $1 esc rdi [m (ten ШЕ 


-3l^ jan (2 ЭС 


: dx — 
Example 17. Evaluate us 
Solution. Now 


| dx -| dx 
Vü-Fcos 2x) ) У\1-Е2со5* x—1)' 


(jJ 42.cos x 


{ 
S|- 


| х dx, 


“үү {їп | sec x-Ftan x 17-80. 
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EXERCISE 5 (c) 
Evaluate each of the following : 
Шайға d.c (а 53 14x) (So 713-3) dhe 


3. fe dx... ^ 4. | sec® x ра * dx. 
5 | dx 6. [auc 
C J9x+1 cos x+sin x 
2x. ,; ҰН 
ms [a es "Чон 
dx 5 S rie 7 
9, [6% 28 10. Ге (х--3) dx. 
и, Je» dx. 12. jou ds. 
13. [узу 14. | 3 Мсов x sin x dx. 
ў |S sin x seet x ds. Kors. | вх 2 ан a. 
cos 
x? dx E 
17: |54. j 18. letus dx. 
19 Ге (5іпх-2) TE 20 | 4х 
: х р ` Ji-+cos x 
со x dx ES cos x sin X dx 
21 йй 2 ae cos? x--3 sin? x^ 
оз. | ахан) ёс 24. [t secx}? ax. 
5 
25. | A (1—cos? x) de 8 х cos x4 
22 [soia sin (2) cos seca) a) g 
Sin x 
ес tur 5) ax 
2? Б, sin АЛХ 5 unus 
cot (sin? х) ; tan M b 
a | v. 27 32 Б” 


53 2. Integrals of the type 
| 4х 4х 
ж-ға” تول‎ 


INDEFINITE INTEGRALS 

dx | 
ха? | 
Put x=atan@, Then dx=a sec? 9 dọ, 


Ie a а sec? @ 48 
а? tan* 04-а“ 


(A) Let I= 


- fao. 

а 
1 

a еб 
а 


=- tan? (а ЕС, 
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Ramark, If we make the substitution x=a cot Û, the value 


of the integral can be seen to be АЫЛ) cot? (x/a)-+C. 


values, however, are not different. © 


d 
(B) Let г-| Ха 


b { 1 1 ty 
Writing zq Da [E 24) 


we have 
1 1 1 
1= |) х-а ха ) 4i 
E [In | x—a | In| x+a | 186 
1 
поа: Q Ies 
Let =| sian 
айх? . 
1 14:25:21 
Waiting gg al шту a 
We have 


CIE ETE 
i- a ( анх 25) dx, 
paru (In | atx | —In | a—x | FCs, 


-— m Ес 


"| =| 


The two: 
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- Remark, Observethat the integrals in (B) and (C) express 
the same fact. The form іп (В) is generally used when x>a, and 
that in (C) is used when x<a, 


Integrals of the type : 
dx рх+9 
| аха іе” | Eo 


ах? E bxc 


! : dx 
te FE 


We write ax? -- bx-- ca (+ x+£) 


СК 


If 4ас а 0, then аы ==) for some real number т, 
-and therefore 
ее ЧА 3 n 
( xt 22 ) т 
4 ас-23 
If 4 ac—b*<0, then het =-—m', for some real number 
-m; and therefore : : 
oe 5; к^з БНА 4403) 
4 ( 52: =m? 


From (2) and (3) we find that in both the above cases, Lis of 
the type discussed in 523 (A) and (В) above, and can, therefore, be 
integrated. 

If 4 ac— b*—0, then 

1 


фе 


'— puta 
(B Let; je нэг PES dx 


Since the derivative of ax*--bx--e—2ax--b, we write 
px-Fqeslax--b)--m, 55 (1) 
EA {and m are to be determined, 
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Comparing the coefficients of x on both sides of (1), we have 
p=2al. (2) 
É Also, by equating the constant terms on both sides of (1), we 
ave 
4--Ы--т E 
From (2) and (3) we have /--рд2а), m=q—bp/(2a). | 
We сап write 
[E I(2ax--5)--m 
ах ехе 
йн {таты 2axtb 
ах bye 
-1.In | ad кекс | 4-т1, 


—dx, 


dx--m J, 


MN vatis 


Since J can be evaluated as in (A) above, therefore 1 can be- 
evaluated. 


Example 18. "Бу aluate : 


4х 4х à 
(9 |5 0) [=з (o 122 TEST 


Solution. ` 
(a) The integrand ‘is of the form E with a==3, 
" r "des 
-ү tan"! (х/3)+С. 
dx 
(b) |= [= 
[241 
“2 ОР” 
1 2х-5 
=з" с 
1 2х 
"^ БЕ; An 
zi Күз 
1 3 ау 
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1 +34. 
-Pia^ ЫС: 
КІ НЬ 
=a In [= 4C. 


Example 19. Evaluate : 


302 


dx (3х--4) 
© | ату a E 4 4 
Solution, 
(a) We can write 


at-bat 5=2 e x) 


-1| (=a RRF жүр 
=F vem" {( *+ (Ул )}+с 


E хааг ((4x--1/4/39)4-C. 


(b) Since the derivative of 2х24-3х--4 is 4x+-3, we write 
3х--4:514х--3) +m. 
Com! ing coefficients of xand the constant terms on both 
-sides of the above relation, we have 
41-3, 31+ m4. 


шен сире су Дашы 
1-4 m-4 31-44 at 


3 7 
з Era т (4х--3)-- Z5 
°“ 2#1-3х—4 2x'i3x—4 


3x+4 . 
ган par 65: 


INDEFINITE INTEGRALS 


Ээ, 4х--3 dx 
oo 4 4e times 


where L= 
=n 5; 2х3--3х--4 | +O, 


ах 
d Le загас 


Now 2x*--3x—4—2 (+ х—2) 


-(-47-07) 


1 2х—1 
- h Еа 
From (1), (3) and (4) we find that 
P TER 
= Ê M | 22+ 3x—4 | n о, 


where we have written С for 4 ett CG. 


EXERCISE 5 (d) 
Evaluate : 
5 dx dx 
$ lea 2. (ЕР 
ах dx 
5 ecu à luos 


5 Iz 6 La 
= |4х2--4х--2 “ра-2х 3 
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(4) 


22 where we have written C' for C—/n | a | . 
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dx 
Т са 5, iur 
3x1 tidy 
^ а : 10. x dx. 
5х-2 f ME 
23 үсе e 12. losa 


5'3'3, Integrals of the type 
dx 


dx | : 
W(s-—x)' J EEE) 


dx 
(A) Let = Я 
Putfx—a біп 0: Then dx=a cos 0 40 


Ie Ї ІМ а cos 0 do. 
Via а sin? 0, 


-fa 


=t+C 
-евіл”! (x/a)--C. 
Remark. If we make the substitution x=a сов 0, the valut 
of the integral can be seen, to be --cos™! (x/aj-+C. Of course, bea | 
cause of the fact that 81071 x+cos™ х--п/2, the two values are nol 
different: in the sense that each expression represents the same family 
of primitives. 4 


dx 
(B) Let I= Iz B 
Put x=a tan 8. Then dy=a sec? 9 40. 
rpm _ asec 0 do. 
ا‎ tan? 0) + az 


-| sec 0 40 


ў ) = ln | вес 0-+-tan 0 | +C 
маз) +34 
(e | 
—n | W(x*-Ea?)-x ! С, д 


ах 
(C) Let ї= [ode 


INDEFINITE INTEGRALS 


Put x=a sec 6. Then'dx=a sec 0 tan 6 dé 


È a sec 0 tan 0 
‚1= | via sect 8-0) ^ 


-| sec 0 40 

кеіт | sec 9?-tan 0 | +С 
T x4 V(xt—a?) 
=н" а с 


=In| У/(х®=—@)+-х | FC', 
where wé have written C' for C—In | a |). 
Example 20, Evaluate : 


dius dx 
© Vade 5)... o odere 
(c) IE cos x dx 1 

У(16 sin? x —9 
Solution. ^ 
(a) The гөү" is of the form 
ith най 
v Gs = ) м | 
х “ае (x/4)-+C. 
vid 

Р у een 

1 2 dx 


=T оза 
mt in] (29 39) 42x | +С, 
-+ In | (Ax? +9)+2% | +С... 


4%! 1 cos dx j 
(©) 1= | У(16 sin? x—9) 


Put sin x-/, Then cos x dx=dt. 
= ас. і 
Ту(668-9) | (ер 


ТЭРГЭЛ 4%. 
4 ]vian.-3] 
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inl) йз! KC 
Р 0 пад ээг 0.1 
=F hT V(16 sin? x—9)--4 fin x | +С. 
534. Integrals of the type 05 d ээг |. 


Mx | поз тэн рифа 
Was thst) Vax +bx+0 ^ 


(A) Let Poon жщ | lee 


The method consists іп reducing the’ segna to one of the 
standard forms discussed above. 


We write ettet in x. 


{Cy мар 
Four different cases arise ; 


(i) a>0, 4ac—-b? >0. "n 


ЗО1 эЛ120 гї eroe: 
We can write an -8, 796 some an number К. 


Хэв Vase г 


(ii) a>0, tac iren 


lu 


3 


We can write ме a ao fs. for somé iin number К. 


xn 


dod pam" 421 m: 


(iii) а<0,44с-87>0. Tn this case dite ec for all real 
values of x, and hence це нез does not exist, 


(іу) a0, dac b^—0: +e Pet wl = 
We can write a= —h, no for some real 
7% 90у 
number К. — 
h= Үй coo Met vem aid 108 


Then Р Каа 1 


` Thus we find that in all the cases Сан Ihe integrand has a 
meaning) I сап be reduced to one of te s dard forms discussed 
above, 5 Е "(УЕ v 
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рх- 4 
(B) Let = hac bx EFE) 4% 


Observe that the derivative of бх “Ефх-Ес is 2ax-F5. We there- 
fore write 7 
(px-q)&lQax-kb) m. 1 A 


ча Comparing coefficients off x on Hoth side Of the'abóve identity, 
we have 


1 рт. Xn 0) 
Also, comparing the constant terms on both sides, we have 
q—blAymag 11)! i) 
From (i) and (ii), I—p/(2a), т-4- вооа f$ өйүн (ЇЙЇ) 
With whey Wines of and m, we can write ©} 3 | % 
Эф бах + т қ і мъ 
M (ax? 4-Эх-Ес) хоноё 
NEL С: 4 Dard мий mf fel to) 
азге (ах Forte ap 
=21 4 (ax? px Atm 3, er 
dx Өту 5 
уйше 5% р 1 


The method of ГЭХЭ ГА 1 ав been К са in (A) above, 
and therefore we can e lugte J Lg 


Remark. Thi sübstitutióh - ie БА. can also be used to 
reduce the integrals\discussed above to a standard form. 


The following 'éxamples, will illustrate how integrals of the 
above type can be evaluated. 


Example 21, Evaluate’! 


213 


dx асв 
о а inco оаа 
Solution. | ^ "s з 947 (9) 


n {рл bmo at 


) zi slt 18 
Y dx. үн азан 94 750 

(9 нв аг | УМ КЕЕ}, 

15425524 онаа) үс; 


=й | М2 4-2-5) | 9C; ^ 
(b) We write ГЭЭ 5 


3x—x'—2— —28(9—ax) ET 


cc т а] 


aedi 
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dx 


—sin^ "4 ( х-3) +С 


=sin™ (2x—3)--C. 
"Example 22, Eyaluate : 


2 Fe АА 2x43 
@ [v s 45 0) [тсе 6 
Solution. 


(а) Since the deri 42: 9 
numerator x+2as 4 eee шон s 22x—2, we write the 


e (x2) 
4 К оаа) 4 


ES 

(32--2х--4) 

ep et as dx 
БЭ ret? Fay 9513 | Voi 2x14) 
z(xi— ig ЭЭРӨН adig 221 7 
eran, +3] ien] 
-03-2х440 +31 ~1)2-+( 73)%} 

| x 43 dn | Уй "i Зүс 
з08-2х440 +3 In| мезана lc 


can моч expression under the radia sign in the denominator 


зау илр ЗЫ 
ca b or try the substitution 2x—1—£, ie, х={(1+1). 
A -Í 2х--3 dx 
У(3--4х--4х5) ©? os 


t4 d 
=) уау : 3 


iNDEEINITE INTEGRALS 7 


ў 9% i ( dp nos 
с (уа с” at | Va, 


°309 
AT 


22 -+ a-e 42.5 071 (D+, 


1 f ї 
--т (3--4х-4х94 +2 sint ( x- lc. 


Remark. Inthe above example, we used slightly different 


methods for evaluating the t 
illustration. Both the integra 


of the two methods, 


Evaluate 2 
dx 
T | VOL 
dx 
کا‎ 
E dx 
3 527 
7 | Lan 
“У90:-169 
0 | xe utt 
wh LE E 
и | xidx УЕ 
ах 7 
24 IE SFA), 


5 | ах : 
15. уух 2) 


х+1 
И, 222) f^ 


44. INTEGRATION BY PARTS 
тһе method of integration by parts 


LN 
6 | VOTED ! 


wo integrals, simply for the sake of 
Is could have been evaluated by either 


EXERCISE 5 (e) 


dixi уй n 
[yep | 


4. | йу, 
4/(1- 952) 

6. | ax А 
Zae- : 


ий! 


РІПТІ; гэ 
8, іг js 00007 


ейі 
, 10. | тагны 


ах 
е verias: 


LE 
LL xd о ШЕГІ 

m СЕ 
__2х+5\11_ 

18. | Fo Aa). © 


is a method of determining 


primitives of functions expressible as the product of two functions 


whose primitives are known. 4 
tle integral of a product of two functions in 


integral whose evaluation may be simpler. 


It consists 


essentially in expressing 
terms of another 
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Theorem 58. Let f(x) and g(x) be two functions such that 
Ее d an f (2) few dx ] dx exit. Then 
| Лб) dx fis) fec к] 79 | од ax Jax. 
id s Proof. We have, Ы $ 
ete fuo as 04: ix [piede orn fac os 


tatis vd bornols: 


І 
--/00809--7 00 | g(x) dx; 


| Гэ? НУ, : 
e fioe) 5. [лә нэ dx |—f'(x) few dx. 
Integrating both sides, we get n. 
(ya î 3 ( 
| fo) go) di fo) [aco x= | гој [eo ds ] "m 
This proves tlie theofem. ; 
Remarks 1. In the above theorem, f(x) is referred to as. the 
first function pid g(x) із referred to as the second function. 
Naturally, the theorem will be useful only when it is easier’ to eva- 
luate the integrals [е(х)йх and о) е) аах than to evaluate the 
given integral. The ehoice of the first function and the second func- 
` tion is therefore not arbitrary. We would like to Idbel that function 
as the first function” wh¢se derivative is simpler in form апа that 
function as (lie second. unttion whose integral is easy to cyaluate. 
2. Expressed, differently, the theorem says : Era 
М E - 4; қ 2 
The integral’ of ‘the. product of two functions first function 
integral of second integral of (derivative of first X integral of 
second). % xb Io Ч h | 
22-9. By writing u=f(x) and v=fe(x)dx, another simple way to 
remember the тези в — | | ЭХ 
үш; 23) 


uy da uy— 2 where и (х) etc. t. 


We Shall'ütustrate the niethod by meatis of. some examples. It 
eqs ene empor nre arn e е 
ince dh quis | ала oenar 
aud ake asthe Boat function даа соз x às the second. 
Now integrating by parts, WE ESE әр novrylovs sods | Бур! 


OT AMA TAM 
INDEFINITE 


о ROOT ZU A the 
NTEGRALS Зи 


Ез! BY 1 1 жз пөзтір2 
IE cos x dx= [oos x dx— x cos x dx (Их, 
why xh Се 1 т» S EX JS ! 


=x sin Хэ Jif Joos x ах (х, 
«Жі» xî ! b 


—xsin х- (аа dx, 


=x sin х--сов х-ЕС/ ++) "ТҮҮ. 


р Remarks. Strictly тегов, we ought to add the constant of 
integration each time that we write the primitive." However, it can 
is Күні seen that it suffices to add the constant of integration at the 


{ vj 


i 
Example 24. Evaluate [sns door {i} bas d) mort 


22 Solution. ‘Here the integrand 18 ло! actual ly:.the product of 
two functions, but we shall still apply the method of integration by 
parts by writing the integrand.as "o ! 

(sin). 1; and takingefiest КІ ЫЫ өх 
and second function— 1. Le Pa Hi curio t жөншісй 


Then I= | 88:59 14s N sy 


E ET DO Xe eg 
—(sin^!). xe йт) хф, |= I 
nonogut Зан git p V (bx) ЧС. 
Example 25. Evaluate һ x dx. 


V mod T 


ig 


Ой won 2 13.4 
4-totiontt ішөҙз bas 


неа =1 asdf 
Solution. Now [n хак (х, Тах 


Integrating by parts, ' М 


IL Xl а SL E cup. dx Ла, 
жүп 330g Y-— аж 


hs 


18:4-1 1 
= (ln) y c Jina, 
aunt < - 
=(In x) x (К 3 i 
ORA ETRY gl t DRE 


=alnx—x+C. 1) | 
Example 26. Evaluate) ген" шэнэ оос 
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Solution. Integrating by parts, 
[se ems [a dx- [ake fe dx s. 
axe [ox eras 
= x%e*—2 Ге dx. @ 
Again, integrating Бу parts, 
[ns | en [ties J 
-xe- |i. УУ Жүн int ol) 
From (i) and (ii), we get i TY 
кесеге са nene ene (и ан) C. 


xsinix 
Example 27, Eyaluate | IETS) dx, 


Solution, Let us put sin™x=t. 


Then dx=dt. 


Nasce 
IES) 


арч 5 
i-us dx= [ sin t dt. (1) 
Let us now integrate / sin t by parts, taking first function=/, 
and second function=sin ¢. 


Then I= | sin t dt, 
Se bod »i | 1. (cos i) dt, 


=—t cos t+ Joos t dt, 

= —t cos t+sin t+C, 

2» — (sinx) /(1—38)2-x- C. 
Thus 


ERA den (I) алхах, 


t 
Example 28. Evaluate ange i 
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EY cs! 22 (12-x)—1 
1= | kar 2,6% 


set [i if 
"e^ бу (339 4 -0) 


1 
Ix? 


Solution, 


Let us integrate by parts taking first function= 


ne 
second function=e”. Then 


e 1 201777 
h&e- em eae д 
eut 
"dst apte 
е 
йг Jo Josse emis эл 


ее 

1--х гын 
Remark, In the above example we expressed the integrand in 

the form e*(f(x)+-/’(x)), where IQS ae px and integrated e*f(x). It 


was found that the final integral came M to be simply f e*fix)4-C.? 
This is because of the following fact: | 
Since D(e*fix)) = (De*)f(x)-e*Df(x), (du 
еу) еу (0) ео) 09, 


іе, 1= 


therefore, 
[eded ecc. м 
You will find the above observation useful. 

541. Integration of e“® cos bx and e^" sin bx, 
(i) | ей? cos bx dx= enm ( bx—tan^? 4 2) сл 
(8) | ез sin bx dx=; veg OTR TTT TL Û ( bx—tan^! — È )+с. 
Integrating by parts, in 
je cos bx dx=e™ Ї cos bx wll 8 bx ү 


E lo sin bx % А. ен sin bx Ф л jin 0 


UE s DORUM 
314 A TEXT-BOOK OF MATIEMATICS 
75 i (cob PE fe, 1 - : 
Also, Jers ч 22 "epu. ete 


; of laua dx— (lat en sin bx dx 12 
(ik. . € M. sir | en cals dx. E) 


LIT 514431 Ит 


сте stot 
‘Let u= | саз cos bx dx, and у= peres bx. 7а 
Then (i) and (i) can writen respectively as. 


1 
f 


et 25 біп bx у Vu wei ЕСІ) 
өзе үд = | » 
and y-— di s lic u. NT 


Substitutie the valve of ШІ т qii), we get 


= 1 FEN - 
uc TED е sin bx E 254 фан бов bx 


ni бим vat 558 51404 эйдэ 9095 80 af сари ) 


I 
n qmegvesi" bas - 2177 pco mier (OR GA ^s aro 
Seo A Exige gus a s (reos bach Bx іх Int Lovo! 


Kp? soiwellot ot to szgsued 2: 1 


ї 


Similarly, we get оч {у MODE (ДО зоог 
sone Ms pora Яп bx —b cos bx), 


Now, | ТООТ FENN нө) tide = 
t 


then, eM (GED, 9-8 br UA buit ilis» vo? 
Ale, ient tis Sy Bin xd вэ?!» Эс Gon pro 


5 (: Шы еее» 0 cos bxctsin 0 8) bx), 
е E b X 


“бж anaq vd zu ма! 


m гээ! hE) RE eR над 


‘Since any the pri рь оѓа fonction Эл by a ‘constant, 
I Jtherefore 10: orale pt litives, we add the cons- 
tants of int uw tot a и andy obtained above. 


ўзо}: 


(у 
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We thus haven i 
Je е“? cos bx ш- Yong es (bx tal й+о, 
мэ е 
[- sin bx а- AB IB sin (bx—tan * Мас, 


! 


Example 29. Evaluate је sin 3x dx. . 1 


Solution, Неге а--2, b= 2 


А | ee e 3x dx= —— 9) (in > 


| en 
ИМ” 


TX sin, (вл ic 


Example 30. Evaluate Je cosx de. арр ХІ 
Solution. Now Brig. yest ior 
? $ { 
Je cos*x دی‎ | e. 62261 dx. ê | Ё 
i 1 ” 
-fe (1+ сов 2x) ux, 
(43 us “ах-- Len mea] 55 
єє lap 5 ens cos Lx »] 
xL nie | ets. 125) Sf | «te 
МЛ ir ей ү, гэе уз сов scant aje 
` ` / EXERCISE 5 G0: 89? E 
Evaluate eách of the following: — 050005 Fo ite 
1. fæ sin x de. hi 4 2) | нх, Та, 
: (4.L5.5.C.E., 1987) 
3; Ja dx. 4. fat cos xax. ipa? 
| 1 
ie o (ИРМ SINE. ГОВ) | Sere) ado th ыстан Се 


5: fx еге dx, ; 6. fe e t 
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1. ps x sin 22 4. 8. [> sin x cos,x dx. 
baal 31 құй Ж 
ID Je т TI 2 | 10. s 
x—sin i 9 
n | Ет dx, Ж MOL sin x dx. 
(4185СЕ, 1989) — 
PATE In (9 дон 4х. 14. Б In x dx. 
Е К ; 
is fm х)? 27 Ў 16. IE (In x)? dx. 
! | aissce, 188) ! 
17. ЇЕ tan^!x dx. y «2200 * | 18. е чө T7 ” 
; Sinis X еі 
19. [a A/x dx. 20. [Eas 
lx $ | x? tan x 
21. [тә Уп dx. y а-а 
(A.LS.S.C.E., 1987) 
23 x tan^!x 24 | e? 02-41) g 
3 (ха 4% \ Я Grp: 
| 25. > (sin ж} соз х) ах. | n 26. (е (tan x—In | cos x | dx. | 
34 e? (1--sin юу Я j 7 
Мо уке A x | 28. je (cot x+n | sin x | )dx г 
"LI et (віп x) i (+ ) 
29. Yeas di. зо |е 4n|x| Jax 
31. je cos 6x dx. нніу”ой 90 Jes Sy dope 1 
» lesse] oo м fer sin хб. | 
CAL SO YI 
35. фе (т 2» dx. : | : = 1 


5:42. Integrals of the өте " A (a —x Ydx,- 5222 dx 


(а) Let -) 4 ар ах. 
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Integrating by parts, taking, first functions (a —*) and 
second functione 1, we have 


Пе [ео 1 ах 


ме, «азы» хах 


I 


d* (eh E dn pt 


; (а3-)--а! A за 
ауаны АЛ is е 


| қ 2 1 
Hx es | omae of tay 
=x Ұ(ай-х Eat sin (ха) FC, 


or 21-гх (42—22) 4-а? sin? (хуа) +С, 
ог І-іх V(a?—29)+4a? sin?x--C, where we have 
written C for ФС. 


Aliter. We could obtain the above result by tlic substitution 
x=a sin 0 as well. 


Put x=a sin 0, so that дх--а соз 6 46 


, 
44,0 nera T 


I= | У(а!-а! віп?'0). а cos 9 40, 


"ti^ 6 40, 


Í 


та! HE 204-1) 40, 


-l “(ғы sin ajo x 


h я üt “(-( ме ipe 


цо? why mi aw 


-4. уау rage Уба 


то 


30 


yet; v Moe MGA ead ner mmm 
1 погэгий 11094 


id by parts, taking T: fonction y – а), and 
second function —1, we have... 


I= 42-49. хо аси х ах 
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bus Ct tarp en QU разила а) айып có зай 
Syo a- | 708—0) dh " 
= ي‎ | ”М08--0) dx—a af Tea) 25 йу, 
که‎ — д8) — 1-4 In |a], 
or 50 a2)— a" In | МО? —a*?)--x | +С, 
or 1-4 ./08--0)- =. In| Gat) x | +С' 


where we have written С” Гог 4 С. 
Aliter, Put х--а sec Û) Then dx=a sec 0 tan 0 40 


4 IS | v(a sect 8—a?) . a sec 0 tan 0 dû, 
b ^M M] (*4--*8JÀ 
= 1 


ЕЗГІ 


Кі; ЗА», | tan 0 (sec 0 tan 0) 48. -0) 
7 Таќергаїе Бу parts, taking first Seon Mn ds and second 

Мені, год Hido bone xoti 
Then How: 


I—a'[tan 0 sec Û | Sec? 0 sec 0 dêl, 
=a'{tan 8 sec 6— | (ал 0) séc 6 401, 


=a'ltan 0 sec 0— | sec 0 d0— LU 


=a'ltan 0 sec 0 1и | sec 0: iba 011-1--С, 
ог 21-ға? tan 0 Sec 0 са т | sec ofan; 9| +C, 
or } 1-4 xy Ga фа т [кенче ік. 
ass 57 IP a QE $a? In| x Voa) | С, 
Where we have written C' for the constant i a In | a | +C. 
(с) гер ` 1-|Уозғаза ауа $ 


Integrating by parts, taking» first funetion= A (x*-Fa*)! and 
second function 1, we have 
biin Чу i 


I= КЕЛУ xf. ee Бу ix ee iui 


ih ax а) | | we E 
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: ииту, VORA) dig 1 ay 
=x VG Ea) а In | Vor Pat) +x | Ұс 
or” 2=x/(x?-+a*)-+-a? In | V(x*+-a)-+x | +C, 
or I=} x4/(x*--a*)-4 a In | хүүх! Ha )4-22| ЕС cho 
where we have written c for 4 ЁС $ 
Aliter. Put x=a tan 0. Then ТШ А sec? 0 46. | 


= | “(аз tan? 04-29) а 508400001 


=ef sec 0. sect 040.0! p asm Безе wen 9У6..(1) 


Integrating by parts; taking first ERE CR A 0.-and second» 
function = сес? 0, we have 


dele ЁО tan 21 ANE 6). 5% 1 
(i ni IPs озот ov M 
=a [cttm 0- | sec 0 Т 102 Үү “р 201 do 500 
№ Cad? Гл 


Р Lo 9 
=q? [езшп 0- fi MT t [seo]. 
Wwe 1 29 


Мон элі ліг HONE Tr ifr 
=a sec 0 tan 0— THa f | sec бад, 01 +С, 
ог 21-а? sec 0 tan 0-а In | see 04- tan 0 |, a 
or = x ata) th а In | уа) х | 
after substituting back sec 0--у/а, and’ writing С! for icm ion y 
-4 a In | a! 41C. 
Example 31: Integrate : \ uy 14 yf 


(a) | /(16—x*) dx ; (B); | VG 16) de; 


Calta PM a wrk ЕКІ. ous 


Solution. | 
(4) The integrand 1 is of Гю, Гог Л (а`- 


Н яп 

[ (16—08) dx =} х У(16-48) 8 зіп) C. 

(b). The integrand is of the\form y (44-a), where 4-1. J 
V (x1—16) dx= Е та 5 іп a V G*—16)4-x | 


(4 


+С 


394 ‘ 
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de The integrand is of the from (*--a?), where а=4 
el Моз) dx x (2 +16)+8 In | ТЕТЕ | 
TC. 


543. Integrals of the type 
| A (ax*-- bx--c) | (рх--а) Ҹ(ах?--Ьх+-с) dx 


(A) Let T= | маво) а 


We have already seen as to how | отыра 
сад Бе reduced to one of the standard forms 


look 8-9), Есет 
If We proceed exactly in the same manner, we can reduce I to 
one of the standard forms 


ue V(t ds, | 82625512 


(B) ‘With the same notation as in the discussion of 


| TU а 
у рх еу" 
есап get. I= | (px tA V (ax? - bx c)dx , 


=| Qax +b) V(axt-+bx-+0) dx km 
DRO с 3 
ae (ax®-+bx--e)* +m), 


where J -f ¥ (ахз + bx +e) dx can be integrated аз in (A) above. 


alo? 


Recall that, I= p[Qa), m=g>bp/ 2a). 
The following examples will illustrate ud method. 
Example 32, Ғғайас: 20 9. 


(a) | (ép D) v G2) dy | 
Гэ (01-42 те) 


ЖКС) | тосе doe 
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Solution. 
(а) The derivative of x*—x—2 (the expression under the 
radical sign)=2x—1, Therefore we write 4х--1--20х--1)4-3, 


Then 1-5 fpes] V (9 —x— 2) a, | 


^ (2х-4) У(Х#—х—2) d--3 | voza) dx; 


eet ole HT 


ا == 


a): неде 
-4 (ina аа [ов х= 9 


(b Put t=x—2 (why 2), Then x=t4-2; dx=dl, 
МЕКЕ 


= [aata (144012) (329) di 


о!» ni 


- fans =1) di, 
а ESI t (509 ae 
=j t v-r) a18 | (5-1) dt, 


_—3(5— 2, +4 [: /(5—1%)+5 sin! 4 peo 
--3144х-000 4-Цх-2) 4(14:4х-22) 
4 20 sin (x—2)/ 454-C. 
Remark. Тгуйо compare the two methods used above. 
EXERCISE 5 (g) 
Evaluate ; i 
| ХЭРЭЭ ВМ 1079-04-27 3.1 (ED dx. 


рт 


etya "al e nee 
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s | 76-29 dk 6. iof ¥(16x*— 49) dx. 


W 
1. | мг) dg (6 МОИМ 18: Ё 404541) dx. 
9. [ neam ax 10. | vet n as. 
t Е 


11. | A/Qx--5) VQ 3x— X5) dx. 


12. | x4(14-x—2?) dx. 


55, PARTIAL FRACTIONS AND TEEIR USE IN 
INTEGRATION gantur ur. yd 


We are already familiar with the process of combining a given 


number of fractions into a single fraction. For example, 
ah lta eS BEIT үсчинд 40) 
X43 RET G3) (547) қ 
Тһе L.H.S. when simplified gives the R.H.S. і The reverse 
process, by which a given fraction can be resolved (or decomposed) 
into simpler fractions, also yields a unique result. The simpler 
fractions obtained by decomposing a given fraction are known as 
the partial fractions of the given fraction. In the present section we 
shall study the method of resolving 8 given’ fraction into partial 
fractions and then use it to integrate rational functions. 


Resolution into Partial Fraetions. Let the given fraction 


be Х, where X and Y are polynomials with real coefficients, in a 
Worse Yves ay ws id 


variable X. We shall always assume that Y is a proper fraction, 
for if that bé hot the case, we mày always have 
X , : 4 
T t Ж; (отырын 42) 
д 


Үс 


where Q ig a polynomial апа ы is a proper fraction,’ 7: 
>) ЖУ 77% X3 
- Having put + in the form (2), we break up Y into simplest 


factors, i.e., irredubible polynomials with real coefficientsy (In the 
remainder of this section, the word ‘factors’ will always stand for 
irreducible’ polynomials with, real coefficients, unless stated other- 
wise). Three different cases now arise, according as the denominator 
Ү of the given fraction consists of ; 
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(i)  non-repeated linear factors only, ; 
(i) linear factors only, some of which are repeated ; 


(11) linear as well as quadratic factors (which cannot be 
further resolved into real linear fractors) some of.. which may 
be repeated also. 

It can be shown that 

(i) to any non-repeated linear factor (х-Ға) in the denomina- 
tor of the given proper fraction, there corresponds a partial fraction 
A... 
x+a’ 

(ii) to any linear factor (x-+ a) repeated twice іп the denomi- 


à 2 с А В М 
nator, there correspond two partial fractions i and бұға» ; in 


general, the number of partial fractions corresponding to a factor 

(x--a) repeated r times, we have г partial fractions 
A iii Basi E 
xika’ (xa)? ka)" 
(iii) to any quadratic factor (ax?-+bx-+c), which cannot be 
further resolved into linear factors, there corresponds, а partial 
Ах+В ; to any twice repeated . quadratic factor 


fraction аах с 
ax! хс (which cannot be further resolved: into linear factors) in 


кү, imm 00 { 1 Ax+B 
the denominator, there correspond two partial fractions СТЫ PEW, 
Cx+D 


and (ах bx EO and so on. 

“The basic problem in, resolving a given fraction into partial 
fractions is to find the values of the constants A, B, С, D,......ete. 
(some of which may be'equal (о zero also). The technique of’ 
evaluating the constants in various cases will be illustrated. by the 
following examples. ; 


551, Case 1: When the denominator consists of non-repeated 
linear factors only. А 


Example 33, p iar. 7 
xample 33. Resolve CEEE into. partial fractions 


and hı integrate: دم‎ 
ence in өне б—2) UE 114 
Solution. Let ` хэ СА = 3 


(2) д3) x= x3 
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Multiplying both sides of (i) throughout by" (08:42) (x—3), we | 


have jaor ® 1 ay 
х--і-зА(х--3)--В(х-2) А ái eG) | 
“Putting x22 in both sides of the identity (ii); we have 
3——A, so that A=—3. iile 
Again, putting x=3 in both sides of the identity (1), we have 
кши A=B, so that-B—4. , : D) 
(0 Substituting the values of A and B in (i), we have 


x41 4 5) 


потера both sides of (v); we have 
Н ms XEL ш ified. -f 222 
| (x—2) (x—3) ae |: Фере 4 Ў 
=4 In| x—3| —3 In| x-2| +O” 


Note: The sign =connecting two rational functions indicates | 
that they are identically equal i.e., they have equal values for al 
values of the variable, 

0 1011808592 f к › 5) 


“Example 34. Integrate EEA балан ыы by first resolvin 


it into partial fractions. in LES най 
ıı; Since the degree of the numerator is not less than the epum. 
of the denominator, we divide the numerator by the denominator, 
We then һауе > 1 тоогоо ida heat 
xt-+29—6x2—13x—6 
>3--7х--6 
2 
s Nowi х ажаа А : 1517: 
ee Мн 76,8 a proper минж нн түк ue e 
into partial fractions provided we can factorize the denominator. 


3t s 
= yt Lhase 


Since 1: х%—7х-—б=(х-Е®) (+2) (8); therefore 1: 
x2 Ес xi putain ич 0 
фм эчэ? 3052—7670), (92) (x —3).7 $ : if 


x Ёо А piso ees 1727 M 
Let сеа Зу bb bl Ux EB 
Multiplying both sides of (iii). throughout by (ні) 66-52) (х--3), — 
we have : 
xtA (x4 -2) (x—3) HBH) (х--3)4-С(х--1) +2) 
Putting x=—1, —2,3 in succession in (iy), we have 
2 Аза саг 
ST a bs . “= 


124 


20* 
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Hence the given fraction 


pr^ 
i ER 2259) 
Integrating (v), we haye e ; = | 
| 44ә5—6а—13х—6 yo К 
x'—1x—6 


ээс 20 Жэ sem ME $e 
=> xx In кер не, 


2) Ine 33 G 
‘Example 35. “Resolve into partial fractions and integrate : 


1 ] ogit На 9qaiq 


E re e ое ai 1 


1791 БУГ! 


Solution. Here the factors in the. denominator аге quadratic 
factors which cannot be further resolved into real linear factors. But 
we can simplify the problem by observing that, only even. powers 
of x occur in the, given fraction, Putting Vey i in the given. Fraction, 
we have t 

Й 5, и М 


Genero 5 ў xg ki їў 97» GF 9 
49 
Let GFN OF) 03167 giras taris 700 
Multiplying both sides by (у4- 00-9004 16), we bave; 
узгзА(у+-9)(у 4-16) + В(у+ DG 1-16) CO DE + (ili) 
Putting у= —1, —9, — 16 successively in (iii), we baye; 
1=120A, or А255 


(8443/01:0511257/ of 
ҮДЭН ог Tags T 


2 


ЕЯ of Ces 256 
T 


Hence the given. ‘traction 
" Aw ло; и ode 


= OUI) 7 60:9): | TE WS т 
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um 1 Spa eels х 1256 Ha 
— ү20024-1) . 560349) 105(x?--16) ' 
2. The desired integral f И 


2 | 1 81 p ___ 256 А 
= | TOF 56049)" 10508216) |“ 

1 O O E ry 
= 190 tan X—-g6 tan 3 +105 tan 56 +C 


Example 36, Integrate 
` (х—1(х—2)(х—3) 
(х—4)(%—5)(х—6) al i 
by first resolving it into partial fractions. 


Solution. Ав the degree of the numerator is not less than the 
degree of the denominator, we have to divide the numerator by 
the denominator in order to reduce the. given: fraction to а 
proper fraction. Without performing the actual process of division 
it is obvious that the quotient will be 1 (Why ? Because the highest 
degree term in the numerator is x3 and the highest degree term in 
the denominator is also x°). 1 ; 

T i GEDE KEEL АЛ Be c E 
А GEDO sm ta-8 1 x 502 
where the constants А, B and C have to be found: ” ^ 
+ Multiplying throughout by (x—4) (x—5) (x—6), we have 
(x—1)(x—2)(:—3)8 AT -6)4-А(ж--5)(х- 6) 
‚-ЕВ(х—4)(х—6)+4+С\х——4)(х—5). (I) 

Putting x=4 in (ii), we get 3.2,1--2А,, оггА=3. 

Putting x=5 in (i), we get 4.3 2e (—D)B: or; B= —24. 

Putting x—6 in (И), we get '5.4.3=2C,) or C=30. 

Hence the given fraction ! Ч 


арка 0040. 2-20 
ау орат. APA 


The desired integral i 


REND 
-|( ЫН ХЭЖ Хээ GE 
=x+3 In | x—4 | —24In | x—5 | +30 In | х—6 | +C. 
Whenever the numerator and the* denominator are of 


Note. 
the same degree, the quotient can always be written. out by inspec- 
ion. The above metliod is then very useful... = 
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: 422020 EXERCISES() р 2 
“Revolve into partial fractions and шу туш] э (1) 
i ARE ET Ч 
426 Q5 0883), iO Бай А do oor ias 3), $345 
3 1232—30x 4-19 (9x! 7x—20 
"o (88-14 х--3/2х-45) 1 "ӨНӨР 23344588 бэлэн 
5 332--554-1 | 6 4а3-+-8х°-Е4х—11_ 
i х2—2х—3 ` 76—000х+3) | 
7, —10мМ+20х-13 POM ois aene 
ў Geo 2 'Ба—3х+2{ 
9, (®—2)(х—3)(х—4) ЗАВ a 
Qx— 1) 1) 5) 8 EEE \ 
444-3 { 
Me oot RTH өр 120 Me 
310 4 jati ) 
13, `(х—а)(х—Б)(х—с)` 14. - sW 
EDGED, E bh E EE AG 
= RO Qn d) шош лат етеу С же лаг р ot 


5:52. Case IL; When the denominator consists of linear fac- 
tors only, one or more of which may be xepeated, 
Example 37. | Resolve into partial cy and integrate 
2х+1 
02-3) * койым 
Solution. Неге the linear factor (x3) is repented twice’ and 
(+2) i is a non-repeated linear ha 


2x+1 — c 
Let “Geb Nea)" ыз + n m ie E T 
C Multiplying (i) throughout by (x-2)(x-—3)*, we hive 
эх: 188 А(х--384-8(х1230:--3)1:С(54-2) |. 4) 
Putting x=—2 in (її), we have xu : 
—3=25А, ог ACTAS 2 02) 
пиа. же? in (iD; we have тез. oro "els "ілохәбіу) 


Ni Pas ^ find B, we equate the seoelliciente: of like: powers 
of x on both sides of (ii). Since we һауе (о find only one constant, 
ilet us consider only one of the relations that can be obtained in this 
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manner. Therefore, equating the constant terms on both sides of 
(il), We have: «55539 bee эе лал 181142: E 
1--9А--6В--2С. E) 
Substituting the’ valües of A and C in ()), we have В 2. 
Hence the given fraction ” f 
3 1 XR | 7 
E25 x12 105 x—3 3 533-39 
Тһе desired integral 
1 3 1 3 1 7 
-[[-» x2 25 тэлсэн dx, 
ШЕЛ $3 p TETRA] 
=— SO +35 Inf х--3 | 5(х—3) +с. 
Note, In the above example the values of A.and:C have been 
found by giving special values to. x in (ii), and the value of B has 
been obtained by equating rhe constant. term on both sides of (ii), _ 
We could-have found the values of all the theree-constants A, B and 
С by equating the coefficients of like powers,of x „оп both sides of | 
(li). But in order to do so, we would have 10 write three equations | 
ioter. A, Band'C. This method will be'explainedin Example | 
190. ан -Зестірдікоз жейда , 5 
Example 38. Lyaluate to >r site | 
офа лу л 7 M “ела 
(= 2)(х-3) 4 
Solution. We shall first résolve (he ‘integrand into partial | 
i fractions. As the linear factor (x—2) is repeated thrice, let % 
Ax—]- SOR oai totes D 1T 
Cay Sota temet xo 70 
Multiplying both sides of (/) ‘by (x—2)* (X—3), we have 
т! dx— Te A(x—2) H- B(x—3)(x—2)! + C(x—3)(x-—2) 
itx (411212 О(х-3) |) 
Putting х-3 in (ii), we have 5-А. Ч 
Putting х--2 in (ii), we have 1=—D, i 
”„ А--5, D=—1. y (iit) 
In order to obtain B and C, we equate coefficients of like | 
‘powers of x on both sides ОҒ the identity (2). Since ds нелі ! 
of the highest powers of х and the constant term in the identity can J| 
ibe written by inspection and they contain B as wellas:C; we have 
Wir et Коду ox nena онер ас ses л эж 


7 1 
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From (iy) and (7) те have 


B=—5, C=—5 Vr 
Hence the given fraction 
5 5 5 14 


= 0-2 (А2 ^ (х—7)* ` 
The desired integral І 
| SIDE CUI а 

x—3 x—2 (х-2% (x—2}] 
"2512 | x—3| AS x—21 45, 


5 axi | gi. 1 
Exot 209-29 51167 1 ito 
Example 39. Evaluate ' єє 


| E a NOU | 0% илк 
(xDD) ^* SUO, Se 

Solution, We shall first resolve the integrand into partial 
fractions. Let us put the repeated factor х--1--у, so that x=1+y. 
Substituting x=1+y in the given fraction we find that the given 
fraction:can be re-written аб. 0# Андра гт 

(LEJ? "meu 4 13-2уа-у1; а 00 i 
FRH » ay? 
where we have arranged the terms in’ascending powers of у. 

Now we divide the numerator 1 -25-- 5* by 2+-y and carry on 
the division till the lowest power of y in the remainder is the same 
as that of the repeated factor y?. 

зо На 
2+y) Т--2У--9 
1--%у : КУ Aas 
í $ Wan yy: 103 dy НИ 
ізім : 
D. 


bu. 


SM ys ise ph chil 


od чл 


Thus the given fraction 2% 
A 14249 Ap 35 E ан 

ac 2а шәр? ыл! ua 

Бон CTE DRE ИЙ hi 

= 2з дутар 1 (29) ' 


Ё uA du 1 Low 
тр 4&—D6^ SD 8-1” 


яс 
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where we have replaced у by x—1 after obtaining the. partial frac- 
tions, 

The desired integral 

Ї 1 ЗИРЕ ALR Жа эон ul dx 

| 28-18 а SGD 7 8х40)1| 99 

ЭРХ 1 “ЭХ 1 

TID 7 Җх—1) 78 


In |х- | 


x1 | +С.‏ | وا 


Note. The- above example can also be solved by the method 
of Example 38 (and example 38 could also have been solved by this 
method). The method explained aboye is, in fact, always appli- 
cable whenever there is one non-repeated linear factor and one 
repeated linear factor in the denominator. Mosen 


1 
ку 
8 


Example 40. Resolve 
them to evaluate 


n 


Бп Н xov) Дис 
WURA ] oz dx. о х ) 

Solution, The denominator of the given fraction сап Ње 
fractorized as (x—1)* (x--1)*. ‘Here. we have two linear factors, 
both of which are repeated. We, therefore, write: 3 

x х 


pe x 
Пост 


X A i : 
03-17 into partial fractions and изе 


no sio bins 3 ЖАЙ АО БЫК И еру voy 
ih OP ар Tape RET TORT уй, s 
Multiplying both sides by (xT) бна, we havê А 
BAG ОВО 1) FC x1) 


+р(х—1)? | EO! 

Equating the coefficients of x* on both sides of (D, we have 
0--А-ЕС %13%% + (ii) 

Equating the coefficients of x? on both sides of (i), we have 
0-АРВ-С10 ! (йі) 
n Again, equating the ыс OR on both sides of (i), we 
is AM 1--АР28-0-20 1! (iv) 
tt Finally, equating the constant terms on both sides of (0), we 
: 0=—-AFBECHD | 17 -40) 
АН Cate oy Mer 00-09 to obtain the values of 


= 
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Subtracting both sides of (у) from the corresponding sides of (iii), 
we have 
0—2A —2C, i.e, A=C. ЕС) 
From (її) and (vi) we һауе A=C=0. ++ (vii) 
Substituting the vaiues of A and C in (iv) and (у), we have 
pt E ul (viii) 
From (viii), we have 
B=}, D==}. 6 
Now A=0, B=}, C=0, D=—}. Therefore the given fraction 
1 1 1 
=~ Aa! AGI. 
The desired integral y 


-Ї алгаа 18 


1 1 
= да жену 1% 


.. Remarks ге We could ‘have obtained the integral of the 
function considered in the aboye example very easily by the 


substitution x*=¢, We would then get, 1, M 


релі эх Е Pub — 
15) 02-19» dx | ^no 2 xdx=dt 


1 dt 
ЖЕЛ | (6—1) ° 
oft 
EEES 


1 
-— жасу ж) 


The technique of resolving a given rational function into 
partial fractions is important in its own right, because of its appli- 
cations not only for finding integrals, but also for finding derivatives 
and elsewhere too. Suppose we were required to find the derivative 
of the given function. і { Ai ve 


f It would have been cumbersome. to find the derivative by the 
quotient rule. p $518 


‚ 2. The values of B and D could also have been obtained by 
putting x=1 and —1 successively in (i). 
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EXERCISE 5 (i) 
Integrating the following : 

x 5 7 егі { 

ТОВ (х4 (х4-1) 4 22729 1-3) 
222400 JUNE E 

3 (тр аата 
js Мах. 610-048 { 
`i GDF) (1) 
x 22 эн x 
LY CON oM EDGE 
noon pd »isirt 4 i “тэрэг 

oi (х-2)(х4-1)7 І 10," DG): 
11 is Lae, 12, СЭ! 31-03 225 

y kg AR ROA 


13. Grae awe eh ier 
15 КЕЕ =- ! 

to RFA) 
5:3, Case І;. Whe 
Юм 7 tors (some of v 


Зөн” 41. Resolve ma partial pem pan integrate : 


HEX ТТЕРІ RE. 
Solution. Observe that x?-[-X—2 can be БОНД ав (+2) 


(х-1); however, x*—x--2 siete be factorized into real linear 
factors, We can therefore wri рено аз 


NENA =} : 
Let. ^ 
өші et CRETE sert sept 


Atqui iu Toa ий 
Mida, 


| -40 
NEL both зав. КОО Со We 


xe A(x— 1) G3 2) - B2) 97 i 

"dt үф. ov Us vil абя) (0) (0), 504 et br 12 .Г(й) 
Putting х= —2 in (ii), we have s тп 

74» Mn ву ЕШ Зүй віта: жағд; 


РС” qn 


Сх--р 
E2 
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Putting x—1 in (ii), we мг 
1--6В, 1.е., Bt. (iv) 


In order to find C and 2 we equate the coefficients of х? and 
the constant term on both sides of (ii), We, then, have | 


0=A+B+C, TS TUS a 
= 24448-20. ; 
From (11), (iv) and (v) we have \ 
ҚОҒА лылы амс in 
с==-7:.0= 475 КО) 
Hence the given fraction х 
ad Ni) dabis ces di yin om 
=) + 60х-1) ATEFA i Rii 
The desired integral 
1 1 Qe dx 
"uses der уы” 4x2) | 
1 1 
=] In| x+2| + In| x-1]-J, - 09) 
T oed) 
where Ix 54-42 dx, 
1 ((2х-41)-1: 4 
E 85 
1 1 
1 n e-421 
1 1 dx ` 
=— In | х-х42 |= | 
8 8,413: 13: 77 
2: 2 
fe Ry 
ain paca p түр tant DII») 
84 Үү БАИТ 
Т) 


Егот (1) ду (2) we find пе desired integral 
=н | х-Е2 | 23: | x=1 11-р а 100421 


зуу? 


tan-MQx-- D] TH-K. 


wh919 we have put k for — c. 


Example 42. pes 


| җете) ^ 
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Solution. Let 
х+а (е! DxiE 
Зва) а) — = х—а 
Multiplying both sides by ЭРЭ a)(x*--a*), we have 


x-FazsAx(x -a)(x!-F-a)-F B(x—a)(8 4-42) + Cx G8 +a") \ 
-+(Dx-FE)x*(x— a). (i) 


Putting x=0 in (i), we have a=—a*B. 
Again, putting x=a in (i), we have 20--Со (209). 
1 E | t 5 
=- ii 
B ge С- } i) 
ү Equating the coefficients 3 x3, х? on both Хасу "of (i), we 
ave 


0=A+C-+D, 1 
0=—aA+B-+E—Da, 


9; (її) 
0--Аа2-8--42С-Бал 1 1 


Substituting the values B and С from (ii) in (iii), we have 


T 31 
aA—E+aD=— « { (iv) 


@A—aE=— 2) Jj 
а 


From (iy), ” hie ЕК СЕЙ 


р- а AE E=0, 0) 
ч (їй) à 0) s find that the given кы 
vos pr Be Se чол. 1 
Nah ate ao аз ахта) MIC аға) 
Тһе desired neat 2 
жыт! 
А 3 Әде In | х2- 2 | +e. | 
21. Example 43, Resolve into partial fractions and hence integrate 
5 LHH 
+=) 
Solution. Let б oh Аала 1 
а8133-141 1 Ах+В. RS ў 
Fe-S na ор a t+ tea (i) | 
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Multiplying both sides Бу (х2-4-1)(х—1)?, we have 200) 
х%-+ә4—х-+-1==(Ах-ЕВ)(х— 1)? + C(x— D(x*-- 1) + D(x?4- M 
3 «(ii 
Putting x=1 in (ii), we have 
2—2D, so that 0-1: ,, (ШШ) 
Equating the coefficients of хэ, x° and the constant term on 


both sides of (ii), we have 


11. 
13, 


554. Integration otf 


1=A+C, \ 
1=—2A+B-C+D, рей.) 
1=B—C+D, 

Substituting the value of D in (iv), we dx 


A=0, C=1, В-1,. EO 
Hence the given fraction 5 


1 1 1 
К+ сі Ғазал” 


cs jae dx= Stan АНА |x- 1] е 


EXERCISES (J) . б aa 
Irn 
Resolve into partial fractions and integrate : 
x ғұз.) 1 5 рар Ї 
—_. L 2 ا‎ hy 
х2—1 ; "TAHA 77 
3Х-2 7. Х 4 PX УЛЫ 
(x*--2)(x--2) | La EGI) 
ас Ф 43x+13 006 
+l ма AXES) 33) 
ж. 8 EEA ATES. ‹ 
ж--1 1 4-408-Е1)08--9) 
LEN S 1 0 
(28— 1)(х--2) atu ЗРО ИБ 
Җ#+2х+42 | 12, 1 езе) 
(х2--1)(х2--4) 7 at! 
POOR MD A b 8-9 
(+ æ=) \ SA 4 
5-4 2 1 
(dx Ёл ЭЭР, 42 4 


dx 


Let “айв 
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Three different cases arise : 
“базе KF b-a. 


pee 
^ J ata cos х 


i с = | «(Ер 


-l tan (x/2)4-C. 
j. Саве П. =—а. 


== Ь cot (х/2)--е. 


Case Ш. Муг, 
Put t—tan (x/2). Then di=} sec? (x/2) dx, 


dt ) rut - 
so that dx=2 Tran) 2 Tr 
i^ а=] у 2d 
a+b cosx a+ BUZE) Іжа 
Y 1+ 


-2| dt 
a(-+#)-+b(1—2*) 


. dt 
"e | шэн 


ax die vui e pn 


EE 
Two different possibilities arise : 
(i) d > b, In this case, 


atb _ (a+b? 
a-b 4-3 2m 


а ex Сав) (6 (556. 


"reas "n Gs) m т), 
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(ii) a? <b. In this case, 


a+b (a+b)? 
-a=b ё 


= Eta a 


ta 
555. Integrals ОЁ the type mr 
2 a+ bsin x 
Three different cases arise : 
Case I. b=a. 
In this case, 
I= dx 
“| атавшх? 
=] : 
44 1—cos (345 


Case П.  b—-—a. 
In this case, 


ТЕ; dx 
-ТГа-авіп x 


al dx 

471 сов 

=~ set ( 5- +) ax, 
1 E i 

m ce (5 


Б 
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Case ПІ. ba. 
In this case we put tan (x/2)— t, 


so that % 
1 
Б зес? (> ) dx=dt, 
or + (+2)dx=dt, 
2 dt 
or ; a= 
; tan (x/2) 21:0 
Also, біп x= = E G2 Fe 
EIS 24. 
a+b sin x Ug 
gu NE 


ut | i 5 


Кз аг 

| кү ак . 

up bM. а-ы 
(255257 


There аге two different possibilities : 
(i) 4-4 > 0. In this case 
1-2 Se tan {( He) тару а |+ +C; 
Ai; A (a? — b?) 
= JE 2%) {айс ые се чс ae с. 
(ii) &—b? < 0. In this case, 


(5-4) 
2 C 
ua) c 


Ee er ETRAS UT 
a ` VOR a) 
х 
atan 21%--/(-а) 


55 +С. 
атап 5р4 —‹°) 


BEN. 
т а-а) In 
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Remarks 1. By using the substitution 
x=n/2+y, we find that 


аж ig p о 
a+bsinx Ja+bcosy’ 
so that the above integral reduces to an earlier one. 


2. In actual practice we do not use the results obtained above 
but proceed afresh by using the substitution tan (x/2)=t. 
3. The substitution tan (x/2)=t can be used whenever the 
integrand is of the form F(cos x, sin x). 
Example 44. Evaluate lix 
1--008 a cos x 
Solution. Let us put tan x/2—1, so that x—2 tan”! г, 


dx I dt. 
Also cos asc 
^ р IFR 
Then 
. 4 zm 
77) Г--сов a cos x 
1 2 dt 
-f |. 2084 (1—09) "Lr 
1452 
2 dt 
-| (1-22) —соѕ а (I—r*) 


© | 24 
7) (1-+Есоз a)i*--(1—cos а)” 


1 


| dt 
cos? & -+tan® (а/2) ? 
2 


CO Es E t 
“Збов (02) ` tan (9/2) (80 an (75 +e 
-z tan ! (tan x/2) cot (x/2)--C. 
Example 45. Evaluate : 


dx dx. 
(а) | 5+4 cos х © | 4+5 cos х 
Solution. 
ra dx 
loupe Ez cos x 
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A dy 
~ J 5(соѕ? х/2--8ш2 х/2)--4(со8. x/2— sin? х/2)” 
4х 
77) 9 cos? x/2--sin? x/2 ° 
| sec? x/2 dx NO 
=] tan? x/2-+9 * 
Putting tan Re 3 со x/2 dx=dt in (1), we have 


1-2 |5 riy 2. tan™ (t/3)+C, 
25 
3 


хап tan (x/2))4-C. 


dx ; 
Ч A(cos* RON x/2)-+S(cos? x/2—sin?* x/2) ° 


`9 cos? (x/2) —sin? | es —sin? (х/2)» 
| вес? (х/2) dx 44) 
9—tan? (x/2) ` . 
Putting tan x/2— t, 3 sec? x/2 dx— dt in (1), we have 
1-2 | dt 


79-89 


1 3-і 
qum е, 
431 yy | Stan x/2 
3 Щщ 3—tan x/2 ec. 


1 


Remark. You must have noted that the technique used 
above is slightly different from the one described in section 5°5°4. We 
un Jd as well have proceeded in exactly the same manner as outlined 

еге. 


Example 46. Evaluate : 


ХҮХЭР Га 
e |= (9) las sin x’ 
Solution. 


(a) | dx 
S(cos? x/2-+sin® x/2)--4 sin x/2 cos х/2)” 

ла EI sect х/2 dx i) 
“5-5 tanê х/2:8 tan x72“ so 
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Putting tan x/2—t, 3 sec? x/2 dx=dt in (1), we have 
iau 
54814512 ° 


4f Ч 
5 "I Болат 


44 їап 3/5 )+с. 


=$ tan? 4(5 tan (х/2)--4)--С. 


(b i= | у ENG M Ээ a POS Ee OE ene 
4(cos? (х/2)--віп? (х/2))+ 5.2 sin (х/2) cos (x/2) * 


ES | ша вес(х/2)4х ^. (1) 
=| 4+10 тап(х/2)-4 tan*(x/2) Х 


Putting tan (x/2)=t, 4 sec*(x/2)dx=dr in (1), we һауе 
1- Езген 
at 
- үгү. 


eb age ВЭЭ: 

“ЭГ anor 

<td rS 

21+1 

2144 
2 (ап х/2--1 

-іш San x4 іе. 


Remark. Compare the above working with that described 
in section 5754. 


=} In 


+С, 


EXERCISE 5 (2) 
Integrate the following : 
1 1 


is 3+2 cos х? 2: 2--с08 x ` 
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1 EN cum 
2 5+3 cos х" м 1+2 cos x ` 
1 6 Озера 
SU Ens 0852 * F312 cos x * 
1 бесте селі. 
5 54-12 cos х? 4 1—2 sin x 7 


56. Integration of sinx cos"x 


The integral of sin"x cos"x occurs in many applications of 
integral calculus. In this section we shall see as to how we can 
integrate this function when m and n are non-negative integers. 


(i) - If mis an odd positive integer, say 2k--1, then we put 
соз х=1. Then —sin x dx=dt, 


=] sin™x cos"x dx, 


-f вш х cos?x dx, 


-| 0-4) dt, 
which сап be easily evaluated Бу first expanding (1—12)* by the 
binomial theorem. 


(i) If7 is an odd positive integer, then we put sinx=t and 
proceed as abóve. 


(ii) If both m and n are odd, we may proceed either as in (i) 
or as in (ii). 


(iy) If both m and n are even, then we generally use the 
method of successive reduction which we describe below : 


By using the technique of integration by parts we obtain a 
relation between 


(а) jsin?x соя" dx and J sin™-*x соз" x dx and also (if 
necesary) a relation between 


(b) f sin™x cos"x dx and | sin™x cos*"x dx. 
Such relations are called reduction formulae. 
By repeated application of reduction formulae the integral 


Ina [ sin™x cos?x dx 
can be expressed in terms of Ios which can be integrated immedia- 


tely. The method of successive reduction can be used in cases ()— 
(iii) also. 
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| The following examples will illustrate the method : 
Example 47. Evaluate : 


| (а) | sin*x dx (b) | салу dx. 


Solution. 
(a) Let | sin®x dx. 


Put сов х--і. Then —sin x dx=dt 


! 1-5 ja — cos?x)* sin x dx, 


І 


-[a - Уа, 


І 


-[0- 212 15)dt, 


эй 


55128 


бү > 3 * 
BAM M 23 =з х eos. x--C. 


=t+C, 


(5) =| cos?x dx 
Put sin x=t. Then cos x dx— dt. 


I= fa —sin?*x)* cos x dx, 
E ja —1) dt, 


= ja — 31+ 31*— 19)dt, 


T £35 наас, 

=— E +e —sinsx-Fsin х--С. 
Example 48. Evaluate : 
(a) | зийх cos*x dx. (9) | зіпёх cos? x dx. 


Solution. 


(a) | sin3x соѕёх dx. 
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The exponent of sin x is odd. We shall put соз х= 7. 
Then —sinxdx=dt. 
ү [а-и a 


Lee id 
AU que 


БОХ Sex. iE 4C. 
(b) i4 sin*x cos®x dx. 
The exponent of cos xis odd. We shall put sin х=/. Then 
cos x dx=dt. 
=| a-es, 


5 7 
ite 
inë іп? 
e i гі X bc. 
Example 49. For each positive integer m, let Im=Ssin™x ах. 
m-1 “хх 
Show that d 


Solution. 
„= | sin". sin x dx - 


Im- Use it to evaluate Is. 


١ Taking first function—sin"-!x, second function=sin x, and 
integrating Бу parts, we have 


Im= —sin"-!x cos х-|(т-1) sin? ®x cos x(—cos x)dx 


= —Ssin"71x cos х+(т—1) | 8107-2Х(1--8102х)47 


= —sin"^!x cos x+(m— 0—1), 


ог mIm= —sin"-!x cos x+(m—1)Im-s 
MM т-1 
ог [p= тіп” 1x cos + Oi, (1) 
Putting m=6, 4, 2 in (1), we have 


1,— —% sin*x cos x+41, 
I,— —1 sin? x cos x-+31, 
I,=—4 sin x cos T--H,. 
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Also, To= [sine x «-| ах=х-ЕС. 
From the above relations we can find Is, 1,, Ig. After calcu- 
lations we find that 
Ш----ізіпбх cos x—z#sin®x cos x— yesin x cos x 
+sx-+C’, where С” is an arbitrary constant. 


Remark. If we were simply to evaluate | ѕіпох dx we could 
have first expressed sin*x as a sum of sines/cosines of multiples of x 
and then integrated each term of the sum to obtain the result. The 
The result would have been obtained in a different but equivalent 
form. In that case we would have proceeded as follows : 

Since sin2x—3(1— cos 2x), 
therefore sin*x-1(1— cos2x)*, 

=4[1—3 cos 2x-+3 cos? 2x—cos? 2х]. (i) 
Writing cos? 2x=4(1-++cos 4х), 
cos? 2х-- (сов 6x--3 cos 2x), 
(i) becomes 
sin*x3[1—3 cos 2Х4-КІ--сов 4х)--4(со8 6х--3 cos 2х)) 


=z [10-15 cos 2x+6`cos 4x—cos 6x] (ii) 


From (ii) we have 
5 1 1577 
6 ما‎ et 
| sin®x dx= 32 [10x 2 sin 2x 
+> sin dx sin GC (0) 
If the exponents are not too big, this method also works well. 


Example 50. For each positive integer п, let Jn | cos" x dx. 
Show that. 


-1 
In= д cos"-'x sin x + S JW: 
n n 
Use it to evaluate Js. 
Solution. 
i| cos? x . cos x dx 


Taking first function-cos?-!x, second function—cos x, and 
integrating by parts, we have 
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1,55с08973 sin x-Je- 1) сов"-2х (— sin x) . (sinx)dx, 


—cos""!x sin x+(n—1) | со8"-2Х (1—соз°лх)йх, 


—cos"-lx sin x4-(n—1)(Ja-, — Jn), 
ог nJn=cos"—'x sin x--(n—1)Ja. s, 


n 


A ... Г 
= озуы x+ Taaak d) с 
п п 


Putting n=6, 4, 2 in succession in (1) we have 


Тегі соёх sin х--27,, 
J,—1cos? x sin х--11, 
Ja=}cos x sin x+4J,. 


Also, »-] cos?x «-| dx=x+Cy, 


From the above relations we find that 
1,--1 cos x sin x+} x-- C,, 
14-41 cos? x sin x4-1(3 cos x sin x-- 3 x)-- Cs; 
=} cos? x sin x+? cos x sin х x-FCs, 
J,—1 coss x sin xa; cos? x sin x+% cos x Lus pc 
where C, Cı, Cs, C, are all arbitrary constants. 


Remarks 1. We could have deduced the result of this 
example from that of the preceding example (orvice-versa) by the 


Substitution, x-y--m/2. In fact, by substituting x=y+-n/2 and 
dx=dy in the relation 


іпт-і -- 

IE di, OSAT s үл (асад, 
m т 

and remembering that sin (у--т/2)--сов y, 


cos (y--1/2)— —sin y, we have Ч 
i -1 p uy 
| cos" y dy— чау сот MEA RI = [созт у dy, 


which is the reduction formula proved above (except that we have 
‘n’ instead of ‘m’), 


x d 2. It would be interesting to express совб as a sum of 
cosines of multiples x by using the formula cos* Х--% (1+cos 2x) 
and then integrating term by term. : 
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Example 51. For every pair of non-negative integers m and n, 
let Im, en x cos? x dx. 


Show that 
(а) (m+n) Im, n=—sin™ x сов" x--(m—1) Ima, n. 
(b) (m+n) Im, n=sin™ x cos" 33--(n—1) Im, n-s: 


Use the above reduction formulae to evaluate 
ат [sins x cos*x dx. 


Solution. (а) By taking first function=sin"™ x and second 
function —sin x cos"x, and integrating by parts, we have 


Im, n— (СЫ (sin х cos"x) dx, 


nth Ё 
а - e) - fm n sin "7?x cos x 


n+l 
cos" tix ) 
(- e. 
Multiplying throughout by n+1 and replacing сов х by l—sin*x in 
the integrand on the right hand side, we have 
(n+1) Im, n=—sin™ x cos**x-J-(m— Ооа» (1-віп?х); 
cos"x dx, 
= siny cos? lx 4- (m — 1) (Im-s, n— lmn) 
or (m+n) Im, n= —sin"x cos" *!x4-(m— 1) Im-s, n (А) 


(b) We сап either proceed exactly as in (a) above ог deduce 
the result from (A) as follows : 


Interchanging m and n throughout in (A) above, we have 


(1-Ет) [sie cos™x dy=—sin™ tx cos" ix: 


+(n— [апу cos"xdx ...(1) 


Put x=y-+n/2, dx=dy in (1) throughout, and use sin (у-Ет/2) 
=cos у, cos (y--x/2)— —sin y. Then 


(m+n) feos” yl(—1)™ sin? y] dy 
= —cosn1y(— 1)^*! sin?tty) 


+ (=1) esti sin" уу, 
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ог (m+n) [iom cos"y dy- sin"** y cos" y 


T(n—1) [sinr со8"-2у4х, ...(B) 


which is the desired formula (except that we have got the 
variable у everywhere instead of x, which we know to be 
immaterial), 


To evaluate I4, » we use the reduction formula (A) twice taking 
(т, n)=(4, 2) and (2, 2) in succession. We then have 


6 Ig, з= —sin?x соз%х--31,,‚ », 842) 
4 Tg, 2=—sin x cos? х4-10, a (3) 
From (2) and (3) we have 


6 Is 2=—sin*x costs — 2-sin x cos? E lo з 


С?) 
Using formula (В) for т--0, n=2, we have 
2 Io, ,—sin x cos x+ Io, 0 (5) 
Also . Toy o=X+Cy : (6) 
Using (5) and (6), we have from (4), ; | 


ER lj 1 
1, سے کو‎ Sin’ cos'x— g sin х cos*x | 


NS 1 | 
+ т sin х cos хехе. | 


Remarks, „1. Observe that we used formula (A) to reduce 
the exponent of sin xas much as we could, and then used (B) to 
reduce the exponent of cos x. This can always be done till Im, n is 
expressed in terms of any one of the four integrals I, 1, Tı, o, Iv 
Jo, о. АП these four integrals can be evaluated directly. 

2. The formulae in Examples 49 and 50 
of the formulae (A) and (B) above, 


In fact, putting п=0 in (A) throughout we have 
m Im, == —sin"-!x cos x+(m—1) Im 5, o 
which is the same as the formula of Example 49, 


Similarly; by putting т=0 in (B thri 
formula of Example 50. Эрс dias 


аге particular cases 


; EXERCISE 5 (/) 
Evaluate : 


m | соѕ°х dx. 2. |е х ах. 


% 


INDEFINITE INTEGRALS 


8: | sint x dx. 


sin? x cos? x dx. 


sin* x cos* x dx. 


ю 


Ч) [i x cos*x dx. 


4. | cost x dx. 


6. IE x cos* x dx. 


8. [sins x cos?x dx. 


10. [sins x сов%х dx. 


TEST YOUR UNDERSTANDING V 


In each of the following problems, 
out of which only one is correct, Puta tic 


correct alternative : 


1, 


A primitive of х? is 
(a) 3x? 

(c) ix 

A primitive of е is 
(а) 2xe?* 

(c) ex 


IL x dx equals 


(а) In In x-- € 


(o) хіпх 


.. An indefinite integral of 


(a) sin? (2x) 
(c) sin™(x/2) 


(b) 332 
(d) x*. 


(b) -2e'* 
(d) ie*. 


1 
(5) суун 
(d) хіпх-х--С 


1 4 
wa») 5 


(b) $sin- (2x) 
(d) 2 sin (22). 


An anti-derivative of tan x is 


(а) Insec x 
(c) sec? x 


= = equals 


(а) In (@+x%)+C 
(с) sin! (xJa)+C 


(b) Іп cosx 
(4) cot x. 


Ф) + tan (ас 


(d) —2x/(@4+*). 


A primitive of f(x) is sec? x. Then f must be 


(a) 2 sec? x tan x 
(c) + sec? x 


(b) tan x 
(d) 2sec x. 
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four alternatives are given 
k mark (y) against the 
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10. 


x 


09) 
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A primitive of fis In {4/(х2—4)--х) . f must be 
(a) oa (b) «/(а2--4) 
gebe А 2 2. 4)3/2 
(c) AID | (d) 3 (8-4) 
A primitive of (sin x)/cos? x equals 


(a) tan x (b) sec x 

(с) cos? x/sin x (d) 1/соѕ x. 

An anti-derivative of f(x) is sin" (x?) . f(x) is 
xt 

(a) 3x? sin (x?) (b) сі» 

(с) cos? x3 (d) 3х2(1--х 89, 


REVIEW EXERCISE У 
Evaluate the following integrals : 


m dx. (Roorkee Entrance, 1988) 
-2/з 

[s dx . (Roorkee Entrance, 1987) 

In x 

P: dx. (Roorkee- Entrance, 1986) 
Гену 

Са) 4 (КоогКее Епіғапсе, 1986) 

ах 

| хээ, 2 (4.1.8.8.С.Е., 198.) 

х--х-1 4 

33-6 45 ue (4.1.5.5.С.Е., 1988) 
| (= 

er ) ar, (D.BS.S.C.E., 1988) 

| e” (a-- be*)5 dx. (А.1.8.8.С.Е., 1984) 
| кіз 4 ! 

(x-2)x—1) 4% (D.B.S.S.CE., 1987) 
| е" (2—sin 2x) 4 

ЇЕ со8 opis 0А (D.B.S.S.C.E., 1989) 

| xsin- x? d 

Vx eX (D.B.S.S.C.E., 1986) 


0 
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]—tan х 
12 [к х 
13 | cos x 
2 (сов Еден xp © 


tan sx 2 т) ах. 


с соз“ noe x) 


| 
[шу 
Tes p TER TE TB 
| 
| 


18. 
19. fon x)" dx 

2x dx 
х [л 2—0) 
21 | е“ (tan x—In | sec x | ) ах. 
22. | іл ныг 

sin x 

2x dx 

2 Ir 3-- 2-2) 
sin 2x dx 

24. | @ соз®х--Б°вїп®х 


ва а840 _ 40 
А/(1--сов 0) 


+ sin 7X cos 5x dx. 


тено 
| 
| 
28. e” (cot х—сзс® х) dx. 


ЗО; 4 sin? х- = cos? x 


sec x In (sec x--tan x) dx. 
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(D.B.S.S.C.E., 1984) 
(D.B.S.S.C.E., 1985) 
(D.B.S.S.C.E , 1984) 
(A.LS.S.C.E., 1984) 
(A.S.S.C.E., 1984) 


(А.1.8.8.С.Е., 1989) 


x 
1/2 
fı 4-2 tan x (tan x+sec x) } dx. (Roorkee Entrance, 1987) 


(A.I.S.S.C.E., 1984) ` 


(A.I.S.S.C.E., 1984) 
(D.B.S.S.C.E., 1988) 
(D.B.S.S.C E., 1986) 
(р.В.8.8.С.Е., 1988) 
(D.B.S.S.C.E., 1989) 
(D.B.S.S.C E., 1989) 

(А.1.8.8.С.Е., 1988) 

(A.1.S.S.C.E., 1986) 


(А.1.8.8.С.Е., 1986) 


(4.1.8.8.С.Е., 1986) 
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SUMMARY 
1. тэвдэж | soars o. 
2. елда ло. 


3. Let f (x) be a function which has a primitive. If х==%(/) is a derivable 
function of f, then 


| f(x) dx= | гон! (даг. 
4. Let f and g be two fuuctions such that [есл апа 
| U' c9 | g (x)dx] dx exist. Then 


| Т.бдвбдах--/ (9) gG)dx]— |у 2222 
5. The following keiten; integrals are often found useful : 


(1) | х”4х= +С, пу — 1, 


i 
=In |x| +C, x20. 


be 

(3) Jo X dx= —cos x4-C. 
[eos х dx—sin x--C. 
(5 fian хан I sec x | --С. 
(9) IE dx=In | sin x | +C. 

0 [х dx=In | sec x+tan х | +C: 
9) [ose dx=In | tan = FEO: 

(9) [se dx—tan х-ЁС. 

(10) [ec с х dx= — cot х-ЕС. 


а “нь X tan x dx=sec х-ЕС, 
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(12) je X cot x dx ——csc x4-C. 
(13) 


04) 


(15) 


(16) 


(17) 


09) | Sam Inf | Иа) Ех | FEC, 


(ха?) 


(20) =n {| 463—295) +x | 3H-C. 


М (х2—а?) 


2 
(21) VG Md xe A (a? —x?) 32223 sin(a c, 


(22) Модар x Ge) 2 | A G?--a*)4-x | )4-. 


(23) 


| 
| 
| 
| 
| 
22222200 
| 
| 
| 
| 
| 


У(53--а5йх--1 х, ое] VP —a?) +x | Frc. 


(24) jer соз bx dx= cos (bx —tin T/A) FC. 


gat 
V (a* +b?) 


(25) Б sin bX ta sin (6¥—tan-1(6/a)) +-C, 
Q9 If | £f (Odt —F(t), then 


| Feo orae ахы, 
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1 С n 
от Ша чүт ein +0, r. 


feo aq c. 
(28) a ах= | f (x) | + 


оз) | et f OHI ае f (+C. 


(30) If Im= [sos dx, then 


cos X sin" 1x qued 
а M UT. 


GD If = [oo X dx, then 


cos""!x sin x  n—l 


ШУ ama a на 


(32) If Im, n= [ins cos?x dx, 


then 
(m-+n)Imjn=—sin™ x cos? -(m— Iman. 


— sin! t! y cos"—!x-+(n—1)Im, ns. 


HISTORICAL NOTE 


The search for methods of integration may be traced back to 
the Greeks. The method of exhaustion used by Archimedes (287-212 
B.C.) to find the area and arc-length of a circle, area of a parabolic 
segment, area of an ellipse, surface and volume of a sphere, was 
nothing else but integral calculus in a primitive form. 


B. Cavalieri (1598-1647), a pupil of Galileo and Professor at 
Bologna (Italy), published his method of indivisibles in his book 
Geometria indivisibilibus, in 1635. Cavalieri solved most of the pro- 
blems regarding determination of areas of planetary orbits posed by 
Kepler. Usingthis method with some modifications, important 
contributions were made by P. Fermat (1601-1655), G. Roberval 
(1602-1675), E. Torricelli (1608-1647), and B. Pascal (1623-1662). 


.. , John Wallis (1616-1703) in his Arithmetica infinitorum published 
in 1665, Systematized the method of indivisibles. I. Barrow (1630-1677), 
Newton's teacher and predecessor at Cambridge made important con- 
tributions to integral calculus in his Lectiones Geometricae published 
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in 1670. The discovery of the calculus independently but about 
the same time by /ssac Newton (1642-1727) and С. W. Leibnitz 
(1646-1717) was the consolidation and organization of cffort made by 
many mathematicians over past several centuries. 


A.L. Cauchy (1789-1857) defined the definite integral as the 
limit of a sum. G.F.B. Riemann (1826-1866) gave the modern defini- 
tion of the definite integral which does not depend оп the notion of 
the derivative at all. 


OO 


G.F.B. RIEMANN (1826-1866) 


Georg Friedrich Bernhard Riemann, one of the greatest geniuses of the 
nineteenth century, was a student of Karl Friedrich Gauss and Wilhelm Weber, 
In 1846 he went to Gottingen to study theology but soon changed over to mathe- 
matics. The concept of definite integral was put on a firm foundation by him. 
He made valuable contributions to several areas of mathematics. He died at the 
age of forty. His work has continued to inspire mathematicians even to this day, 
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CHAPTER 6 
Definite Integrals 


61, INTRODUCTION 


In the previous chapter we defined integration as the inverse 
process of differentiation. However, historically the integral calculus 
was invented first and the differential calculus later. The concept of 
integration first arose іп connection with determination of areas of . 
plane regions bounded by curves and an integral was recognized as 
the limit of a certain sum. It was only later that Newton and 
Leibnitz established an intimate relationship between the processes 
of integration and differentiation, known now as the fundamental 
theorem of integral calculus which we shall discuss in this chapter. 
A definite integral will be defined as the limit of a sum and it will 
be shown how a definite integral can be used to define the area of 
some special region. The application of the fundamental theorem 
to determine the areas of several important geometric figures will 
then be considered. 


611, The Area of a Plane Region 


In elementary geometry, you must have come across formulae 
for finding the areas of many plane figures. For instance, the area 
of a rectangle is equal to the product of the lengths of two adjacent 
sides. Similarly, the area of a triangle is equal to half the product 
of the length of any side and the length of the altitude perpendicular 
to that side. One can determine areas of polygons and other plane 
figures bounded by straight lines ina similar manner. But what 
about areas of figures bounded by curved lines ? The area of such 
a figure is sometimes defined as the number of unit squares (squares 
with sides of length 1) which can fit in the figure. But this definition 
is very unsatisfactory. Consider, for example, a circle of radius 1. 
One would say that the irrational number т denotes the area of this 
circle. According to the above definition, x unit squares should fit 
into the circle. But what does ‘x’ squares mean 2 Even if one con- 
siders a circle of radius 1/4/ x , which should have area 1, it is 
difficult to believe that a unit square will fit in this circle, because it 
is impossible to divide the unit square into pieces which can be 
arranged to form a circle. 


The ancient Greeks used а certain method which came to be 
known as the method of exhaustion to give meaning to the areas of 
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such regions. But it was Archimedes who made the most elegant 
applications of this method. For this reason perhaps, the method 
of exhaustion is sometimes erroneously attributed to Archimedes. 
Using this method, Archimedes proved that the area of a parabolic 
segment is 4/3 of the area of a triangle on the same base and having 
the same vertex. Let us now discuss the way this method is used for 
assigning a meaning to the area of a circle. 


' A Consider a circle S and inscribe a regular polygon 5, of n sides 
init. Now, the area of the regular polygon S, is less than the area 
of the circle as some portions of the circle are left out. However, if 
we go оп increasing the number nof sides of S,, the area of S, 
becomes closer and closer to the area of the circle. It is intuitively 
clear thatifm tends to infinity, the area of the polygon tends to 
become the area of the circle. Similarly let us circumscribe a regular 
polygon S, of sides about the circle. The area of S, is always 
greater than the area of the circle, but as, the number of sides, 
increases, the area of S; goes on becoming closer and closer to the 


area of S and as л tends to infinity, the area of S, tends tothe area 
of the circle, 


Fig. 6*1. Fig. 62, 


approximating the 
can be determined. 


nted by Kepler 
radii—a rude 
4 8 composed of 
or infinitely thin disks еїс., 
d the problem of integration. 

eiri to develop his method 


The method of i : 
БОЛОГ пао Aon was transformed into a powerful 


now called integral calculus, largely through 
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the efforts of Newton and Leibnitz. The subject was put ona 
sound mathematical basis during the nineteenth century by Augustin 
Louis Cauchy (1789-1857) and George Bernhard Friedrich Riemann 
(1826-1866). 

We shall now see for ourselves as to how the areas of certain 
regions can be viewed as the limits of certain sums. We shall make 
it precise below. 

612. The area of a region as the limit of a sum 

Ч Suppose we are given а function f which is defined and con- 
tinuous over the closed interval (а, b]. Let f be monotonic in (0, 5] 
and let f (x) > 0 for all x € [a, b]. 

Divide (а, b] into n sub-intervals of equal length. If h be the 
length of each sub-interval, then nh=b—a. Аз п increases, Л decrea- 
ses. In fact as n — co, h — 0 

Let the п sub-intervals, be (а, ath], lath, @+-2h] rrr 
[a--n—1 h, a+nh]. We shall consider two different cases according 
as f (x) is increasing or decreasing. 

Case I. Let f (x) be increasing on (а, b]. On the sub-intervals 
Га, a--h], lath, a--2h],---[a--n—1 h, a--nh] erect rectangles of 
heights f (a), f (at), 222 ‚ /(а+п—1 h) respectively as shown in 
Fig. 63 (a). The sum 5 of the areas of these rectangles is given by 

S—h f (ath f (a +h) 3- +hf (a+n—1 h) 


—h Cf OAL ааа 0) 00) 


o a ath a+2h ? b=a+nh 


Fig. 6:3 (а). 
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Y4 


a aah a+ 2h .a+ni=b Жш 


Fig. 63 (b). 
Let us now erect rectangles. of heights f (a--h), f (a-- 2h), 
f (atnh) on’ the sub-intervals (а, 2+, [a--h, a+-2h 
[a--n—1 h, a+nh] respectively, as shown in Fig, 6:3 (b). 
The sum 5% of the areas of the rectangles is given by 
S* hf (a--R)-hf (а)... hf (anh) 


=h{flath)t+f fa--21)--......--f (a--nh)) (2) 


It is clear from Fig, 6°3 (a) and (b) that the area 
bounded by Y=f\x), the x-axis and the o 
lies between S and 85. In fact, we have 


S<A<s* 


3) 
As increases, S and 8% approach each other and both of them 
approach A, ie., 


А of the region 
rdinates x=a and x=b 


lim S=A= lim 5% (4) 
n> со З n> o 
Case ЇЇ. Let f (x) be decreasing їп [а, b]. Erect two sets of 
rectangles ав іл Casel. These are shown in Fig. 64 (a) and (5). 
With the same notation as in Case I, we have 


5+ <А <5 EC) 
As л increases, S and S* а Proach each ) 
approach А, ѓе, other and both of them 
s li == ДА = * 5 
: gta SEA Um : (5) 


DEFINITE INTEGRALS 


a 


Fig. 6°4 (a). 


б| h Ба Е x 


Fig. 6°4 (6). 
__ From (4) and (5) we find that if f be monotonic оп (а, b], i.e., 
either increasing or decreasing, then in both the cases we have 
lim S = A = lim 5% -(6) 


n> 0 n> o 
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We have already seen as to how we can find intervals in which 
a given function is increasing or decreasing, and for each such 
interval (6) holds, therefore by applying the above construction to 
each such interval and then summing up over all the intervals we 
find that if f be continuous оп (0, b] and f (x) > 0, then (6) holds 
without imposing the condition that / 18 monotone, 


Remark. In the above discussion, we have assumed that 
f(x) > 0 for all x. However, one can assign a meaning to the area 
even if f(x) € 0. This is done below. 


(i) Suppose f (х) < 0 over (а, b]. In this case, the area of the 
region AMNB bounded by y—f (x), the two ordinates x—a, х=, 
and the x-axis is defined as the area of the region AM’N’B which is 
the.reflection of the region AMNB in the x-axis. The required area 
is therefore the one which is bounded by y=—f (x), the ordinates 
x=a, x —b, and the x-axis. 


(ii) If f (x) takes both --ve and —ve values, we may consider 
the areas of the regions which lie above the x-axis and below the 
x-axis separately. The required area is then the sum of all these 


y = f(x) 
Fig. 6'5. 


areas. For instance, in Fig. 66, the area bounded by th 

y=f (x), the ordinates х=а, x=b and the x-axis is the im е 
areas—-the area of the region ACM which lies above the x-axis and 
the área of the region CNB which lies below the x-axis. The area 
CNB has a meaning as defined in (i) above. : à 


62. THE DEFINITE INTEGRAL 


We are now ready to give the definitio f ite i 
aana \ топ of the definite integral. 
он ough motivated by the Concept of area, does not 
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Fig. 6:6. 


Definition 61. Let f(x) be defined and continuous over the 
closed interval (а, b). Let n be a positive integer and h be a positive 
real number such that nh=b—a. Then 2 


lim A Lf (а+В)+/ (a+2h)+--+f(a+nh)] 


n> © 


is called the definite integral of f (x) over (а, b] and is denoted by 
b 


| f(x) dx. Here, ais called the lower limit and b is called the 


a 


b 
upper limit of | f (2) dx. The interval (а, b] is called the range of 
а 


integration. 


The world ‘limit’ here has nothing to do with the word limit 
as used in differential calculus. It only signifies the ‘end points’ 
of the range of integration. 


Remarks 1. We shall often state the above definition in 
the form 3 


b У 5 

|ә dx = іт h {f(a B) -f (a--24) ttf (a-+-nh)}. 
nc о 

а һ»0 


nh=b—a 


5 í 1 
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2. Since cies hf (h) and M hf(a+nh) are both equal to 


. Zero, therefore the following is an equivalent formulation of the 
b 
definition of | f(x) ах: 
a 


5 í 
[ло dx= lim A (f (a)--f (4-0 f (a n—1 Юу. 
H- = 4 


a һ->0 
nh=b—a 


We shall use both the formulations interchangeably. 
b 


1 

i | 
Example 1. Evaluate |е” dx Бу expressing it as the | 
Ў 4 | 
limit of a sum. s y 1 
Solution. Here f ()-2x4-7. | 
b | 

1 

| 

1 

| 


Therefore fox 2x--7) dx 


7 а ) 
ES = tim л AES (а) у (a+2h) +. ade ax 
E ши 
| 7 lim AD (a+h)+7-+42 (44-21)--74-..42 hen 
Vtde E 
- jim h [(2a+7) n+ (2h) (1--2--3--.4--0)| 


йз о, >. 


` nh=b—a 
5n pa [2а+7) (nh) hn (n--1y] 


n> © 


nheb—a 
= ш Цай: nh QatN+ (nh) . A 


1223 sm i 2-48:0-0 ано) Aj 


Jobs E (24--7) 
=0—047 (b—a). 
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Remark, Observe that we ‘ave tried to arrange the expression 
in terms of nh and then put nh —b—a before taking limits. 


b 


Example 2. Evaluate |е ах by expressing it as the limit of 


3 а 
а sum. 


Solution. Неге/(х!-05. 
5 
Therefore, je dx 


= ИШ Al flataA)+f (a+2h)+...+-f (a+nh)], 


n- о 


nh=b—a 


—lim A [eth ез... eoim. 
һ->0 
ho 
nh=b—a 
lim | hert (g^ —]) 
T Res 


zm. 
i P Yum TEM. ex (270—1), 


обада), since D A oh lim є2= 1. 


Ж а 


ze e, 


b 
Example 3. Evaluate | sinxdx by expressing it as the limit 
a 


of a sum. 
Solution. Неге (x)—sin x. 
b 


| sin x dx 2 
А а 
=lim A [(sin (a--A)--sin (а4-21)4-----4-5їл (a+nh)] ---(1) 
40 | 
nh-b—a 
Let S=sin (а--4)4-біп (a--2h)3- sin (44-11) 


Multiplying both sides by 2 sin h, we have, 5 
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О sin 44) S—2 sin $h sin (а) 2 sin th sin (aL... 
Fe 2 sin $h sin (a+nh) 
—cos (a+4h)—cos (a--24) 
-Есов (a+$h)—cos (a+$h) 


+-сов [a-+(n—$h)]—cos [a--(n--34)], 
=cos (a+4h)—cos (a--(i4-2)8), 
=cos (а--3й)--сов (b+$h). (2) 


From (1) and (2) we have 
b 


| b sin x dx—lim T [cos (5--4)--сов (a+ h)] 


а 


=cos b—cos a, since lim — А 
hasin fh 


lim cos (a+h)=cos a, 
h>0 
lim cos (b+h)=cos b. 
h>0 


EXERCISE 6 (a) 


Evaluate the following definite integrals by expressing them as 
limits of sums : 


b 
jh E dx. 2! fi (3x+5) dx. 
a a 
eee b 
3. | x* dx. 4. | x8 dx. 
а а 
5 b 
53 | cos х dx, en sin 2x dx. 
a a 
n/2 b 
T | sin x dx. 8 | е“ dx, 
0 a 
nls 1 
9, | cos? x dx, 10, | хө хєх 
0 0 
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63. THE FUNDAMENTAL THEOREM OF INTEGRAL CAL- 


CULUS 

Recall that by definition, 

b 

| F alim Ва) а-у (ані М 
п» о 

а h>0 


nh=b—a 


If this has given you the idea that the evaluation of a definite 
integral is a relatively complicated affair, then we have a pleasant 
surprise for you. After you are through this section, you would 
have changed your opinion because you would find that if you can 
lay your hands on a primitive of f (х) (and you would be able to do 
this for almost all the functions you are going to come across !), 


2 
then evaluating frw dx will be a very simple affair. 


a 


The fundamental theorem of integral calculus, proved Бу 
Newton and Leibnitz independently, expresses the definite integral 
of a function over an interval in terms of the values of a primitive 
of the function at the end points. The theorem is extremely useful in 
applications, but its proof is beyond the scope of the present book. 
We therefore state the theorem without proof. 


Theorem 6 1. (The Fundamental Theorem of Integral Calculus). 
Let f (x) be a function defined and continuous over a closed interval 
Га, b]. If F(x) is a primitive of f (x), then 
5 


| f(x) dx F(b) —F(a. 
^a 

The above theorem establishes a relationship between a deri- ` 
vative and an integral. It states that if we are given a function f (x), 
we can calculate the definite integral of f (x) over [a, b] by finding a 
primitive of f (X) and then substracting the value of the primitive at 
а from its value at b. The difference F(5) — F(a) is usually written 
as ^ 


b 
F(b)— Fía)—[F(x)]. 
a 


Remark. It may be noted that a definite integral has а defi- 
nite value and is independent of the constant of integration. Hence 
the name definite integral. In fact the constant of integration dis- 
appears as shown below. f 


If F(x) is а‹ргітійуе of f (x). then F(x)+C is also a primitive. 
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b 
Now, [Е (x)+-C]=(the value of F 09--С at x=b)—(the value 
a 


of F (x)+C at x=a), 
=(F (b)+C)— (F @)+C)=F (b)—F (а). 
Before we proceed to evaluate definite integrals, we prove some 
simple properties of definite integrals, ; 
2 


We have so far defined | J (x) dx only when а<Ь. We shall 
a 
b 
now define fro dx when a=b and a>b, Naturally, we would 
a 
like our definitions to be such that the fundamental theorem of inte- 
gral calculus continues, to hold. 


Definition 62. Let f(x) be defined and have a primitive in 
[5, a], 4 


(i) | f(x) dx=0. 


eae, 
7 


а 
i) | го) dx= -Í f(x) ds. 
a b 
Remark. Observe that if F (x) be a primitive of f (x), then 


the fundamental theorem of integral calculus, / li i 
шш EUR if applicable to f (x) in 


b a : 
С ax=[F co оғ (де, 
а 


а 


b 
Also, if the fundamental theorem be applicable to Ї f£ (x) dx 
а 


where b a, then we would have 
5 


Jr «-Ге 91 | 
а 574 


ТИ TOFA | POS 


b 
Thus, with the 
at the conclusion of the fundamental 
1s Valid whether a<b, a=b, or ab. 


which is in agreement with the aboy iti 
above definitions we find th ur 
theorem of integral calculus 
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` Before we proceed. to evaluate definite integrals, we prove 
some simple properties of definite integrals. 


Theorem 6'2. Let f (x), е (x) be functions defined and conti- 
nuous over а ee interval (а, H Then 


(i) Р (x) dx=0. 


a b 
ш) | ую а роди. 
b ә а 
b b` b 
f (0+ corde [ren de | g од as. 


a а! 


(iii) 


kf (x) dx=k | f (x) dx, where k is a constant. 
a 
b c b 
(у) | f£ 69 aeaf 709 ace 7 (x) dx, where c€ [a, b] 
с. 
Proof. @: and (ii) are РУ of definitions.” 
(iii) Suppose F (x) is a primitive of f(x) and G (x) is a primi- 
tive of g (x). 
Then, 
b 


(iv) 


| 
| b 


Bn dx 
a a 


b % 
4 Е ed G e 


ZIF () —F (DEG (0-6 (a, 
=[F (+O (21-16 @+6 (o), 


-| rww], 
a 


b 
= fire TU 


ч 
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“7 F (a)4+-G (x) is a primitive of f (9-8 (01. 
5 ; 2 


b 

W) k | УЛЫГ Ге (x) ] 

a a 
=k LF (Ó)—F (9), 


—(KF) (b) —(kF) (а), 


ХЭГ, 
[аю 9Î | 
3 a 


b 
-| Kf (4 dx. 


[5 КЕ (x) is a primitive of kf (х). 

7 5 b с ur 

0 | re aereo ax=[ re НЦ ғо | 
а. с а с 


=(F (с)—Е (a))+(F(b)—F (с)) 
=F (5)—F (а), 


b 
-[ F (x) ] 
7 а 


-Í f (x) dx. 
a Ч 
64, EVALUATION OF DEFINITE INTEGRALS 
The fundamental theorem of integral calculus shows that to 
evaluate the definite integral of a fu 


aluat i nction, we need only to find its 
Primitive. Various methods for determining primitives of different 


types of functions developed in Chapter 5 will now be used to calcu- 
late definite integrals. 
1 
Example 4. Evaluate | (24-53) dx. 
0 
1 1 1 4 
Solution. | 02-55) = | х der | 5x dx, 
0 0 


0 
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Example 5. Evaluate | x sin'x dx. 
9 


Solution. 
Integrating by parts, we get 


| x sin x dx=x(—cos x)— . ficos хуйх, 


=—x cos x+sin xc. ; 
Thus —x cos x--sin x is a primitive of x sin x. 


л л 
| sin x dx-[ —x cos x--sin s] : 
а е 1120 
теп. é 
641. Evaluation of the definite integral 
ЫГ А 
| sin? х сов” x dx, i 
4 0 i 
where m, n are any positive integers. 
2/2 4 
Let Im, n= | sin” х cos?x dx. x 
0 i 
From the reduction formula (a) of Example 51, Chapter 5, we 
have we iat 
: x2 4 Ж 
(теат =[ —sinm x cost х | tm D Taam 
0 а) 


= (m— 1-я, 
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-1 
от ња LS 
Changing m to 1;—2, we have 
“0-3 
ash Ion, 


Toran Өз Іт, " 
т-+{+п—4 


Ty =. Ion if m is odd 
I,n= n Ion, if m is even 
Thus 
т—1 т—3 т—5 2 1 
Б т+1`›т-+п—2 тєп-4" 3g v" 
if mis odd (1) 
ml m3 m—5 Ex, 
tos арт?а! т+п—4 т+п—4` 2a € 
! ( if mis even 42) 
Now 
i «n 1/2 
—cos"t! х 
eon x cos wed: [SE] merus 
(3) 
т/2 к/2 


sd sin? x cos” х Ын! cos" x dx | 


-() 
From the poer ud formulae (b) 3 Example 51, С 
have on putting т--0 as MEUM 


т/2 
“т sin x cogi x] Fn ions 
0 


or CUR gon 


ei eds 
Changing п to мг, we have 


Toa-,— Жил, mts 
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ES 
کاو‎ pu! 16: n-o 


log i Tis if nis odd 
1 ims 
ат > To, o if п is even 
Thus 
[e 23 1—5. сө. : Ip, 1 if n is odd 
1 ue aes) 
To, n= E mss y Io, o is n is even 
: (6) 
1/2 2 
Yes sin? x coslx dx 4 sin x 1 40) 
0 
n/2 #/2 
208 sin? x cos? $ | х Je 28) 
0 6 


From (1) and (3) we find that if m is odd, 
з soca a 12501 449) 
m+n т-Еп—2т+п—4 77 340140" 


whether л is odd or even, ` 
From (2), (4), (5) and (7) we find that if m is even and n is odd 


Tn, = 


then 


—1, m—3 т-5 1 nh т—3 48-00) 


рр LM 
"^T m+n m-+-n—2 т-р--2 


DERRY 07-23 
From (2), (4); (6). ànd (8) we find that if m is even and mis 
also even, then 
27-41, т-3 1 Lon 18:28:20 
т4пт--п-277” 72400 n ї-2 7 


mi 
2/2 
The above formulae (9), (10) and (11) сап be combíned to 
have the following simple formulae covering all the cases 1 


Inn 
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w/2 

; : (m—1)(m—3) ен (п— 1)(з—3)...... 
| sin" x cos? x dx = (таптап 2)... хк, 
0. 


the three sets of factors starting with m—1, n—I and m+n and 
diminishing by 2 at a time, end up with either] or 2 according as the 
first factor of the set is odd or even, and К--л 2 {ўт and n are both 
even, and K--1 if at least one of m and n is odd. 


Example 6. 
Write down the value of 
x2 л/? 
(а) | sin? x сов! х dx (b) | sin" х cos? x dx. 
0 0 
Solution. 
ті2 
y 4.2.6.4.2 
23 5 а ааъ ЮВ 
1, | ain соз! х dee 005642 ХК 
ҰЗЫН. where шшш 1 акса the 
BOS where 8 in 
exponents are not both even. 
Т 53.1.7.53.1 
25-4 m 1 з I АЖ LST 
lor | 81752609) (605:512:1210:864.2-5 


A where K ist since the expo- 


nents are both even. 


LIN. 
2 ~ 4096 
EXERCISE 6 (b) 
Evaluate the following definite integrals : 


4 ч 1-5 5-6 
22 2. | eso ax. 
0 0 
1 ы 1 
2 p 
3. [а 4. | eras. 
n ba 0 
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т|6 3 
24 зуг 
5. | sect X dx. 6. ГЕ E» dx. 
1% 
9 2 
3 4 1 
7. = 8. | 
оын ^ 
0 0 
т/4 2 
9: | tan x dx. 10. ал 
0 0 CN 
tarot 1 
11: | x sin™ x dx. 12 | x tanz! хаах 
0 0: 
т zig 
13, | x cos x dx. 14 | Х sin 2x dx. e 
0 2% > 
1 1 
a Lnd 
22 22 ^ 5 > 
15, |» 625 dx. 16 [= 
0 0 
ї nl2 r2 
I7 | sin? Га. 18. | cost x dx 
0 2% 
т/2 т/2 
19. | sin? x cost x dx. ` 20. | sin? x cos? x dx. 


©' 


65, TRANSFORMATION OF DEFINITE. INTEGRALS BY. 
SUBSTITUTION i 


In the preceding chapter we have seen that the method of 
substitution is a powerful tool for finding primitives. In view of the 
fundamental theorem of integral calculus, we should naturally expect 
that the method of substitution would prove useful for evaluating 
definite meega This is indeed the case. Evaluation of a definite 


integral f f(x) dx by employing the fundamental theorem of integra} 


a ; 
calculus and the method of substitution consists of the following 
steps : ` 


.. 1. Find a suitable substitution x=6(t) which is going to be 
useful in obtaining the value of 7 
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| J dx. 
2. Use the substitution х--Ф(/) to transform 


[reas into ШИ (4) dt. 


3. Evaluate | f (2(0)9" () dt to get the primitive Е(1) +С. 


4. Transform the primitive by using the inverse of x-*4(0, 
say 4--У(х) to get Е(Жх))--С. 


5. Usethe fundamental theorem of integral calculus to get 
the value of the integral as 


F(9(5)) — Fla). 


Out of the five steps listed above, step 4 is often not easily 
manageable, and we use a different procedure, namely, the limite 
of integration are changed.. We try to find the values of 7 when 
x=a and х=, and transform the definite integral as such rather 
than transforming only the indefinite integral. This is done by means 
of the following theorem : 


Theorem 6'3. (Substitution Rule) 


Let f (x) be a function which has а primitive. Let x= ¢(t) bea 
function and a, $ be real numbers such that $(a)=a, $(g) e b... 17 401) 
possesses a continuous derivative оп (а, 8), then y 


b В 
[ло a= Ut a 
a a 
Proof, Let F(x) b imiti 209)», 
Byte банов бен e egal Д. до at Ғ00-/ 09, 
ae 
| f) dx s F9) FOG) 
+a à 
=F(4(8))—F(g(a)) | шон) 


Let us put G(:}=F(4(7)), By the chain rule for differentiati 
А)-РО) d'i) -f (KE) $0), s 50) is a primitive of 
БОС ды f (4) 40) so that G(t) is a primitive of 


8 
[re 4(0 0908) G(a) —F(4(8)) — F(4(a)) 0) | 


| 
і 
1 
{ 
| 
ў 
| 
| 
| 
| 


| 
| 
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By comparing (1) and (2), we have 
b 8 
| год axe | re eo ar. 
a a 


Remark. Ву interchanging the roles of x and ¢ we can write 
the above in the following form : 


8 
| /(ф(х)) 9'(x) ё-| f(D dt. 


Example 7. Evaluate : 
т/2 


Эг ONS a 
4 1--2 sin x+cos x 


: Solution. 
т/2 p 
ET | Ї-Е2 sin х--соз х. 
i ; 2dt 
Put tan (x/2)—1, so that 3 sec? (x/2) dx=dt, i.e., ах yn 


When х--0, t=0 ; when x=, t&l. 


“Therefore 
1 
i| 1 24 
zt 2t 1— 21-07 
0 Мн a уун 
1 
=| dt 
20717 
0 
1 
ЕДЕ 
20102 n | 2t г], 
0 
1 
кер: їл 3. 


Example 8. Evaluate: 
s 2 


2 
` (а) ГЕН dx. 
> 1 
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2 | 
e | ас 
1 


Solution, 
2 As 
(a) Let =| aH dx, 
1 
5 zd х dx. 
а 


БЕ 1 
Put X— =1, so that ( 5с) dx-dt. 


Also, when х--1, 1—0, and when х--2, t—3/2. 


dx. 


Put xL =f, so that ( 1-8) dx=dt. 


Also, when x=1, r—0 ; when x—2, t= 53 
3/2 
Д N t— 2 1 
A Ж mua түз із БЕУ2 
0 


-(5) In (3—2 2). 
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Example 9. Evaluate : 
8 
| (x—a) (8—х) dx (0<a<p) 
a 
Solution, Let x—& cos? 0+8 sin? 6, 
so that dx=2(8—a) sin 9 cos 0 49. 
x—a=(B—a) sin? 6, 9--х--(9--а) соя" 9, 
so that, V (x—a)(B—x)=(B—2) sin 0 cos 9. 


Also, when x=«, 0==0; when х=, 0-2: 


в € 
1=| а ds, 


л/2 < 
=| (Ga)? sin? 0 cos? 0 40, 
0 


л/2 5 
=(@—а)? | 81120 cos? 0 46, 


= (8 
EXERCISE 6 (0) 
Evaluate : 
[2 ; č ) EIES 
E zoe x ; 
| (1--віп % cos х dx. 2. ix dx. 


1 
| d 
1 712 
3. | X А/ XFA ах. 4. | a/ sin x cos х dx. 
0 0 
9 > 1 
dx dx 
3: 5 
| IF x 6: | Slc 
0 0 


379° 


380 
? (іп х) 
cos (In x 

7. | x dx. 
1 

9 | dx 
KA 
2 

11 | дх 

i x GET) 


х (tan™ х)? dx. 


у 


= 
3 
Ж 
е 
2 
м 


19. 


dx 


2. |а Х-Рсов x ' 


„5А 
Oa оза o} ne с——- - 
= 
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© 


5 


oma ы---о 


oe 
< 
8 
ELM 
я 


= 
еэ. 

ps 

+ 
35 
== 
+ 

о 


= 
а ot 
5 


= 


8 
o—5 om 


> 
+ 
мл 
a 
23 
ж 


сов х 4х : 
(віп х) (2--віп x) 


4 


66. USE OF DEFINITE INTEGRALS ТО FIND THE SUM or 
A SERIES . 


We have already seen that if f is continuous on [a, 5], then 
(A) ип [ACS (a)--f (а-а), 


b 


=f уо, 


where nh=b—a 


DEFINITE INTEGRALS 381 
(B) lim {fla +h 4-f(a--21)3- fia nm], 
n> c 


b 
-| S@dx, 


a 
where nh=b—a 


The above formulae are often used to express the sum ofa 
series as a definite integral. Whenever we can put a series in the 
form given in the left hand side of (A) or (В), then the sum of the 

b 


series equals Sixjdx. Ву evaluating this integral we can obtain the 
a 


sum of the series. The special cases of (A) and (B) when a=0, 
b=1 are of interest and therefore we state them below for ready 
reference : 

1 


(С) lim MOHHI tfa E| дө. 
nhes 1 0 


1 
(D) lim ADAADA tfn) zJane- 
nhi 


The following examples illustrate as to how the formulae (A) 
and (D) are used. 


Example 10, Find the limit as n-> of the sum 


n n n 
n EURE was UU aa 


Solution, 
Let 88-41 8 рт 
za OT (n--2) Gani 
1 1 
aW ie км АЕ AVR а], 
(1) (ure) 


ee 1 1 
-4| aaa tmm 

MEE where "0-1 
-44/0)--10--421)4--44-Д01--1 00), 


1 
where  f(a)— (x? 


nhz1. 
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Since nh=1, therefore when n>, h>0, 
2.0 lim Sa=lim ACOH DAOR ++I 4)] 
n> = 


n> © 


сЕ 
quay 


1 
ер 
AE SERI 
0 
‘Remark. Here we have applied formula (С). 
"Example 11. Find the limit, when n tends to infinity of 


pe: du ЧН 1 
Jn- п 20) + Vas Кп ° 
‘Solution. 


Let Seq 0519 425 te t n uar 
- lues acm vw 
=} بل‎ ee 

WEE) GA 
PO nd a ee 
(et 


mI i uie 1 
4 TOR) VOR ai" vasi oi] 


where nh=1 


=D HICR) 1...1 fina), 


. where nh=1, fid= 


1 
. de У(2х—х? 
"Since nh=1, therefore h->0 as п> oo, à m 


eS P MÀ 
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lim S«—lim h{(f{()+/2h)+.-.+/(uh)}, 
п» с п- со 


һ->0 
nh 1 


1 
=| Ад 


0 
1 
| 4х 
= | уох), 


1 ` 
Уй-0-3)) 


0 

T 

54 
1 

-| -sin (1—x) [= 
0 


Remark. Here we have applied formula (D). 


Example 12. Find the limit, when n tends to infinity of 


1 1 


1 1 
зат а E 


Solution. 


First of all let us observe that since each term tends to zero, 
and there аге 3л-1-1 terms in all, the limit will remain the same if the 


first term is left out. 
Let us write 


1 1 1 
eliam res 
1 1 1 
"(итии thee 
1 1 1 
+( Intl + 2013 un 


xXx I). 


—An-- Bat. Ca, 
1 1 1 
ЗЭР Аанг ТЕКЕ ТОНЫ: 
1 1 1 
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1 Lx 1 
халж ES Еро шалса 
To find limits of Ал, Bn, Cn as n tends to infinity, write 


1 12525 1 
DET БАР ГЕЛ? 
and observe that Dn=An, Bn or С, according 

as k=1, 2 or 3. 


1 1 1 1 5 
Now Dems epp t aai) пй--1 


=Ю/(н)-Д2)+...-_/\пһ)}, 


ў 1 т 
whére I= т , nhi 1. 
1 1 i 1 
нех Dax [| КЕК dx= | In | k-+x | | 
0 0 0 
к-н 
“inl 


Putting k=1, 2, 3 in succession we have 
lim А„=1 2, lim в-ш( 3) on се- (5) 
n> = noc “Эрэ n> oc 3 
lim S»-lim (An By) 
п» © n>% 


=lim An+lim Ba+lim C» 


ЭС 3 4 
= 24-а 2 +=, 
=1п 4. у 
EXERCISE 6 (4) 
Find the limit, when п tends to infinity, of the following : 


1 1 1 1 
ТЕЕ ШЫ игин t uiu 


duum. n n 1 
nct (a+ 18 + Gap + (1-3) «oem 


8n 
n+l п+2 3 
ES mq + Aa el. 
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n n n | 
4 gus te gm egg 2 


1 1 1 ‚1 
* n ал ua ll 


1 1 1 1 
Унд ат) + М (02—22) ETE v I —(n—1)] ` 


1 4 9 1 
Tow tw d obe Эр 


1 23 32 п 
*oTum sig кру t+ тру: 


Уп Уп 4n Мп 
9 Vat + Jary TITER UE VFA DF 
n? n ” 
10: быу + арай ра t 
” 
Himare > 
No ANT 2 uU г шй) iE ; Vn 
GAV" /20/244Уа v3 сузгу 
{ 5 Te Wn y 
n Н v га 
12. b 13. Sv. 
f=} т=0 
п-1 i 3n : 1 
f nr. қ n 
N Эл Л n—r ) P Уа» д 
re rel 0 


67. SOME MORE PROPERTIES OF DEFINITE INTEGRALS 


You have already studied some properties of definite integrals 
in Section 6:2. We now give some more properties of definite inte- 
grals which are found to be useful in evaluating definite integrals. 
We shall also illustrate their use in evaluating definite integrals. 

Theorem 64. If f(X) has a primitive; then | ~ 

a a 
0 [доа [ладах 
0 0 
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2a a a Г 
(ii) | fo) a= | У) ee] Уба ху dx: 
0 0 0 


Proof, \ 
(i) Put x=a—z, so that dx= —dt, 


Also, t=a when x—0, and t=0 when x—a. 


[лә d= КМК dt, 


0 


Жа- dt, 


І 
оа oma دن‎ 


: i^ а—х) dx. 
(ii) Since M therefore 

22-- а 2а +” i 
| fx) «-| I(x) 4х+ | Дх) 4х - (0) 
0 0 а 

In the second integralon the right 

put x=2a—t, so that dx — — dt. 

Also t=a when xa, and 1—0 when x=2a, 


2a Oy a a 
[лә ёс a= | лаада) доа а 
а 0 пуа 


p EEIE REA 0) 
From (1) and (2), 1 we have ОМ яяо а 
` 2a эч | 


p fi) di Ї f) ded [rena pia 


ons 1.: If. ЦЭР then (2) ar orn 
2a 
[лд i Six) dx | fx) жеді Д) ах. 
0 0 0 


o рр d 
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1 


Corollary 2. If f2a—x)— —f(x), then (2) gives 

2a a a. a a 

[ло ase | ло |-лә dee] fix) dx- | ло) асо. 
0 0 0 0 0 


The above corollaries are useful in evaluating 
т 2x 
[sons cos"x dx and [sis COs" x dx. 
бох | 
т 
(A) Let I=|sin™x cos?x dx. 
ò : 
Writing /(x)=sin™x cos"x ах, we find that) 
JI(n—x)=sin™ (x — x) cos? (n — x), 
—sin"x [—cos x]", 
=(—1)" sin" совх, 
=(— 1)" Хх); 
х), if л is even 
ла), if mis odd: 
By Corollary 1, we ed gut 
T T|2: ( i баз 
r- [79 dx-2] Pos FA if n is even 
0 0 


By Corollary-2, we find that 
d т 


=fr dx=0, if nis odd. 
0 
Thus 
т/2 


Г 
т 
уң m" ене 
ЕЕ cones dee { 2 |sin™x cos"x dx, if n is even 
0 
( 


0 
0, ifin is odd 10 (3) 


(B) Let J= [six cos"x dx. 
0 
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Writing f(x)=sin™x сов”х, we find that 
J(2%—x)=sin™(2x—x) cos"(2n—x), 
=(— 1)” sin"x cos?x, 
qr js 
X); if m is even 
TOROA эл if m is odd 
Ву Corrollary 1, we find that 


27 т 
[лә дх-4 2 [лә dx, if m is even (4) 
А | 0, if m is odd 


( т/2 
2 | f(x) dx, if n is even (5) 
0 


т 
вуз, [ла 1 
5 0, if л is odd 
From (4) and (5) we find that 
if т and n are both even, then 


2m т/2 

[sine Cos?x фдх--4 ШЕ сов”х dx, 

0 0 

and if either m is odd or n is odd, then 

2x 

[sns cos"x dx— 0. 

0 

Example 13. Evaluate 
T T 

(a) соз?х @х (5) Іше cos*x dx 
4 ; 

Solution, 


(а) Since sint (т =x) cos? (x—x)=sin‘x cos*x, 
т т/2 


therefure | их cos?x фдх--2 [ines cos?x dx 
0 0 
22 3.1.1 тол 
520527642 22 B 


(b) Since sin* (n—x) cos? (1—2)— —sinfx cos*x, 
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АЫ [nt Cos?x dx=0. 
2 T 


Example 14. Evaluate : 
2x е 2T 
(a) [sinx cosix dx (b) [sints со х dx 
0 0 ! 
2x 
(c) ШЕ сох х dx... 
0 
Solution, 
(a) Since sin? (2n—x) cost (2n—x)=—sin®x совх, 
2x 
[оте сох 4х--0. 
0 
(b) Since sin“ (2n—x) cos? (2n—x)=sin'x cos?x, 
2л т 


í [e cos?x dx=2 ШЕ сов х dx .401) 
0 


Again, since | 
sin‘ (n—x) cos? (n—x)=—sintx cos?x, 


T 
ЕЕ cos*x dx=0. 242) 


From (1) and (2), we find that 
2T 


[int cos?x 4х--0. 
9 
(с) Since sin*(2n—x) сов(2л--х)- sin!x соз х, 
27 T i 
d [sos cos*x dx=2 [sons сов!х dx. 49) 


Again, since біп (ж--х) сов а--х)--51 х cos*x, 
т z[2 
therefore ШЕ сов х dx—2 [sintx cos*x dx (4) 
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n/2 

Also [ыш с089х dx= 
0 

From (3), (4) and (5), we have 
25 H 
(кез соё х х-22 
0 


$..53.h. ов Зв E dh 
10..64.3 ^ 2 — 512 : 


Du 2138. 
7512-7128: 


Theorem 65. 7f f(x) has a primitive; then’ ^ | 
: fa : 

|2 2| ? 5 5 орь 
j/o ТУЗА | | fix) dx, if f(x) is an even fütiction, 
5%; E 0, if pu is an odd function. | 


а 
0 
Proof. P dx= (лә деу эв 21-20) 
--а ~а ч, 
Put —х=г (80 that dx= dr) inthe first integral оп the right, 
= Also ¢==a when x=—a, and 1=0, when х=0; 1 
0 Hage 


pes pe hd peace -x) dx 2) 


From (1) and (2) we have 
a 0% bei (0) + ( 1 
Je 4х- fr» 4+ | "ун dx (3) 


) 
^ 


If f(x) is an even function, ffm and (3) reduces to 
a 


| Ло) а= | lx) det ГІ dx-2 г]; ТЕРЕ 


eq 
1 


If f(x) is at odd function, f(—5)— х) and (3) reduces to 


a 


а а 
[л d= ЕС dx лө dx=0, : 845) 
Be 4 т 
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Example 15. Evaluate: (: і 
7/2 


| созх jy 
cos x4-sin XI 


Solution, М 
‘cos x 
Ч AE a xFsin х" 
сов (n/2—x) | 
ые сов (1/2— x)-Fsin (n/2— x) 
ucc Xt € 
- sin x+ cos x 
т/2 т/2 
Біпсе | Хо) ах= | S(n/2—x) ах, 
0 0 


therefore 
т/2 


< ! ұз 
4: cosx ' og. | | ах 40) 
0 
"T, 


cos x+sin x 5 sin х--сов x 


12 л2 ni і 
. 4. [сов x-sin x - | EN 
М ni misma 7 | 100—2. o 
0 055: 
. 1-55/4. 

Кыйа. Note that we have added the two expressions for I 
as given in (1) to abtain a simple expression for I which. could be 
easily evaluated. 

Example 16. Show that 

т|4 
| (1-Нап х) dx= en 2. 


Solution. 
Let Дод-іп(1-Нап x). 
fin]4 —х)=1п Пап (2/4 =], 
]-—tan х 
pm ЕС 1--(ап ар 
2 


pum 1-+tan х? 
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=In 2—In (1--tan х), j 
=In 2—f(x). (1) 
Integrating (1) over [0,7/4], we have 
т|4 т/4 т[4 
[лжи dx= fin 24х- [лә ах (2) 
0 0 0 
т[4 т/4 
біпсе | fisl4- 3) dy | 100 4х-41 (вау), 
0 0 
therefore we may write (2) as 
т|4 
Т; fin 2dx—L 
0 
т/4 
ог л=[п 24х= Ema, 
cf 0 


т i 
ог 1= 787/1 2 


Example 17. ` Evaluate : 
rl2 | 
X sin x 
| 1+ cos?x йе 
Solution, Let 


Е SAE 
foy 1+cos? x’ 


fens (m—x) sin (ах) 


1-+cos? (n—x) * 


OE x sin x 

AMA UR MESE 

1+cos? x Т1 -Ecos? x’ 
rsin x 


“сой x I0: (1) 


Since 


т | т 
| ERE | /(в--х) dx+1 (say), 
0 0 
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Integrating both sides of (1), we have 


{тех 
Эр | egit 4—1, 


т 
"^ sin x 
or 21-- "| Есе, ах 
0 
| smg 
A 800 TF cost х 


lp sinx) _ snx _ 
Then д(п-х)- I--cost(n—x) 1--соз? х #00, 
E 


| g(x) dx=2 | g(x) dx. 
0 0 
From (2) and (3) we have 


т 


Putting сов x=t, —sin x dx—dt, 
we have from (4), 


0 
=n{tan™ 1 —tan" 0] 
=n(n/4—0), 
--т1/4. 
Example 18. Show that 
T|2 


: 
1 
I= [ге =n m г] 5 


In sin. x dx=— > іп 2. 
0 
Solution. Let 


Убх) =1а біп х. 2. ЛД сі en COS X. 
т/2 т/2 


Since | уе) 4к- | f (5-х ) dx, 
0 0 
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(2) 


(3) 


44) 
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төзім UY тралы dod айлд! 
| In зїп x dx= | In cos x dx—I (say) 
p geo EL 
т/2 6 
f [In sin x4-In cos хх, 
0 By sere |” i 


к/2 n 
-а (sin x сов x) dx, |, 
х 52001 ^» 
0 
шид p uae 


5 =| In ї3 Ain dod ) dx, 
0 2 i 
ті2/ ААА | 059 (91:41 


“| їл + tin sin my Jet, 


Sid Биа улшо 


TÍ2 г 7 mia Ж 
) ЖА Ыы nta 
=|( In ge | їл sin 2x dx, 
n 
1 0 0 
i 1 s n 3 205 ТАТЫ) 
ы In FE 55! (вау), л [t ӨЗ! ovg 12107) 
қ 1 ids 
where je sin2xdx, 5 Жр 
u ESI 
Putting 2х--1, 2dx-dt, we have == 
Аба ў 
lj Insinfdt > Ай М ошен...) 
т 
Now AUS did tai sin (8-1): “де. 
[2 


„з 8 za ^ ENTIA 


^ 


0 
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or 


From (!) and (3), we have 


EXERCISES 6 () 


Show that 


т|2 
в А/ cos х 
А/ cos x-+4/sin x 


т 
- йх=су. 


ті2 
In tan x dx=0, 

0 

т/2 

| _cos x—sin x 
1+cos x sin x 


dx=0. 


т sin? x die 2. 


x sin* x х= nt. 


ti 4 
x cos? x sin x dm. “5 
9 ЭР 


$ 3r? 
x sin* x cos* x dx= >” 


5127. 


In (1—cos x) dx=n In (5) 


Cou Dai Oat 9——4 0—4 о 


N 


In (cot x--tan х) 4х--т In 2. 


оі 
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3 

Ч ШОНГ 1 
10, [xin sin х dx=-z n° In (5) 
0 


2 ; 
Сов? XR WR 
no eem e- 33 
0 эн 
т 
.xtanx _‚ m(m-2) 
12. nm. Qu D 
0 
т 
із | хах XP CS 
0 4 cos? x+-9sin? x 12° 
Г In ( ) 
n (1-х гж 
14, feito dx= 8 In 2. 
0 
т 
ЖАСЫ PA 
15. | ТЕПЕ x4 h 
9 


68. APPLICATION TO PLANE AREAS 


We have seen how as an application of the fi 
theorem of the integral calculus, we can evaluate definite ТОН 
various functions. Since the areas of certain plane regions can be 
expressed as definite integrals, we are now ina Position to determine 
these arent хи the "анаара ее, to us. This provides justi- 
cation for defining the intuitive concept of an | i 
бе ү Pt of ап area as definite 


You will find that sometimes it is not onl i 
necessary to sketch the curve before determi bins Moor" but also 


Example 19. Find the area of the regi 
: харш ie а ОО gi on bounded by the 
^ ibs id ine 2y+2=0, the ordinates x=], x=2, and the 


Solution, Tlic equation of the straight line is 
x-2y+2=0 ог у={(х+2). 
Thus the region whose area is required, is bounded by the 


curve y=f(x) wh =Hx-2), the ordi 
e EA ) where Дх) 04 2), the ordinates уяаг! X—2, and 
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Fig. 67, 
2 
The required area is | 3 0-2) ах. 
d eae 


2 2 
Мон | Қо) ах | (х4:2) ах. 
1 1 


2 


1 x? y 1 ОА UE aiquet 
-H3 4% | жек ий TRENT 


1 


iri : А 
-HF 442.2-3-21 ро 
=12. 
‘Example 20. Find the area of the ellipse 
м | | 
at Е 


Solution. The ellipse is symmetrical about the axes. There» 
fore, the area enclosed within the ellipse is 4 times the area ОАР 


of the ellipse in the first quad- 
rant. This area is enlosed by the 
ellipse, the ordinates х--0, х--а, 
and the x-axis. The equation 
of the ellipse is given by 


v= b°(1—x*/a*), 
or pafix)=b/{1—x*J/a"}. | 


(y'is positive for points on > 
the ellipse in the first quadrant.) 
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Therefore, the required area is 
a а 


4 | БҮй-х412) dx— 4b | У0-ара) dx. 
0 0 
РШ х=а sin б, so that 4х--а cos 0 46. 
Also, 0=0 when x=0, and x/2 when x—a. 
Therefore, the required area | 
ті2 
=4 abf cos? 0 40, 
0 | 
т/2 
= ын Ш- 20) d0, 
0 


т{2 
Lab | Tm d тар. $ ар 
0 


Example 21. Find the area between the curve y=x*, the x-axis, 
and the lines x=0 and x=6. 
Solution, 


The required area is given 


6 alll af 
чө Jon. 
0 


һу 


|. 


Fig, 6:9, 


Example 22... Find the area of the region bounded b the 
parabola y=4x3, the axis of y and the i » 


two abscissae y=] and =4 
' and lying in the first quadrant, 4 Ч шоо 
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Solution, 55462) 


ah ы 
11174 


21431640 Бий 59 
y199b ‚БУ 15 
ioni Байг EN Л ex EVER. 
Халхад 

" 7% 


A. suis 


tu» 
ЕЗ ibe uh 
igsi Sit 19 28918 
ft wolsd bas 


Fig. 6:10, r153quot 4157 


It may be noted that the area of the region) bounded by the 
curve x—/()), the abscissae:y —c, y= 4, and the y-axis is givenyby 
а 1 


‚| dy, 101 Ê xg А ШЕ sieht 


[© Ob svodgnord! 029 7A cal? 


с 
In the given case х-Лу)- 17 y, taking {һе positive sign 


ы Och! lt Ё 
because in the first quadrant, x is positive. 
Therefore, the required area is 


4 Г 4707 
1 — Ч “ай. 
[54 у dv» dy, 
i 
! we 3s 
579 ІГ2 ' | їхвлхэй 
2 
: 1 1 
jeu] 25 - v 


Example 23. Find the area of the region bounded by the x-axis 


and the curve ye x8—4x це T n 


Solution, The points of intersection of the curve with the 


x-axis are given Бу, tfo Ao e us | 
їс; ав | 


400 А TEXT-BOOK OF MATHEMATICS 


ie., Х--0, 2, —2, 
a a the curve passes through the points (0, 0), (2, 0) and 
—2, 0). 


Writing y=x(x—2) (4-2) we find that 
у<0 ifx«—2, 
y>0 if —2<x<0, 
y<0 if 0<x<2, 
y—9 if x>2. 


Since Ф 3x04, 


we find that у is increasing if 
Х<Җ—2/ УЗ, decreasing if 

—2//3<x<2/ 43 and increas- 
-ing if x>2/ УЗ. A rough sketch 
of the curve is as shown in 
Fig. 611. Let A, A’ be the 


areas of the regions lying above Fig 6 11 
and below the x-axis respectively. 
0 ; 0 
Then a-f 04:45) de | р-28| эй 
842 1 -2 
Notice that f(x)=x*—4x>0 throughout the interval [—2, 0]. 
Also, f(x) &0 throughout 10, 2]. 
45527 2 é 
a'=|~fa) dx=- | (x3—4x) dx. | 
0 0 
z 2 : 
--2-33| =4. Y 
0 
Thus the required агеа--А--А”-44-4--8, 
Remark. 1 
b X 
While evaluating | f(x) dx, it must be ensured that f(3)20 


а 
throughout [a, 5]. ; 
Ё /\х)<0 over (а, b], the area Would be given by 
i b 


1 
{ 


| —f(X) dx as explained earlier. 
4 


س 
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Example 24. Find the area of the region included between the 
parabola y*—3x and the circle x*+-y*—6x=0 and lying in the first 
quadrant. 


Solution. 


Notice that the centre of 
the given circle is (3, 0) and the 
points of its intersection with 
the given parabola are (0, 0), 
(3, 3) and (3, —3). 


Let A; be the area of the 
region bounded by the circle, 
the x-axis and the ordinates 
х=0 and х--3, and let A, be 
the area of region bounded by 
the parabola, the x-axis and the 
ordinates x=0, х--3, Then the Fig. 612. 
required area is A1— A;. 


3 
Now, A, [vies dx, 
0 


3 
: -|У {3°—(х-—3)°} dx, 
0 22 


=9л/4 (as can be seen by making the 
' É substitution x—3=3 sin 0.) 


3 ч 
Also, Am [ve dx=6. 
0 
Therefore the required area 


9л 5) 
Е 6-52: (3x—8). 


Example 25. Find the area of the’ region included between the 
parabolas y*—4a (х--а) and y?—4b(b—»): 3% ” 


Solution, The parabolas intersect at the points where 
4a(x-+a)=4b (b—x), 


or where x=b—a. 
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Fig. 613, 


Obviously, because of the symmetry of the parabolas about the 
x-axis, the required area is twice the sum of the areas A; and A,, 
where A, is the area of the region bounded by the parabola 
y’=4a(x-+a), the x-axis and the ordinates x=—a and x=b—a and 
Ay is the area of the region bounded Бу the parabola y2— 4b(b—x) 
the x-axis and the ordinates x=b—a, x—b. Р 


Therefore the required area is 
b—a b 
- | A (4a(x--a)) dx-- [ V (4b(b—)) dx, 
—а b—a 
b-a 


=[2v7. E 


—a 
-2У%. Posy] 3 
b—a 
= Fiat) ab. 


EXERCISE 6( f) 


1. Find the area bounded by the straight Ji eu 
ordinates х=1, хе-8, and the x-axis, ere ра 


2. Find the area bounded by the curve =e", thi i ed 
x=3, and the x-axis. 2 S oraina tas x 0, 


3. Find the area bounded by the curve y—3* i m 
x=2 and the x-axis, ЖТ riu ae, 
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4. 


e 
6. 


17. 
18. 


Find the area bounded by the curve y= 1n x, the ordinates 
xz 1, x=2, and the x-axis. 2147 { 
Find the area of the circle х®-- у=. 

Find the area bounded by the parabola »*=4ax and its latus 
rectum. 

Find the area bounded by. the curve y=sin x, the otdinates 
x=0, x=2, and the x-axis. 


Find the area 
bounded by the 
curve 


у-х(х-3)х--5), 
the ordinates 


x=0, x=5, and 
the x axis. 


Fig. 614. 
Find the area bounded by the parabola y=x* and the straight 
line y—2x.. 
Find the area included between the circle x*--5*--2ax and the 
parabola у?--ах, lying above the x-axis. 
Find the area included between the parabolas j*-4ax and 


x!-4ay. (Roorkee Entrance, 1980) 

Find thearea in the first quadrant bounded by thc parabola 

y3—4x, the circle x*-- y1—5, and the x-axis. 

Find the area included between the parabolas y*-—4(x—1) 

and у= —2(x—2). 

pad the area cut off from the curve y=x(2—x) by the line 
yox. 


С 
í Draw a rough sketch of the curve By Fo and evaluate the 


area of the region under the curve and above the x-axis. 
(A.I S.S.C.E., 1987) 


Draw a rough graph of the curve y=4— x" and find the area 
enclosed by the curve and the lines х=0, x =2 and the x-axis, 
(D.B.S S C.E, 1989) 


Draw a graph of j*--1—x, х<2 and find the area елс о-ей 
by the curve and the ordinate x=2. (D.B.S.S.C Е, 1956) 


Sketch the rough graph of y=4 V x—1, 1<x<3 and evaluate 


the area between the curve, x-axis and the line x=3. 
(4.1.S,S.C.E., 1985) 


19. 


22. 


23. 


25, 


: 26. 
27. 
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Draw the rough sketch of the curve y= 3х- 4 3x--4 and find the 
area иж: te curve; above the x-axis between x=0 and x—4. 

: [A.LS.SC.E., 1984) 
Draw в XU sketch t the curve y= VX—T in the interval 
П, 5] and find the area under the curve, above the X-axis and 
between the lines х=1 and x—3. . 
Make a rough sketch of the graph of y= У 6x--4 and deter- 
mine the area enclosed between the curve, the co-ordinate axes 
and the line x=2. (D.B.S.S.C.E., 1988) 
Find the area enclosed between the curve у!--22(4--22), the 
co-ordinate axes and the ordinate x—2. — (A4.I.S.S.C.E., 1986) 
Make a rough sketch of the graph of the function y—3 sin х, 
O<x<n and determine the area enclosed between the curve 
and the x-axis,’ (D.B.S.S.C.E., 1984) 
Draw à rough sketch of the curve y=sin? x, хЕ(0, 1/2]. Find 
the aroa елеімеб between the curve, x-axis and the line x —2/2. 

(D.B.S S.C.E., 1987) 


Make a rough Sketch of.the graph of the function у=, 


16х63ап4 find the area enclosed between the curve, the- 
x-axis, and the lines x—1 and x=3. (4.1.5.5.С.Е. 1984) 
.Find the. area bounded by the curve y=(x—1)(x—2)(x—3) 
lying between the ordinates x=0 and x=3. (Roorkee, 1985): 


‘Find the area in the xy:plane enclosed by the curve 


4 


gie (it Ht)” 
TEST YOUR UNDERSTANDING VI 
Ti each of. the following problems four alternatives ‘are given: 


out of which only one'is correct. Puta tick mark. (/) against the 
correct alternative : 


к 


1 Ақ ar 

[cna БУЛЭГ, No 

1 00119 j 

(0) 1 7 (5) 2 

OR: ІСІ | 
2 

ани 

ба) « (ORT. 


(с) 3 (5-1) (d) 26, 
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1 

zu equals 
1145 1 


a In2 
a In} 


be 


4. fits 3 equals 


d i 
(с) x/4 
1 


5 ЇЕ dx al 
S: j Vda wals 


(а) 


3 
5 4х 
9. |аша uals 
2 


(а) n2. ~ 
(с) In 377 


т 
7: | sin* x dx equals 
: jos > 


2 16 
255 
` 2r 


38. | cos? x dx equals 
0 
(4) 0 


(ә X 


(b) In2 


227 


M NE 


i ұз 

(b) э In ae 
п 

m e 


(b) P In E 
(d) 2 2 6. 


(5) 1 


406 


10. 


7. 


8, 
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The area bounded by y=x°—3x, the x-axis and the ordinates 
x=}, x=1 equals 
5 5 
(a) VE (9) E 
(с) 5 22.1 D) 0. 


The area Бопе by p=sin x, the x-axis, between x —m/2: 
and x= 


fa) 0 (9) 1 

(c) 2 T oV (D) к. 
REVIEW EXERCISE VI 

Evaluate the following integrals i 


4/2 
Із dx. (A.LS.S.C.E,, 1984) 
0 
1 
| т (= ) dx. (Roorkee Entrance, 1986). 
En : 
т|2 
| сов 2х сов 3х ах. (D.B.S.S.C.E., 1987) 
0 
LIP 2 
| TAM (D.B.S,S.C.E., 1984) 
0 7 
т/6 

(2--3х2) cos. 3x dx. (D.B.S.S.C.E., 1985) 
) ъд 
4 _—— 

4-Х dx, р 
14 EEG (4.L.S.S.C.E., 1986) 
ri2 

sinx cos Хос У 
bodes ee (4:18.8.С.Б., 1988) 


f cos? x dx (D.B.S.S.C.E., 1988) 
1 : 


DEFINITE INTEGRALS 407 


9. 


10. 


12. 


15. 


т/4 
Jv I+sin 2x dx (A.L.S:S.C.E., 1985) 
т/2 

| ы. TREE x (Roorkee, 1989) 
0 


2 

Evaluate | ез dx by expressing it as the limit of a sum. 
1 

Find n limit, when n tends to infinity, of the series : 


D GERE 2r) 
DORUM TE OH 
0) 5 (11:40:38 
= 
Show that 
y 2 
Ж 1 
Ir соё xir aint x 0 209. 
Show that 
b b 
(a) [5255-9 da=] F(x) dx 
a a 
b—c b 
| fecto) aes Эд dx 
0 c 
Show that 


a a 
(à) [љә а | foe) dx 
та 0 
(b) [orem dio 


408 


16. - 


17. 


20. 


25 


22. 


23. 


24. 


25, 
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` 


Show that 
T т 
(а) | xf (sin x) а= | уб х) dx 
0 0 
т-а ra 
(5) | x f (sin x) dx= р (sin x) dx. 
a a 


If f is. a periodic function with period p. (i.e., /(х--р)--/(х) for 
all x), prove that 


. np 


| fo» ino d 


where п is any integer. 
Show that if n be any positive integer, 

пт т 
| ficos? x) dx=n y (cos? x) dx: 
0 0 
Show that 

a a 

frora дх--2 jwn dx. 


212 0 
Find the area between the curve 


X*/a*4- y*|[b3—1 and the x-axis between х--0 and’ x= a. Draw 
à rough graph of the curve also. (D.B.S.S.C.E., 1985) 
Find the area of a loop between the curve у=авїп х and the 
x-axis. (Roorkee Entrance, 1989) 


Find the area bounded by the curve y=x sin х ард the x-axis 
between x=0 and x—2z. (Roorkee Entrance, 1981) 


Find the area of the region bounded by the curves p=loge x, 
y=sin'xx, and x=0. (Roorkee Entrance, 1987) 


2 
Find the area included between the'parabola Y3 and the 


3 
witch "s (Roorkee Entrance, 1983) 


Find the area under the curve x*—a (X3 — y!) above the x-axis 
and between the lines x—0 and х--а. (4.18.8.С.Е., 1986) 
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26. 


27. 


Draw a rough sketch of the curve 

== +2 sin? x 
and find the area between the x-axis, the curve and the ordi- 
nates x=0 and x=" (4.1.5.5.С:Е., 1989) 


Find the area балыг the curve y—2x'—3?, the x-axis and 


the ordinates of the two minima of the curve. 
(Roorkee Entrance, 1988) 


SUMMARY 
: | 
[Perdana f(b acu 


a h>0 
nh=b—a 


«lim [AC f(a--1)3:f(a--21)-- ..- Mat nih) | | 

n>o 

h>0 " 
nh=b—a 

"The fundamental theorem of integral calculus : 


Let f(x) be defined and, continuous over the closed interval [a,b]. M F(x) 
is a primitive of f(x), then 


b 
| f(x) dx =F(b)—F(a). 


a 


a 
| Дх) dx=0, 
а 

а 


b 
| f (x) «--| f(x) dx. 
b a 


b b b 
| (00946001 ava fix) de je ^ 
a a a 2 


5 5 
IE f(x) а=) f(x) dx, where k is a constant. 
a a : bff 

5 LES b 
лэ ШЕ fo) es] f) de. (ack) 


a "a А 


os 


410 


11. 


12. 


14. 


15, 
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a a 


ЕЕ ын Sla—x) dx. 
0 0 


24 а а 
Дх) “| Дх) аан dx, 
0 0 
2а а 


4хә4 2 dx, if f(2a—x) = 
шин afaa pe nra 


© 


а 
а 
| fto dta 2\ Дх) dx, if f is an even function, 


5e 0, if fis an odd function. 


Substitution Rule, Let fix) be a function which has a primitive, Let 


x=¢(1)bea function and а, В be real numbers such thet %(2)еа 
` ¢ (8)=6. If ¢ (t) possesses a continuous derivative on Ta, 61, then 


За 
[л» 257222 90 di 
а « 


1 
Jim АИО + FDA ADI) +. GT БЫ лә ue. 
һ->0 0 
Rie t 2 
1 

jim Vi AG) ЛОЮ... fh) | Дх). 
h>o 0 
nhat 

|2 

| sin ^x сойх dx 

0 


(т—1)у(т—3)...(л—1) (—3)... ЫН 
“~~ mn) (т+л—2)... 5 


the three sets of factors starting with m-1, п—1 and m+n, and diminish- - 


ing by 2 at a time, end up with either 1 or 2 according as the first factor 
of the set is odd or even, k=7/2 if т and лаге both even, and k—1 if at 
least one of m and nis odd. 
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т т/2 
16. | sin” x соя" x dx= 2fsin x com x as, if nis even 


0 
0; if nis odd. 


т|2 


2x 4 Ес x cos" x dx, if m and п аге both even. 


17. | sin" x cos" x dxa 
0, otherwise, 


18. The area bounded by y=f(x), the ordinates xa and x=b, and the x-axis 


b 
is | { f(x) | dx. 
| 


OM 


AUGUSTIN-LOUIS CAUCHY (1789-1957) 


Augustin-Louis Cauchy was born in Paris on August 21, 1789, He was edu- 
eim atthe Ecole Polytechnique, where he was a student of Legrange and 
Laplace. 


In 1811, Cauchy submitted his first Memoir on the theory of polyhedra, 
‘The history of determinants begins іп 1812 with Cauchy. It was in this connec- 
tion that he proved the result on parity of permutations that you would read 
‘soon. He began the study of the theory of substitutions in the middle 1840 3, 
which later developed into the theory of finite groups, 


Modern mathematics is indebted to Cavchy for the introduction of rigour 
into Mathematical Analysis, In 1821, Cauchy published his course of lectures 
on analysis which he gave at the ecole Polytechnique. This is the work which 
set standards in rigorous mathematics, Our present day definitions of limit 
and continuity, derivative as the limit of a difference quotient, the definite inte- 
geral as the limit of a sum, are substatially the same as given by Cauchy in this 


Cauchy’s mathematical productivity was incredible. He started two journals 
-of his own for the publication of his expository and original werk in pure and 
applied mathematics. These Works were cagerly bought and studied, and 
did much to reform mathematical taste before 1860. During the last 19 years 
of his life, Cauchy produced over 500 papers on all branches of the mathematics 
including mechnics, physics and astronomy. Many of these works were long 
treatises. In fact, Cauchy invited.a lot of criticism for Over-production and 
‘hasty composition. His total output in 789 Papers filling twenty-four large 
‘volumes. However, his reputation as mathematician has risen steadily, 


He died rather unexpectedly in his sixty eighth year on May 23, 1857. 
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СНАРТЕК 7 
Differential Equations 


71. INTRODUCTION 


Differential equations are of utmost importance in physics and 
engineering. Many physical laws when expressed mathematically 
take the form of differential equations, In chemistry, biology, 
economics and various other disciplines also we come acfoss situa- 
tions where mathematical formulation gives rise to differential equa- 
tions. In the present chapter we shall study some simple differential 
equations and their applications. j : 


"M Me ws Duo ty 
An equation in which at least one term contains ЖЗ а 


etc. is called a differential equation. For example, 


)1(-- وور 
i e]‏ 422+ |-2( 
ES‏ ) ,ےر کک 
AUR у -3y-sin x, (4)‏ 
}+—зу=нп х, 4)‏ 5%( 


are all differential equations. 
711. Order and degree of a differential equation 


In the illustrations given above, (1) аа4 (2) contain only the 
first derivative but do not contain any higher order derivative: Such 
equations are called differential equations of the first order. Equations. 
(3), (4) and (5) contain derivatives of the first and second order but 
do not contain any derivative of a higher order, Because of this. 
we say that these differential equations are of the second order. 


Definition 71. A differential equation is said to be of order п, 
if the nth order derivative is the highest derivative of y in that cqua- 
tien. 
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Let us once again consider the illustrations (1)—(5) above. 
Equations (1) and (2) are both of the first order. But they differ 


in one respect. Whereas the highest power of > in equation (1) 


is one, the highest power of ©. in equation (2) is two. We expres 


this difference by saying that equation (1) is of the first de gree and 
equation (2) is of the second degree. 

Definition. 72. The degree of a differential equaiion is the 
power of the derivative of the highest order in the equation when the 
equation has been expressed in a form so that it is free of radicals and 
fractions so far as the derivatives are concerned. 

Inthe illustrations above, equations (3) and (4)are of the 
first degree, and equation (5) is of the third degree. 


712. General and particular solution of a differential equa- 
tion 


А function 
y-f(x) 
is called a solution of a given first order differential equation оп 
some interval I if it is defined and differentiable at every point of | 
and is such that the equation becomes an identity when y and 


2. are replaced by f and f’ respectively. . 


For example, the function 
у= f (x)= 
is a solution of the first-order differential equation 
dx 3 
dx WY 
for all x, because 
(х) =3e%, 


- and by substituting у. =3e%, the equation reduces to the 


-identity 
3e—3ew. 


Remark. Sometimes a solution of а Biven differential equa- 

-tion turns out to be an implicit function, i.e., a function of the form 

F(x, у)=0 instead of an implicit function y= f(x). For example. 

it can be easily verified that x?—y*—1(y2«0) is a solution of the 
«differential equation 


di sos, 
dixi ey 
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Example 1, Verify that each of the functions 
у=соз х, у--сов x—1, y=cos x4-2, 


y=cos x+C (where С is any real number whatever) is a solution 
of the differential equation 


I APP б 
dr +sin x=0. 
Solution. 
Let f (x)=cos x, а(х) =соѕ x—1, A(x)—cos x--2. 
k(x)=cos x4-C. 
Then 
f'(x)=—sin x, so that f ' (x)--sin x=0, 
8 (x) —sin x, so that g’ (x)+sin x=0, 
h'(x)=—sin x, so that h’ (x)--sin х=0, 
k'(x)=—sin x, so that k’ (x)--sin x=0. 
showing that y=f(x), y=g(x), y=A(x) and y=K(x) are all solutions 
of the first-order differential equation 
Wa, 
P^ віп х--0, 


Example 2. Verify that each of the functions 


5 үзэг eem Хээ--5629, у--С e?” (where C is any real num- 
er whatever). 


4s a solution of the differential equation 


Solution : 
(i) Let y—e'*, so that © 2t), 


(it) Let y=3e, so that ФУ. (өз) sy, 


(ii) Let y——5e*, so that — (ete) sy, 


(iv) Let у= Ce'*, so that 2” — Cete) ay, 
Thus y=”, у--3е22, y=—5e7, and y=Ce are solutions of 
the given differential equation. . 


From the above examples we find that a first-order differential 
‘equation may have more than one (even infinitely many !) solutions, 
All these solutions can be represented by a single formula involving 


х an arbitrary constant, say C. Observe that all the solutions in 


me 
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Example 1 can be represented by y=cos x+C,where C is an arbitrary 
constant. Similarly, all the solutions of the differential equation 
given in Example 2 can be represented by у--С29 where c is an arbi- 
trary constant. 

A solution of a first-order, differential’ equation containing 
an arbitrary constant is called the general solution. 


A solution obtained from the general solution “by giving а 


particular value of the arbitrary constant is called a particular 


solution. 

In Example 1, y=cos х--С (where С is an arbitrary constant) is. 
the general solution of the given differential equation, and y—cos х, 
y=cos х—1, y=Cos x--2 are all particular solutions obtained by 
giving to C the values 0, —1 and 2 respectively. s 

In example 2, у--С e?” (where С is an arbitrary constant) is the 
general solution of the given differential equation and 

yee", p= 30%, y=—e* are all particular solutions. 
72. FORMATION OF A DIFFERENTIAL EQUATION 

Before trying to learn the technique of solving some simple first- 
order differential. equations, let us see as to how differential equations 
arise very naturally in various situations. 

Illustrations. 

(0) Family of all lines with a given slope 

If y=f (x) be the equation of a straight line with slope m, then 
we must have : 


cO с Кен ew 


(1) is the differential equation of. ай straight lines having 
slope т. 

(b) Family of all straight lines passing through the 
origin. 
Let y= f. X) be the equation of a straight line passing through 
the origin. If (X, у) be any point on the line, its slope: will be y/x. 
Therefore we must have 


шар 440) 


at every point of every such line. i TW 

Therefore (2) is the differential equation of all straight lines 
passing through the origin. 

(д. Family of all curves, such that for each curve the 
normal at each point passes through the origin. 

Let y=f(x) be the equation of a curve satisfying the given 
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condition, and let (x, y) be any point on the curve. Тһе slope of 
the normal will be y/x, so that we must have 


БЕТЕ 


аА ы 
Вала +х=0, 


or 


which is the desired differential equation. 

(d) Motion in a straight line with uniform accelera- 
tion, 

Suppose that a particle moves in a straight line with a uniform 
acceleration /. The rate of change of velocity v at time ¢ is 
ج‎ , and therefore the motion of the particle satisfies the differen- 


tial equation, 


(e) Motion in a resisting medium. 


Suppose that a body is moving in a medium in which the velo- 
city keeps on decreasing at a rate which is propotional to. the velo- 
city. If y be the velocity at time z, the rate of decrease of velocity at 


time t is -. Therefore the motion of the body satisfies the 


differential equation 
dy. 
uu 
where k is the constant of proportionality. 


(f) Exponential growth. 


Suppose that in a culture of yeast at each instant the time rate 
of change of active ferment 201) is proportional to the amount pre- 
sent. Then y satisfies the differential equation 

dy _ 
“af FY: 
where K>0 is the constant of proportionality. 

(g) Exponential decay. 

Experiments show that radium disintegrates аї а ‘rate propor- 
tional to the amount of radium present at any instant. If W(t) denotes 
the amount of radium at time /, then 
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‘where k>0 is the constant of proportionality. The negative sign 
son the right hand side indicates that у is decreasing as / is 
; #increasing. 

Given an equation containing an arbitrary constant, it is 
"possible to find a differential equation whose solution is the given 
equation. This is done by differentiating the given equation, and 
then eliminating the arbitrary constant from the given equation with 


the help of this equation. 
Example 3. Богт the differentia! equation satisfied by 
y=(x+C) ед for all values of C. 
Solution. Differentiating both sides of the equation 
y=(x+C) e” E5201) 


with respect to x, we have 
dy _ 
ds =‹є#+(х+С) е. .4(2) 


Eliminating C from (1) and (2), we have 


as the desired differential equation. 
EXERCISE 7 (a) 


Find the order (0) and degree (D) of each of the following 
differential equations : 


dy 
Toug y=. 


2. у (2 J-5-e. 


et \йх 
(ФА Ш-Н 000 


Фү ша» 
2 (Z ER 


6. Verify that y=c?# is a solution of the differential equation 


In each of the problems 7--9 verify that the given function is 
a solution of the given differential equation. 

7. у'+у=0, y=A cos x+B sin x. -i 

8. y"—y=4x, у= Ae* +Be-* —4x. 
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9. y'+2 ху=0, у--сет 
10. Find a first-order differential equation involving both y and 
e for which у--5х4 is a solution. 
dx 
11. Verify that d ty=4 is satisfied by y=Ce™+4. Find the 
value of C such that the resulting particular solution satisfies 
the condition y —6 when x=0. 


12. Find the differential equation whose general solution is y= 
С cos х--х, 


13. Find the differential equation satisfied by the family of all 
parabolas 7*—4 ах, 


14. Find the differential equation of the family of all hyperbolas 
xyck. 


15. Find the differential equation of the family of all ellipses 
x? у? i 
саст 
773. SOLUTION OF EQUATIONS BY THE METHOD OF 


SEPARATION OF VARIABLES 


Some first-order differential equations can be reduced to the 
огт 


dy _ (1) 
по) iTe ( 
1118 convenient to write (1) in the form 
h(y) dy=g(x) dx (2) 


An equation such as (1) is called an equation with separable 
variables (or a separable equation) because the variables can be 
separated in such a way that x appears only on one side and y 
SPAN only on the other side. Ву integrating both sides of (2), же; 

ave 


(ю)ә- | го) dsc, 
where С is the constant of integration. 

By evaluating the integrals | Ку) dy and ГЕ 4х ме сап 
find the general solution. 


Example 4, Find the general solution of the differential 
equation 4 


aro. 
“т 2 
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Solution. The differential equation 


Oy 25 
Б dx | 
can be written as 
dy dx 40) 
ж хз 


Е 
ог 
1 1 
Sagat Cs 
or 
2x*@—y+2x’y C=0, --(2) 


where С is an arbitrary constant, is the desired solution. 


Remark. Check that (2) is actually a solution of the given 
differential equation. 


Example 5. Solve: 
œ+ 2 x X120. 


Solution. By biis the variables we can re-write the 
equation 


Gen 2 pio E 
p ut ” 
Ер PFT OFHI D 


Integrating both sides of (2), we have 
| dy -| MEG. 


yl xl 
where C is an arbitrary constant, i 
or arctan y=—arctan x+C 
or arctan y+arctan x=C, a 


which is the desired solution. 4 
‚уз, Remark. By taking tangents of both sides of (3), we here 
tan (arctan y-Farctan х)=1ап С 
or авд =tan C=C’, 
1=у=х ` 
where we have written C’ in place of tan С. 
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The solution now takes the form 
х+у=С' (1—ху) 
лох 
TOROS. 250) 
(4) is the general solution of (1) where C’ is an arbitrary 
constant. The two solutions (3) and (4) are equivalent. Either of 
the two is as good as the other. Furthermore, instead of C’ we can 
as well write Cand write (4) as 
бух 
т" 553) 
Remember that “С” in (5) is not equal to ‘C’ in (3), even 
though both are arbitrary constants. 


or y 


у 


Sometimes а differential equation may not be in variables 
separable form as such; but it might reduce to that form by a simple 
substitution. The substitution is often suggested by the form of the 
differential equation. 

Example 6. Solve : 


(2х--у- 1) dx-- (4x 4-2y—1) dy=0, 
Solution. Let 2x+y=y. Then 2+2- 


dy dy 6 : 
dT —2. | The given equation becomes 


(+)+0r-1)(%—2 )=0, 


dy 2 
dx 90 that 


or Я T =5——, 


Separating the variables and integrating we have 


2v—1 : 
[221 dy=x+C, 


2 1 
or gta 171—1 | 2x4C, 

2 1 
ог 3 Qr» ЕЕ lx | 2х+у—1 | =х-+С. 
ог TUS xp у+ in | 2х+у—1 | =C. 

3 3 3 


In many applications we are not interested in {һе general 
solution of a given differential equation but only in the particular 
solution у--у(х) satisfying a given condition tò the effect that for 
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some value of х, say Х--Х, v has the value у= ye, i.e., y(xo) = yo. 
Such a condition is called an initial condition. A first order differ- 
ential equation with an initial condition is called an initial value 
problem. In order to solve such a problem, we first solve the given 
differential equation, and then determine the value of the constant 
of integration by making use of the initial condition. 


Example 7. Solve: (+2) у --віп x, y (0)=0. 
Solution, The differential equation 


dy su ; 
(у+2) dx Sin х, 401) 

сап be written as 
(y+2) dy=sin x dx (2) 


Equation (2) is in ‘variables separable’ form. Integrating both 
sides we have 


| (у--2) 4-| sin x dx-+-C, 
where C is an arbitrary constant. 
or 1 y8-4-2y =—cos x+C, 


or yt 2у+сов х-С, 26) 


is the general solution. 

We are given that у/0)--0, i.e., when x=0, у-0. Let us find 
the particular solution satisfying this condition. "gubstituting x=0, 
y=0 іп (3), we have 

1--С. 

When С--1, (3) reduces to 

TU ر2‎ +05 Хә], 
ог У1--4у--2 cos x—2=0, 
which is the desired solution. 
7 32. Some interesting applications 


We shall now consider applications of diferentia] equations to 
some geometrical and physical problems. 


Example 8. Find the curve through the point (3, 2) havi 
each of its points the slope —x]4y. Е оно 


Solution. The slope of the tangent to a curve at any point is 
> » which is given to be — dy Therefore the differential equation 
of the family of curves satisfying the given condition is 
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dy тх, 
dx 4y ed 
Writing (1) in ‘variables separable’ form, we have 
4y dy —x dx. E 
Integrating both sides of (2), we have 
| 4у dy=—{ x dx C, 
or 2yti-— тус, 
ог 21+ 1-л-с, (3) 


where C is an arbitrary constant. (3) is the equation of the 
family of all curves satisfying (1). We һауе to find that particular 
curve of the family (3) which passes through the point (3, 2). 
Substituting x=3, y=2 in (3), we find that 


22944. ate, 


or c-5. 


Substituting c= in (3), and simplifying, we have 


хї-Е4у%=25, 
аз the equation of the desired curve. 


Remark. Verify that x*-+-4)*=25 satisfies all the conditions 
stated in the problem. 


Example 9, (Newton's Law of Cooling). A copper ball is 
heated to a temperature of 100° and is then placed in water which is 
maintained at a temperature of 40°C. At the end of 5 minutes, the 
temperature of the ball is reduced to 60°. Find the time at which the 
temperature of the ball is reduced to 41°C. 

[According to Newton's law of cooling, the rate of change of 
temperature T of the ball is proportional to the difference between 
T and the temperature of the surrounding medium. 


Assume that heat flows so rapidly in copper that at any time 
the temperature is the seme at all points of the ball]. 
Solution. i 


Step 1. Let time / be measured from the instant when the 
ball is placcd in water and let T (1) denote the temperature of the 
ball at timez. For the sake of brevity we shall write simply T 
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instead of T (t) but we are given that at г=0, T (/)—100, i.e., T (0) 
=100. According to Newton’s law of cooling, "dr is proportio- 
nal to T—40. If we denote the constant of proportionality by —k 
(so that A>0), then we get the differential equation 
ат | 
ETT k (T—40). 841) 
Equation (1) is the mathematical formulation of the law 
cooling in our case. We shall solve it to get T as a function of /. 
Step 2. By separating the variables, (1) can be written as 
ZEIT. —k dt, 
so that T—Ce-*'--40, . (2) 
where C is the constant of integration. 
Step 3. The given initial condition is T (0) —100. Substitu- 
ting =0, T=100 in (2) we have 
i 100--С--40, i.e., C=60. 
Substituting C=60 in (2), we find that the particular solution 
of (2) satisfying the given initial condition is 
Т--60 е- 44-20 .4(3) 
Step 4. We shall now find К by using the information Т (5)= 
60. Substituting (--5, T=60 in (3), we have 
60--60 е75--40, 


or к=} In 5. 44) 
Substituting the value of Ё in (3), we have 
Ї T=60 eG ln 3)t 40, sse (5) 
From (5) we find that T—41, when 
: 1--60 е 


ог 


21160 3 log, GOSS: É 
t= фі 771625 --7:6318--7:63... (approx.) 


„ Thus the temperature of the Бай is reduced to 41° C after 763 
minutes, 


EXERCISE 7 (5) 
Solve : 
1, Y 2 -cos x. o Фу, 
“Сайныг 477 Biche 


хх F3 аа" 


:2 ر ا 
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“дуган v r dr = Ф 
5. соѕ сх ann 6. Ag Cos 20. 
dv dy 
ЖЕН 2 2-----2у? 
T. 9 Wt (t+1) 8. cos? x dx 2y? cot x. 
as ay _ 
9F dr Sec 0. 10. (х--4)-2- =y. 
dy шэрэт 
11. шлш Су (D.B S.S.C.E., 1984) 
12. (е"--1) y dy=(y+1) е? dx (D.B.S.S.C.E., 1988) 
13. (0129) x 2 £193) dy=0 (4.15,5.С.Е., 1984) 
14. (1--сов x) dy—(1—cos x) ах. (А.1.8 S.C.E., 1984) 
15. csc x In y dy+x?y dx=0. (4.15,8.С.Е., 1986) 
16. cosx ccs y 2- —sin x sin y (D.B.S.S.C.E., 1987) 
17. x cos y dy=(xe” In x+e?) dx. (D.B.S.S.C.E., 1988) 

18. Vax эсээ. (4.1.5.5 C.E., 1984) 

19. (1—x°)} dy+xy ах=ху®* ах. (D.B.S.S.C.E., 1989) 

20. Find the particular solution of xy'+y=0, satisfying the condi- 
tion y=1 when х=1. 

21. Find the particular solution of 

E а; 
satisfying the condition y=0 when х=1. 

22. Solve y'—y tan x subject to y (x)=—1. ` 

23. (Exponential growth). In а culture of yeast the time rate 
of change of active ferment у (f) at any instant of time 7 is 
proportional to the amount present at that instant. If y(t) 
doubles in 3 hours, how much should we expect at the end of 
9 hours at the same rate of growth ? 

24. (Exponential decay). Experiments show that radium dis- 
integrates at a rate proportional to the amount of radium 
present at any instant. If its half-life, that is, the time in which 
50% of a given amount will disintegrate, be known to be 1590 
years, what percent will disintegrate in one year ? 

25. (Newton's Law of Cooling). Experiments show that the rate 


of change of temperature T of a body is proportional to the 
difference between T and the temperature of the surrounding 
medium. 
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% 
A copper ball is heated to a temperature of 100°C. It is placed 
in water which is maintained ata temperature of 20°C. At 
the end of 5 minutes the temperature of the ball is reduced to 
60° С. Find the time at which the temperature of the ball is. 
reduced to 21° С, 

26. A wet porous substance when exposed to open air loses its 
moisture at a rate proportional to the moisture content. A 
sheet of the substance exposed to wind Icses half its moisture 
during one hour. In how much time would it have lost 99%. 
of the moisture, weather conditions remaining the same 
throughout ? 

27. Two liquids are boiling in a vessel. If the ratio of the quan- 
tities of each passing off as vapour at any instant is propor- 
tional to the quantities x and y still in the liquid state, show 
that x _ky=0, where k is the constant of proportionality, 
and determine y in terms of x. 

28. Find the curve in the xy-plane passing through the point (9, 3) 
and having at each of its points the slope x?. 

29. Find the curve in the xy-plane passing through the point 

(=3, 1) and having slope 221. 

30. Find the curve in the xy-plane all normals of which pass 
through the point (1, 0). 


74, HOMOGENEOUS EQUATIONS AND THEIR SOLUTION. 


A function / (х, y) of two variables x and y is said to be homo- 
geneous in x and y if it can be expressed in the form x" g (y/x) for 
some function g. Furthermore, we then say that fis of degree n. 


Consider the following examples : 
(а) f (x, y) ر + ر2×‎ 
Since f (x, у)у=х% [y[x-- (y[3)3--1], : 
therefore f is a homogeneous function of x and у of degree 3. 
(Б) f(x, y)=x +y ++ y. 
fis not a homogeneous function of x and y. 


(с) f(x, y)=sin (у/х) is а homogeneous function of x and y 
of degree zero because we can write it as 


x? g (y[x), where g (1)—sin 1. 


: (d) f(x,y)—)? arctan (у/х) is a homogeneot i 
ыч уок? ay y ogeneors function of x 


Consider the following differential equations : 
cy 4 
(А) x (x—y) a =0. 
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It is of the form MZ +N=0, 


where М=х (x—y), N=y*. М and N are both homogeneous- 
functions of х du y of degree 2. 


(Н Xm y yx tan = 


It is of Ё form 
м: +N=0, where 
dx 


M=x, N=x tan (y/x)—y. M and М are both homogeneous: 
functions of x and y of degree |. 

A first-order differential equation is said to be homogenous if it 
can be exprcssed in the form 

dy N= 
M ER -+-N=0, 
A: 

where М and М are homogeneous functions of x and y of ће: 
same degree. 


The differential equations (A) and (B) above are homogeneous. 
differential equations. 


Neither of the following differential equations is homogeneous. 


(©) (2х43у--5) 2 3x 2y—1)=0. 


Observe that it cannot be expressed in the form M Z -+N=0 
Where M, N are о functions. 
(D) (2x*y 439 4 Etat y= 0, 


This equation is not a homogeneois equation even though. 
2x!y--3xy? and х? — у? are both homogeneous functions. 
(Reason : The two functions are not of the same degree ) 


7:41. Solution of a homogeneous differential equation of the 
first order. 


Let M-2+N=0 eon (D 


be a homogeneous differential equation, where M and N аге homo-- 
geneous functions of degree N. Let us write 

М=х" g (ух), N=x" 7079. SQ) 
Using (2), we can re-write (1) as 
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dy -N хә h(y/x) =24 Olx) 2 
dx М ` xg (ух) к 0х) 09, 
where f (y/x) is some function of уіх. 
Thus we find that (1) сап be expressed in the form | 
ду | 
da O0, | 
where / 18 a given function of yix. 


, The form of the function f suggests that we ought to put 
У/Х--». 


| 
4 
Remembering that у is a function of x (to be determined), v is | 
also а function of x. Thus, letting y=yx, we have by differentia- | 
tion, 
di 
2 єх 2 = (а 
By separating the variables, we find 
dy dx 
Тоты 58) 
Integrating (3) and replacing у by у/х we shall have the general 
‘solution of (1). The following examples will illustrate the method. 
Example 10. Solve: 


x (xy + ر‎ = o (1) 


(Roorkee Entrance, 1980) 
Solution. The given equation isa homogeneous differential 


equation. Therefore we shall use the substitution у=ух. (2) 
Differentiating y=vx with теѕресі to x, we have 
dy д 
агт SG) 


Substituting the values of y and L in (1), we have 


x (x— px) ( кз) esto, 


ог a-»( нв arco, 
Or у (I—5»)4-(— x d уо, 
or (0-9) xno, 


Separating the variables, we have 
is 
(17) «- 
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Integrating both sides, we have 


(erate 


or y—In | у | =In} x | +e, 
or v=In | vx | +e --(4) 
Substituting у--у/х іп (4), we have 
y/x=In | y 1 +e, 


ог eve | у | е, 
ог | y | =е-° et —C evt, 
Thus |y | 2ceri* 


is the desired solution, where C is an arbitrary constant. 
Example 11. А curve passes through the point (1, x/4) and its 
slope at any point (x, y) on it is 


“бул Уг сз 3 
AES x 
Determine the curve. (Roorkee Entrance, 1981) 
Solution. Since the equation 
Ba? cos 2. 24 0) 
is homogeneous in x and y, therefore let из use the substitution 
х=ух 
Differentiating (2) throughout w.r.t. x, we һауе ~ 
dy = 
ae mL. --(3) 


On using (2) and (3), (1) 522 А 


у 2 
УЛ —COS" V, 


Separating the variables, we have 
5 _ ах 
sec? y dy——— 
x 
Integrating both sides, we have 
| sec? y a-| d с, 
or tan у-іп | x | +C. 
or tan (у/х)=1п | x | +С. (4) 
Since we are given that y=x/4 when x—1, therefore from (4), 


we have 
tan ien a 
С- 


ог 
Substituting the value of i in 04), we have 
tan (у/х)=1а | x | +1 
as the desired equation. 


T5 
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EXERCISE 7 (c) 
(x+y) dx+x ау--0. y 
(x—y) dx+(x+y) dy=0. 
(ety) dx (y—x) dy=0. 
+y?) dx—2xy dy=0. 


2x2 z =ху+у?. 


gy um 
Gy) Ge =). 


d dy 
то: 


xy dx—(x5+y8) dy=0. 
x sin (y/x) ду=[у sin (у/х)—х] dx. 


2 =y—x tan (у/х). (Roorkee Entrance, 1982) 
Find the particular solution of the differential equation 

(x+y) dx-F(x— y) dy=0 
such that y=1 when x=]. 
LINEAR DIFFERENTIAL EQUATIONS OF THE FIRST 
ORDER 


A differential equation of the first order is said to be linear if 


vit can be written in the form 


dj 
d. tPy=Q. (1) 


‘where Р and О may be functions of x (or constants) but do 
ту depend оп у, For example, the following equations are all 
їппеаг: 


sO HRS 
() Gy I=, 
гау Hee 
45) di +4y=sin x, 
dy et 
«о y? +xy=0, 
а) sinx 2 —cos x=y cot x. 


None of the following equations is linear : 
dy Үлан 
ө (£) ree, 
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Wry 
(7) » qx. 


a уа 
(g) 2,126 . 


Equation (1) is said to be Ипеаг (in у) beaause it is linear in y 
and %. . Products and powers (higher than the first) of y and z 


до not occur in it. This property characterizes a linear differential 
equation. ў 

If in (D, Q=0, then we say that it isa homogeneous equation ; 
otherwise we say that itis a nonhomogeneous equation. In the 
illustrations given above, equation (с) is homogeneous, equations 
(a), (b) and (d) are all nonhomogeneous. 

If P isa constant, then we say that equation (1) is a linear 
equation with constant coefficients. Equation (b) in the examples 
given above isa linear differential equation of the first order with 
constant coefficients. The solution of such an equation can be 
obtained easily as follows : 


dy 
сури E 
Let T +Py=Q (2) 
bea linear differential equation of the first order with constant 
coefficients, so that P is a constant, and Q is a function of x. 


To solve (2), let us first consider the corresponding homo- 
geneous equation 


dy рус 
ae +Py=0. (3) 
By separating the variables it can be seen that the solution of 
3) is 
43) уе*=С, ` 


where С is arbitrary constant. This suggests that the solution of 
42) is somewhat similar in form, and it might be possible to solve 
(2) by the substitution 
yertay (4) 
Differentiating (4) throughout with respect to х, we have 
dv 


dee s 5 
or Te —Qe?*, by using (2). 


Integrating with respect to x, we have 
yc je 4х--С, 
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or е?®* —Qe** dy tC --(4) 


is the desired general solution of (2), where С is an arbitrary 
constant. 


Remark. 677185 generally called the integrating factor for the 
differential equation (2) and is denoted by І.Е. 


To solve an equation such as (2), we do not usually work out 
all the details as indicated above, but simply use (5). The following 
examples will illustrate the procedure. 


Example 12. Solve : 


Solution. The given equation is a linear differential equation 
of the first order with constant coefficients. 


LE. 6? —e-1*, since P= —4, 
The general solution is 


уен [oe dx+C, 


hey ye w= fe .e** dx+C, 
or ует — [= 43--С---- qe 
or у--% е#-+Се',. 


where С is an arbitrary constant. 
Example 13. Solve: 
ФУ у= сот ЭХ: 


t Solution, The given differential equation is а linear differen- 
tial equation of the first order with constant coefficients. 


DER, e. 


The general solution is 
yet je cos 3x dx+C oo) 
Let I= Ге сов 3х ах. 


By integrating by parts taking е" as the first function and 
cos 2x as the second function, we have 
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Ine (443) fes шіл 24) ait 


x IQ cvi - fessi 
roe sin 3x 3 |6 sin 3x dx,. 


шини poene de. 
e adha sin 3x42 cor anda ook 
9 Mg 
so that 1223: езе gin/3x 4 асв E ul 442) 
Substituting the value of I from (2) in (D, we hayê An 
уед = мэн (—3 sin 2x 4-2 cos 3x)-++C, 
or у= 5 (—3 sin 3x+2 cos 3х)--Се-%% 


as the general solution, C being an arbitrary constant... - 


Example 14. Solve : 
dy E BU p3 104 K 271490 
Ях Зу--х. 4 


1 14 
Solution. The given differential equation i$ linear differen- 
tial equation of the first order with constant coefficients; 


LF.—e* лона Int b-sdT 


The general solution is 


pe = Ге dx4C, | 


„Сүр 


= 1 xe de n езі. (eh £ 


E 9 T 
cig ШТ, 
3 4 3, 9, et ш ЛЛ ИО ys 
where C is an arbitrary constant. 1 b 


320552 
EXERCISE 7 (4) 1%. 


Solve : 2:26 


% \ 2 
4X She To 5: inning ан at ©. diit 
хуур рза 10: пира. аа TS. 
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3. D aya. miles Б paler 12. 
dy. SF булу ee 
5, 37 6%. 6. dic y-t*, 
Segoe. 3) OS 
pes а üm2x. fF 8 d Unus соз х. 
9, D ajete анг эх. vi moz зуе сов х. 


TEST YOUR UNDERSFANDING VIL); 


In cach of the following problems, four aerate are given 
out of which ‘exactly Ones correct. Puta tick mark (v) against 
the correct alternative. | 


1. The differential equation EA i 
9904 3 (25) Ty-0 

is of order rv : uod Эн isis 

(a) 1 0) 2 (d Sas (6):4.. 
2. Тһе degree of the differential equation 

dy a) +(2 pes 
415 43 ) “Қуа? is 

(а) 9: ^ бк 7 eyes or 3 

3. The differential equation 


ауу (d 
5 (49 ) 42 ) -ху- is із w^ 
(a) order 2 and degree 4 ` “ы adr 4 and degree 2 


(с) order 2 and degree 2 ((4) orden 5 and degree 1. 
4. The general solution of.theequation / 


Sy 


d^ 


хау-уах--0із 1 
(а) ху=1 ^ (6) ху-С 
(с) у-х od) у=Сх. 
5. А particular solution of the equation - 
dy 10510" yide пса 2 тоф 
Улс л =0 18 
DARK 
(а) y'«-x-—1 E ys 
(с) y'+2=C (4) xy=1. 


6. Which, of the-following équations is of variables separable 
д ib : 
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7. Which one of the following a is homogeneous : 


102: 


е 


@ sin ety) Z= O ху дан, : 


O 2. сө уі, | (0 ю Baw 


а) Cr+ e -х-2, (у м. Boyi, 


© д ен, (d) хз DEOD) dem! 
Which one of the following equations is linear : Хилл 
de Dum s dy. 
(а) а= 100—1, (9) ә? ie, 
d ? а 545% 
() Зуу, (4) н FRI N 


Which опе of the following equations is a linear equation with. 
constant coefficients : 


(а) Тл: ЖЕЛІ (2 И дейби 
(д 72 ЧУ бесов, (0) diee 


The2genieral solution of the equation 2 Ж у=е* is 


() уер, PO j&mEXWC, 
(с) у-(С-х) e, (d) у-(х--ОС) e". 
REVIEW EXERCISE ҮП 
Solve: І : 
d oL Fry xy (4.1.5.5.С.Е., 1985) 
“08у-4) dx Gf -у)ф- ps sc. Е. 1984) 
1 gef tam'p4e(1 EeP sect pem гы ao E 5.5.6. E;/1986) 
10-8) (14-9) d (14-5) (1:29) дб. D. BS. E. 1986) 
аа Одун ni a 2 (АЛ1$:8.0.Ел, 1984) 


(4x -6y4-5) dx= Qx-3y-4) dy. 


7.9 e ibt усве 10 вур? нв пла А. BS 
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dx ' 2х--у è 
9. (у%#—2у%) dx+(2xy?— x9) dy=0. 
10. G*--2xy — y") аху -2xy — x) dy=0. 


8. ду х-2у у 


dy 53:524, ү 9 
11. Ju ХЭЛ Tx. к 
ЫРА 
12; Ga ue cos ae 
dy ЗӨН йл 
13, di +Sy= 2e5, » " 
dy _ ee à 2 
14. © Зу-ез--6 “a 3x. 
15. Find the solution of the differential equation 
4 4 
нота Qt ae) 
satisfying x—a, у=а. (4.I.S.S.C.E., 1989) 


16. А саг moves along a straight road in-such a way that its velo- 
city at г seconds 18 'given by S' ()=3ғ12, How far does the 
car travel during the first 100 seconds ? 2 
rA m (Roorkee Entrance, 1981) 
17. Solve x (14-53) дх- (14-32) ду--0, given that y=1 when 3—0. 
mA nu qq) p» Эг! 10 f (AES S. G.E;, 1986) 
18. Find the curve whose slope is 
dy py iq 15 
uro г. 
and which passes through the point (1, 1). 
(Roorkee Entrance, 1981) 


атаса PX SUMMARY 

1.. The order ofa differentia] equation is the order of the highest’ derivative 
949 \anpearing in thelequation. S S iS {54 1 ч E 
The degree of a differential equation is the degree ofthe derivative of ihe 


2. 
(9 Vhighest order óccurring in it, afer expressing it in a form free from radicals 
зо far as derivatives are concerned, — - 


31 А differential equation. of. the. first. order and first: degree is said to be in 
variables separable form if it can be expressed as f (x) dx+g (у) dy=0, ` 


(M А differential equation of the first order. and first ‘degree is said to be 
homogeneous if it can be expressed in the form \ 


БЭРХ ХХ Diet д 


5. A homogeneous d fierential tion of th 
шү Ri чылы ~ on of the first order can be solved by the 
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6. A differential equation of the first order and first degree is said to be a 
linear equation with constants coefficients if it can be expressed in the form 


24 Б 
dx tPv=Q 
where P is a constant and Q is a function of 25 
7. The general solution of the ан оой equation Фу 1 By-Q, where P is 
a constant is 


уеР:= |е О dx+C, where С is an arbitrary constant. 


HISTORICAL NOTE 


problem. James Been also : 
equations to solve the problem об. 1 1 
the curve along which a particle will slide in the shortest time from 
one given point to another lower given point not. directly below the 
first point. Notable contributions were made by Christian Huygens 
(1675-1726), Jacob Herman (1678-1733), A.C. Clairaut (1713-1765) 
and Leonhard Euler (1707-1783) in the earlier stages of development 
of this important branch of Mathematics. , 


aaa 


ТОЗЇАН WILLARDZGIBBS((1939—1503), . 


Josiah Willard Gitbs was bern in New||Havcr, Cornecticut, U.S.A; in 

1839. His father was Professor of Sacred Literature at the University of Yale. 

Gibbs entered Yale іп 1854 ard preduated at the age of 19. Immediately there- 

5 after he began graduate work in Engineering and obtained his Ph. D. at Yale in 

1863, with a thesis on gear design. In the same year, he was appointed Tutor 

in Yale College. In 1871 he became Professor of Mathematical Physics. 

Gibbs’ interest in vectors was aroused by his study of Maxwell’s classical work 

“Шесігісіу and Magnetism’. In 1881 he published a pamphelet ‘Elements of 

Vector Analysis’ which was circulatcd privately. In 1884 he enlarged this. 

pamphlet, Talking of G bbs, Max Planck once said, “His name, not only in 

America, but in the whole world, will ever be reckoned among the most renow- 

© med theoretical physicists of all times." Gibbs leda quiet life. He worked 
with great dedication and passed away in 1903 in New Haven. 
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CHAPTER 8. 


Vectors: е на 


81, SCALARS AND VECTORS dU 

In our daily lives we often come across quantities such as mass, 
volume, density, temperature, height, etc. which have magnitudes but 
are not related to any direction іп space. Such quantities are called 
scalars. To specify a scalar we require a unit quantity of the same 
type, and the ratio (kJ which thè given quantity bears to this unit. 
This enables us to express the quantity ask-times the unit. 
The number К is called the measure of the quantity in terms of the 
selected unit. The measure is a real. number, and real numbers 
thus suffice to express scalar quantities. " 

We also often come across quantities such аз displacement, 
velocity, acceleration, force, momentum etc., which have not only 
magnitude, but which are also related to a definite direction, and 
which are such that two quantities of the same kind are compounded 
according to the triangle law of addition (to be stated later 
on). Such quantities are called vectors. 

sı While ordinary algebra suffiees; to handle. vector quantities as 
well, the treatment often becomes involved, and it is more conveni- 
ent.to develop a mathematical | system) which -bears to vectors the + 
same relation:as the aie of real numbers bears to scalars. 


82. DIRECTED LINE SEGMENTS 
° To develop an adequate. mathematical. system which will. 
suffice for our needs as indicated „above, we ishall, introduce.the 
notion of a directed line segment. i; Р Ay оғ пора 
‘A directed'line segment! is the "simplest type- of entity having! 
both magnitude and direction. It is determined by two" points, of” 


which one of the points is called the initial point, and the 

other is called the terminal point: The magnitude of the 

directed line segment i$ its length; and its direction isthat® Î 

from the initial point to the terminal point. Itis denoted | 

Ъу ап arrowhead. Thus for example, іп “Кір. 8], Пела 

points О and A determine a directed line segment, to. be 
> 


denoted by OA, O being the initial point and A the 
terminal point. The magnitudé of OA is the length OAS” 
and its “соп is from O to A. Two directed line seg- 2. 
ments are said fo be ‘equal if they һауе the’ same magnitude Fig. 8120 
" б i oe (439). А „Боса dude 


о 
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— -» 

m ad каше direction. Thusin Fig. 82, АВ=СО= EF, because 

AB, ср, ЕЕ all have the same‘magnitude, ‘and also have the same 
> > 


direction. But POMER со the [зз РО апа EF аге differ- 


ent, even though PQ and EF have the same quest 


7 


Fig, 8:2. 


> > > > 
Again, PQZKRS even though PQ=RS, because PQ and RS 
1 b : ; ibo 20 
have different directions. The directed line ségments EF and GH are 
equal in magnitude (ЕЕ==СН) and are parallel (ЕЕ (ӨН) but are 
not equal, because their directions; are. opposite. Two such 
directed line segments are said to be the negatives of each other. For 
э э - > 
EF and ӨН we would thus "write, EF=—GH From the above 
discussion we find that we associate three attributes with a given 
directed line segment, namely, its length, support and sense Тһе 
suport est sense both taken хайн specify the direction of the line 
iy cai 


а) Length: The length of PQ i is cased by. | PO |. It is 


obvious that 1991 191. 


(b) Support: The line of unlimited m of which a given 
directed line segment is a part, is sealga its supporto ~ 


(c) Sense., Тһе sense of PQi is from P to Q әрі that af ОР 18 


, from.Q to; P. Thus, the directed line ‘segments Po and. oP have 
opposite senses, even though they have the same magnitude and the 
same support, If two vectors have the same support and same sense 
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"we;often say that have the same direction... If. two. vectors have the 
same support but opposite senses, we olten зау that 977 have pet 
‘site; directions, 82 


183. VECTORS AS DIRECTED LINE SEGMENTS 


A directed line segment can be used to represent a vector 
quantity in magnitude as well as in direction. To represent a vector 
quantity in this manner, we first choose a unit and express the mag- 
nitude of the vector quantity in terms of that unit Any directed line 
‘segment having the same direction as that of the vector quantity (to 
be represented) and magnitude equal to the measure of the vector 
quantity (in the unit selected) then represents the vector quantity. 


Definition 81. A directed line segment is called а vector. In 
> > > > > > 


Fig. 8'2, АВ, CD; EF, GH, PQ, RS are all vectors. 
831. Equality of two Vectors £ 


Definition 8'2. Two vectors are said to be equal if they нар 
(i) the same length (ii) the same or parallel supports, and (iii) the same 
sense. 

> -> 
Illustration. In Fig. 82, the vectors АВ, CD and EF are all 
> => 

equal to each other, but PQ#EF. From, the above definition we 
find that two different line segments may stand for the same vector. 


832. Notation for Vectors... Fate 
We shall denote a vector by a single Clarendon  (bold-faced) : 
symbol such a, b, с etc. The magnitude of a’ will be denoted by: ' 
dre |. The fact of equality of two vectors a and b will be erred 
in symbols by writing a=b.. 


833. Unit Vector 
A vector whose magnitude is 1 is called avunit vector. 


8:34, Zero Vector 


A vector whose initial and terminal points coincide 18 called 
the zero vector. The length of the zero vector is zero, but we can 
think of it as having any lineas its line of support. „Тһе, zero vector 
will be denoted throughout by the symbol О. As we shall see later, 
the zero vector has many properties similar to there, of the real. 
number 0.” 


h 


835. Co-initial Vectors pe SN 

Our definition of equality of vectors “enables us to replace a. 
given: vector’ Бугап equal vector but having any giver point as initial -| 
point: 
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ЗУ 
71 ер АВ be any given vector, and let C be'a given point. Two 
1Ч ott £d] 5. ыр 


different cases arise, according as С lies оп the support of AB or it 


ХЭХЭ PA 
dot not lie on the support of AB. 


1222 > ё 
dE ilies onthe support of AB, choose a point D on.it so ‘that 


AB=CD, and the vectors АВ and CD have the same sense. 
Час уян 


Then AB=CD: 


210 Fig.:8:3.° 


Jf С does not lie on the support of AB, then we draw a line 


= 
through C parallel to AB, and choose a point D'on' it só that CD 
b 1 bi ) 1 4 Ё e» > > 
has.the same magnitude andi sense as AB. Then AB=CD. 
~ Vectors with the same initial point are often called co-initial 
vectors. In view of the above discussion, given a set of vectors, we 
can always take all of them to be co-initial. А 227 


84. ADDITION OF VECTORS 


We shall now how sze two vectors a and b сар be added 10 give қ 


_Tise.to another vector and study some. important properties of this 
operation of addition of vectors. | 1 t 


1 ,,, Definition 83. (Triangle law of addition). Let a and b.be WO. 

E А ; ч > 7 Er у 
vectors ; let О be any point in space, and let OP represent a. If РО 
24 if 


represents b, then OQ represents a+b. ату. д 
„Remark, From the aboye definition it appears as. if the sum 

ote ve tors a and b depends upon the choice of the point O. For 

the definition to be meaningful this should not be so. In fact, it can. 


w 
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Fig. 8:4, 
be easily seen (as follows) that in-whatever manner we may choose 
point O, we arrive at the same vector : 
Let O and O' be any two points, and let 


-» -» ? 

ОР=а=О'Р 7 БАР 
-» > 

PQ=b=P'Q’. 402) 


From (1), OP and O'P’ are parallel and equal, so that ОР”РО- 
isa | gm, and consequently O'O arid РР are equal and parallel. 
From (2), РО and P'Q' are parallel and |... оох Qor 
equal, so that P'PQQ' is a ll gm, and 
consequently, P'P and Q'Q are equal and- 


parallel. ) 

Since P’P’ is parallel and equal to о р: 
both O'O and Q'Q, therefore ОО is 1 ' ; 
equaland’parallel to О!О. It follows that lié bon Дулаолч / 


Q'QOO' isa ЇГ gm, and therefore OQ 1 
is equal and parallel -to O'Q'. Thus 


-» -» 
PQ-O'Q'. This shows that the sum of o: Р: 
two vectors is independent of the choice 
of the point O. - Fig. 8'5, 
Theorem 8'1. Addition of vectors is commutative, that is, 
ы T $C m10 
a+b=b+a r 
; | di38 


or any pair of vectors a and b. 
Proof, Let а and b be any two vectors.” 


i ees а? 3 
Let ОР represent а and let PQ represent b. 
By definition of addition of vectors; from ДОРО, we һаүе s 


> 
60-за Буу io сонго To тойам O 
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Complete the parallelogram OPQR. Since ва? is parallel and 
«equal to OP, therefore 7! 


>. ج‎ / 
RQ=OP=a : -“(2) 
Again, since OR is parallel and equal to PQ, therefore 


R a 


Q 


Fig. 8:6, 
он 
OR PO- Ь, ы (3) 
from AOQR, we have xc 
-» >, 
=һ+а î, -(4) 
From (1) and (4), we have by equating the two expressions for 
«ОО, 


a+b=b+ta_ 


Theorem 8'2. Addition of vectors is шооны that 15 
at(bte)=(atb)+e 


for any three vectors a, b and c. i 


Proof. Leta, b ppi € be any | three vectors, Let OP represent 


> 


wa, PQ'tepresent Б, and QR represent c. 


тог 
By definition of addition of vectors; 00=а+ь. 


урстовз 


From triangle OPQ, we have А R 
У ы 8-1/55(6:18/- 
ОО-ОР--РО-а--Ь S 
From triangle ООВ,, we have 1 
-» — 


=> 
OR-OQ-QR-(atb)ce (2f 
From triangle PQR, we have : 
> -> -> x 2 
PR=PQ+QRSb+e. 370 0443 | єг 
From triangle OPR, we have d P 
e ғаз е -- s м 
ОВ ОРЕВ а (b+ 224) 
Егоп (4) and (2) we have, by equating 
> 


the two expressions for OR, 


о 
| a-F(b--c)— (а-РЪ) е | 


oR. oe 


үз 
xài 


Fig. 877. 


Remarks 1. In view of theorems 8:1 and 82, the sum of 
any number of vectors is independent of their order and grouping. 
In particular, the vectors at bafe), «-a-t (c+b), Ь-(с-а), 
b+(a-+c), c+ (a+b), c--(b-Fa), (a--b)--e, (b-Fa)--e, (c+a)+b, 
(a--c)-- b, (b-+-c)-+a, (е--Ь)--а are all equal, and we can denonte: 
all of them by a common symbol, namely, abt €... 155.9 


2. If b be any vector and 0 be the zero véctor, then 2M 


анода ad 2-р 2) | AF 
LoTR Л ГИТЕ, GAN Өте Бай 
841. Negative of a Vector ^'^ ' j tae 
Definition 84. The vector which has the same mangitude and 

same support as а, butthe opposite sense, is called the.negative of 


a and is denoted by —a. It can be easily seen that 


ЭН нез (8 i 


at(— а) 


=(—a)+a=0 | -«(B) 


8:42, „Subtraction of Vectors | 7 / 

Let a and b be two vectors, Те vecti 

denoted by a—b. We thus get another oper: 

subtraction. It can be easily seen that : xdi 
PE 


аж(-Ы) is usually 
Jonon vectors, namely 
тің .95n3H 


Üge-)A-— 


Фр aca 0-a 
for all vectors a, and 


-446 A TEXT-BOOK OF MATHEMATICS 


(ii) J (a+b)= Се, 7 
for all vectors a and b. 
(11) Ifa, Bb be two given vectors,’ dil thes — equation 


x+b=a 
ds "satisfied by one'and only one vector. 
x=a—b. 
8 5, MULTIPLICATION ОЕ А VECTOR BY ‘A REAL 
NUMBER (SCALAR) 


ос. Definition 85. The product of a vector а and areal number 
Ж, denoted by ka (or ak) is а vector whose magnitude is | К | times 
ihat of a, whose support is the same" as that of a, and whose sense is 
the same as that of a or the opposite one according as k>0 or k<0. 
If k —0, then ka is the zero vector. 


Theorem 8 27 If a be any vector, апа Қ, 1 be any real numbers, 


then 
(0 (—1)а=—а; 
(ii) Кеа) (а= —(ka) 5 
DÎ ARE a)=kas 4 
7) Ка) =(Еђа. ` 


Proof. (i)? The magnitude of (—1) аг8:1-11 фа | soiien 
‘the same as that of a, and the direction of (—1) a is opposite to that 
ofa. Hence (—1)а=—а. 
(iii) If k>0, the magnitude of 
(—k(—a)= | -k| a| Sk а | = I kal, 
and direction of (— Ю(—а) 1 is opposite to that of г ie. the same 
.as that of a, which is also the direction of ka. j 
ӘНеасе | (-K)(—2)—ka. 
“ЭЕ СО, then 8059, and so magritudé of 
(—0С-а)=(— | –а [, 
=(-k) lal, 
-|-Аа|, 
= |Ка|, 


and direction.of (—k)(—a) is the same as that of 6 ie, opposite 
ofthat Of a, ie., the same as that of ka. 


Hence, in this case also |. 
(—k)(~a)=ka. 
If kK=0, the vectors (—k)(~a) and ka are уы 0, ando are 
equal. 


& vd banos 
» 1] 


——————————— 
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(i)and (iv) Similar to that of (iii). 

Thé relation between vector addition and: multiplication. ofa 
-vector by a real number is given by Іле following theorem which.we 
:state without proof. 

Theorem 84. Let a, b be vectors and К, 1 be real numbers. 
Then 

(0 k(a+b)=ka+kb; 

(ii) (k-+-Da=katla. 

58:51. Basic Properties of Addition of Vectors and of Multi- 
plication of a Vector by a Scalar 

We list below, for ready reference, the basic laws of addition 
-of vectors and of multiplication of vectors by scalars. 

Let us denote the set of real numbers by R (as usual) and the 
set of all vectors by V. Then, 

I a+b=b-+a for ай a, be V. 
II a--(b--c)— (аР), for alla, b, се V. 
IIL, There exists a vector, namely) 0, such that 
a-@=04a=a, for all aC V, 1317 
IV То each a€V there corresponds bev such that. rs 
а+Б=ь+а=0. s 
М (mma-mína) for all m;n€R, 
VI l(a)—a, for all aC V. 
ҮП m(a--b)—ma-Fmb, for alımER and a, bE V. 
ҮШ  (n+n)a=matha forall m, n&R, and a€ V. 


86, LINEAR COMBINATION ОЕ VECTORS 
A vector r is said to be a linear combination of vectots’ d; b, 
c.etc., if there exist scalarsx, y, z ete. such that, =. 55. 
r=xa+yb+ze 
For example, the vectors 2a~Sb+e i is a linear combination "dede 
vectors a, b and c. 
ІР туо vectors have the. su tdi жетегі {һел еасһ is 
a linear combination of the оїһег. fin other words, if а, b be,two 
раа vectors, then there exists а. scalar, t such that b=ta, or 
a=(1/t)b. 
861. Coplanar Vectors . : f 
A set of vectors is said to be coplarar, "if theif supports are 


parallel to the same plane, 1,6., if there exists a plane parallel (о the 
supports of all of them. The ie' supports of a set of coplanar co-initial 


vectors are coplanar. 


i 
ay 
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8:62. Vectors in Two Dimensions 


Let a, b be two given non-collinear vectors. “Every. vector r 
“coplanar with a and bican be uniquely expressed as a linear’ combi- 
nation xa-+ yb; for some scalars x and y. > 


V Ээ d pa ie л гүй Sid Fata dI 
Existence!” “Without loss òf pên ê can assume that the: 
vectors a, b гын r are нонии Таке а point Оз het..the vectors. 
a, b, г be бХ. бв» and ОР! respectively. ‘since the” "Véctors а, b, r- 
are coplanar, therefore the lines ОА; ОВ; OP are coplanar. 


Through P draw PL | BO to mest OA вм апа PM Ш AO to 
meet OB in M. Now / 


м2 t à FL wollt ue dai May ж) Пу” 


әрі «сонорлы а \ mo 


> HOTI — A df. 
Since OL and OA 557 collinear ‘vectors, there ore there exists a 
| scalar Х such that OL=xa. Similarly thet exists а айы y such 


„that, OM-)b. ,We can, therefore write 20) зу» зі 

r=xa+yb, М 4 

me saree id тын: шээс 

Xa- رو كار‎ ы UT 

or — (х-х7а-МУ-у9В-0, 
x йр, we havê 


i 1 159929 > y 
37 TRB 1o езт xu 


SUSIE i 
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so that a and b aré collinear. Since a and b are given to be non- 
cellinear, we have a contradiction. Therefore х-х. 


Similarly у= у'. Hence the representation is unique, 


Remarks 1. In the above discussion xa is called the compo- 


nent of r in the direction of a along yb is called the component of x 
in the direction of b. 


2. If a and b are perpendicular to each other, then we say that 
xa is called the resolved part of r and a along yb is called the resoly- 
ed part of r along b. 


3. If a and b are unit vectors perpendicular to each other, 
then the co-ordinates of P referred to OA and OB as the axes of 
co-ordinates are (x, y). For this reason, we often say that (x, y) 
are the co-ordinates of the vector relative to the vectors a and b 
even when a and b are not orthogonal vectors. 


Vectors in three dimensions. Components of a vector with 
respect to three non-coplanar vectors, 


863. Components of a Vector 
Any vector r can be expressed as the sum of three vectors, 


parallel to amy three non-coplanar vectors. Let а, b, c be three 
non-coplanar vectors. With any point О as origin of reference, take 


Fig. 8'9. 


> 


OP=r, and on OP as a diagonal construct a parallelopiped 
with edges OA, OB, OC parallel to a, b, c respectively. 


>> 
Since OA is parallel to а, there exists a real number x such 
hat 
e 

ОА--ха. (1) 


> 
Since OB is parallel to b, there exists a real number y such that | 


450 A ТЕХТ-ВООК OF MATHE ЧАТІСЅ 


ut 
OB=yb. 42) 


E 
Again, since OC is parallel to e, there exists a real number 2 such 
that 


> 


1 ОС--2<. “(30 
From ЛОАР, we have 3 
5 > ad -» 
OP=OA+AP, 


=> > > 
-ОА--(АЕ--ЕР), from AAFP, 
-» -» -» 
—OA4-(OB4- OC), 
> > 
since AF—OB (AF, OB being opposite sides of the parallelogram 
> => > 
AFBO), and ЕР--АЕ--ОС (why 2). 


> > > > 


Ск ОР--ОА--ОВ--ОС, by associativity of addition of 
vectors, 


=xa +yb-+ze, from (1), (2) and (3). 
The vectors xa, yb, ze are called the component vectors 


of r and r is said to be resultant of the vectors xa, yb and zc. 
Also, x, у, 2 are called the components of т in the given directions. 


Remark, Since only one parallelopiped can be drawn on ОР || 
as a diagonal with edges parallel to given directions, therefore if two 
vectors are equal, their corresponding components are equal, and 
conversely if the corresponding components of two vectors are 
equal, the vectors are equal. 


864. Rectangular Cartesian co-ordinates of a Point 


We know that the position of a point in a plane can be 

- specified by choosing a point on the plane as the origin and a pair 

of perpendicular lines through O as the axes of, co-ordinates. In a 

similar way, the position of a point in space can be Specified by 

choosing a point in space as the origin and three mutually perpendi- 
cular lines as the axes of co-ordinates. - ý 


Given a line, by choosing any arbitrary point on the line as the 
origin, a suitable distance as a unit, and one of the two directions 
on the line as the positive direction, we.can set up a on--to-one 
correspondence between the set of real numbers and the set of points 
on the line. In other words, we can set up a co-ordinate system for 


points on the line, each point having oné'co- ordinate, 
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Take any point О and three mutually perpendicular straight 
lines ХОХ, Y'OY, Z'OZ through О. 

Let us set upa co-ordinate system for points on the lines 
ХОХ, Y'OY, Z'OZ in such a manner that О is the origin of 
reference for each line, the unit is the same for all the three lines 
and the directions OX, OY, OZ are taken as the positive directions 
along the lines ХОХ, Y'OY, Z'OZ respectively. In other words, 
we set up the convention that the co-ordinates of all points on OX, 
OY and OZ (except О) will be positive, and the co-ordinates of all 
points on OX', OY', OZ' (except O) will be negative. 


Fig. 8:10 (a) 


LetP beany given point inspace. Thro ugh P draw planes 
parallel to the three planes YOZ, ZOX and ХОҮ 8 Let these planes 
meet the lines X'OX, Y'OY and Z'OZ in the point L, М, М respec- 
tively. For a given point P we get unique points L, M, N in this 
way. Conversely, given points L, M, N on X'OX, Y'OY and Z'OZ 
respectively, we can determine a unique point P in space by drawing 
planes through the points L, M and М parallel to the planes YOZ, 
ZOX and XOY respectively. Using the co-ordinate system (set up 
above) on the lines X'OX, Y'OY, Z'OZ, ус сап associate unique 
real numbers x, y and z with the points L, M and N respectively. 
In this manner, to each point P there corresponds exactly one 
ordered triple of real numbers (x, y, 2) and to every such ordered 
triple there corresponds exactly one point P. We thus get a. one-to- 
опе correspondance between the points of space an ordered triples 
of rea] numbers. We call this correspondence a rectangular cart. siam 
co-ordinate system, The lines X'OX, Y'OY, 2/02. are called the 
axis of x, the axis of y and the axis of z respectively. 
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The planes YOZ, ZOX and XOY are called the yz-plane, zx- 
plane and xy-plane respectively. Also, (x, y,z) are called the 
cartesian co-ordinates of the point P. 

The z-co-ordinate of every point on the yz-plane is zero, the 
y-co-ordinate of every point on the zx-plane is zero, and the z-co- 
ordinate of every point on the xy-plane is zero. The y and 2 co- 
ordinates of every point on X'OX are zero ; the z and x-co-ordinates 
of every point on Y'OY are zero ; the x and y co-ordinates of every 
point on Z'OZ are zero. 

865. Right-handed and Left-handed Systems 

Three mutually perpendicular lines OX, OY, OZ are said to 
form a right-handed system (resp. a left-handed system) provided a 
screw pointing along OZ will advance when the screw is twisted 
from OX to OY (resp. OY to OX) through an angle of 90°. 
In fig. 810 (b) we have shown a right-handed system. The lines 
OY,OZlie on the plane ofthe paper while the axis of X is per- 
pendicular to the plane of the paper and points out towards the 
reader. In Fig. 8:10(с) we have shown a left-handed system. We shall 
use right-handed systems throughout unless stated otherwise. 


І 
| 
LU 
1 
1 
5, 
Fig. 8:10 (b) Fig. $10 (c) к 


866. Rectangular Resolution of a Vector 


A special case, and the most useful one, of resolution of a 
vector into component vectors is that in which the three directions. 
"are mutually at right angles. 


____. Consider a right-handed system of mutually perpendi 
«сы ОҮ апа OZ (perpendicular to each other). ДЕ the тоның 
“parallel to OX, OY and OZ be denoted by i, j and k respectively. 
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Fig. 8:10 (4) 
. Considera vector r with О and P as the initial and terminal 
points respectively. 


The parallelopiped on ОР as a diagonal, and edges parallel to 
the vectors i, j, k (i.e., parallel to the lines OX, OY, OZ) is а rect- 
angular one. 

As in section 8:63, we may write 


— -» -» 
OA=xi, ОВ-уі, OC—zk, 


2 
=0P=xi+yj+zk. 
The number x is positive or negative according as the vector 


2; 
OA has the same direction as i, or the opposite direction, Similarly 


25 
у is positive or negative according as OB has the same direction as 
j, or the opposite direction, and similarly for 2. The numbers x, у, 
2 ате called the rectangular components, resolutes, or resolved 
parts of r for the directions i, j and k. 


The resolution of a vector r in terms of i, j and k is unique. 
EXERCISE 8 (a) 
> > 


1. ABCD is a square. Do AB and CD represent the same 
vectors ? Give reasons. 
-» > 
2. ABCD isa rectangle. Do AD and ВС represent the same 
vectors ? Give reasons. : 
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-> -» 
ABCD is a parallelogram. Do AB and DC represent the same 
vectors ? Give reasons. 


> > 
ABCD is a trapezium with AB СЮ. Do AB and CD repre- 
sent the same vectors ? Give reasons. 


> -> -> 
Let OA, AB, ВС represent vectors a, b and с respectively. 


What vector does ос represent 7 

Prove that for апу vector а, 
—(—а)=а. 

Show that for any vector а and b, 
—(a+b)=(—a)+(—b). 


3 as > 
ABCD isa square. If AB—a, BC=b, show that 
-» -» 
0) АС-а--Ь, (ii) ВО--Ь-а, 


- 
(ш) DA=—b, 
Gis the mid-point of a triangle АВС, Show that 


-> > > 

GA+GB+GC=0. 
D, E, F are the mid-points of the sides BC, CA, АВ respec- 
tively of a triangle ABC. Prove that 


LINE > 


AD+BE+CF=0. 


> => >. + 
ABCDEF isa regular hexagon. If AB=a, BC=b, express 


-> > =! 


AC, CD, BE іп terms of a and b, 


` ABCDEF is a regular hexagon. Prove that 


domat) єз? aa -» 
AB+AC+AD+AE+-AF=3AD. 
Е, F аге the middle points of the diagonals AC, BD S 
pectively of a quadrilateral ABCD. Prove that - D respec 


چ ج M‏ > 


AB+AD+CB+CD=4EF, 
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87. APPLICATION OF VECTORS TO GEOMETRY 
871. Position Vector of a Point 


The application of vector methods to solution?of geometrical 


problems depends on the concept of position 
vector of a point. We choose an arbitrary P 
point О and call it the origin of reference, 


- 
If P be any point, then the vector ОР is called 
the position vector of P with respect to O as 
the origin of reference. In this manner we 
can associat to every point P a vector. Con- 
versely, to every given vector, we can associate 
a point. Given a vector r, the point P 


> 
associated with it is given by ОР-х. This 
means that Pis the terminal point of the Fig. 841 
vector r having О as its initial point. Thus, by choosing an origin 
of reference О we can set up a one-to-one correspondence between 
the set of all vectors having O as the initial point, and the set of all 
points in space. 

For different choices of the origin of reference, the same point 
will have different position vectors, 

The origin of reference can be chosen arbitrarily, but by a { 
suitable choice of the origin of reference, the solution of a geometri- 
cal problem is often very much simplified. 

8'72. Expression for a Vector in Terms of Position Vectors 

By using the concept of position vector of a point, it is possible 
to express a vector in terms of the position vectors of the end points. 

-> 

Let AB be a vector and Ict O be the origin of reference. If the 
position vectors of A and B be aand b respectively, then from the - 
equality 

> > 


E 
AB=OB—OA 


Fig. 8°12. 
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i 
же find that AB=b—a. Such an expression is found to be very: 
useful in geometry. 
87:3. Section Formula 

To find the position vector of the point which divides the line 
joining two given points in a given ratio. 

Let O be the origin of reference and let a, b be the position 
vector of the given points A, B so that we have 


> > 
OA=a, OB=b. 
Let P divide AB so that 
АР m 
РВ = ic 


* 

The ratio m/n is positive if P divides AB internally, and 

negative if P divides AB externally. We shall express the position. 
-» -» 

vector OP of the point P in terms of the position , vectors OA and 


и 
OB of the points A and В. 


о 
Fig. 8:13. 
We can write (1) as 
n AP=m PB, 


> > 
so that n AP=m PB. 


> -> 
Expressing AP and РВ in terms of the positian vectors of the 
end points, we have 


> > > > 
л (OP—OA)=m (OB—OP), 
> > 


> 
or (п--т) OP=m ОВ--п OA, 
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-» -» 
>= т ОВ--лОА 
ог OPN RRS 
_mb+na 
SEMEN 


Corollary. The position vector of the mid-point of the join 
of two points with position vectors а and b is }(a+b). 


Example 1. Show that the medians of a triangle are concurrent. 
Solution. Let the position vectors of the vertices A, B, C of 


a triangle ABC with respect to any origin O be a, b, с respectively. 
The position vectors of the mid-points D, E, F of the sides are 


A 


B D 


Fig. 814. 
1 (b+c), 1 (с-ға) and 3 (a+b) respectively. 

The point G dividing AD in the ratio 2 : 1 is 

2. (Ь+с) +1. a 1 
C MUT (a+b-+-c), 

By symmetry, this point also lies on the other two medians. 

Hence the medians of a triangle are concurrent, 

Remark, In class ХІ we had proved this result using the 
method of co-ordinate geometry. Now we have a co-ordinate free 
proof of the same result. Thisis not surprising. We shall prove 
several known results again by vector methods. This will enable us 
to see the power of the vector methods and will give us practice in 
the use of vector methods to obtain new results, 

Example 2. Show that a plane quadrilateral whose diagonals 
bisect each other із a parallelogram. 

Solution, Let ABCD be a quadrilateral whose diagonals 

> 


bisect each other, Take A as the origin of reference. Let AB=b, 
> 


and AD=d, so that b, с and 4 are the position vectors of the points 
B, C and D respectively. Since the diagonals bisect each other, 
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therefore O, the point of intersection of the diagonals is the? mid- 
point of AC as well as BD. 


D с 


b B 


Fig. 8:15. 


Since O is the mid-point of OC, therefore it is the point 4 c. 
Again, since О is the mid-point of BD, therefore it isthe point 
3(b+-d). We now have two expressions for the common {mid-point 
О. Equating the two expressions, we have 


+ c=} (bt), 


or c=b+d 
зо that d=c—b, 
> > = 
ie., AD=AC—AB, 
> > 
i.e., AD=BC, 


This means that AD is equal as well as parallel to BC, and 
consequently ABCD is a parallelogram. 


, Remark. Try to prove the above result by choosing O as the 
origin of reference, and also by choosing an arbitrary origin of 
reference, , 


Example 3. Show that the straight line joining the. mid-points 
of the diagonals of a trapezium is parallel to the parallel sides and: is 
half of their difference. 5 


‘Solution. Let ABCD be a trapezium with parallel sides AB, 
CD. Take А as the origin of Teference, and let the position vectors 
of B and D be b and d respectively. Since DC is parallel to AB, 


VECTORS ` 459: 


> > 
therefore the vector DC must be a product of the vector AB by some: 
-» -» 


scalar, say t. Let DC=t AB=¢ b. 


Fig. 8:16. 


`. The position vector of C is 


-> -> > 
AC=AD+DC=d-1 b. 
The position vector of the mid-points Р, О of the diagonals: 


BD and AC are + (ь--ауала Jet b) respectively: 


-» -» -» 
Ч. Now PQ=AQ—AP 
1 1 
ine (4445)--2- (Ь--4) 
1 1 M 
=z (0—0 b=> (—1)AB 


Thus PQ is.parallel to AB. Also the length of PQ is 
3 11-11! ABie., half the difference of the lengths of AB and CD. 
(Observe that the length of CD is simply 1. АВ, so that the 
д difference of the two lengths is | 1—1 | AB). 
Example 4. Show that the internal biscctors of the angles of 
а triangle are concurrent. 


Solution. Takeany point O as the origin of reference. Let 

а, b, c be the position vectors of A, B and C, and let a, 8, y be the 

> lengths of the sides of the triangle. The position vector of the- 
12 point D where the internal bisector of the angle A meets BC is 
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D 
Fig. 8:17. 
fb--ve. 
B+Y 


Now BD= Pis and the internal bisector of angle В will 


divide DA in the ratio BD: ВА, ie,  : y, ie, a; B+y. The 


8--ү 
Position vector of the point I dividing DA in the ratio а: B+y is 
oa+Bb+ ye | 0) 
a+B+y at 


By symmetry this point lies on the other two bisectors as well. 
Thus the bisectors are concurrent, and the position vector of the 
point of concurrence is given by (1). 


Example 5. Show that the straight lines joining the mid- 

4points of pairs of opposite edges of a tetrahedron are concurrent. 
Solution. Let the position 

vectors of the vertices of a tetra- A 

hedron ABCD, with respect to 

any origin of reference O, be a, 

b, c, d respectively. The position 

vectors of the mid-points P and 


О, of BD and AC respectively p^ 9 
position vector of С, the mid- B с 
point of РО, is 

Fig, 8°18. 


3[z (ә ato ]- @tb+e+a), 


By symmetry we find that this point also lies on the straight 
lines joining the mid-points of other pairs of opposite sides. 


э 
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EXERCISE 8 (5) 


1. Show that the line joining the mid-points of two sides of а 


triangle is parallel to the third side and half of it. 
Show that the diagonals of a parallelogram bisect each other, 


3. Show that a plane quadrilateral whose diagonals bisect each 


other is a parallelogram. 


Show that the figure formed by joining the middle points of 
the adjacent sides of any quadrilateral is a parallelogram. 


5. Show that the diagonals of a rhombus bisect each other at 


right angles. Also, state and prove the converse of this result. 


6. Show that the straight line joining the mid-points of two non- 


parallel sides of a trapezium is parallel to the parallel sides. 
and half of their sum. 


7. Show that the lines joining the vertices of a tetrahedron to 


the centroids of the opposite faces meet in a point, 


8. Show that the four diagonals of any parallelopiped are 


concurrent and are bisected at the point of concurrence. 
SCALAR PRODUCT OF TWO VECTORS 
Definition 86, The scalar 


procin of two vectors а and Ъ, to 
e denoted by а. b is the scaler 
a.bz|a| |Ь| cos 0, 
where 0 is the angle between a and b. 
Since we use a dot (.) to indicate 
the scalar product of vectors, there- 
fere scalar product is often called dot 
product. 
Illustrations. (i) Leta and b 
be two unit vectors inclined to each 
ether at an angle of 60°. Then Fig. 8:19. 


а.Ь= |а|. |b | cos 60°, 
1 


Кы, Pi. sH 5 
=1.1. у => since |а|-і|Ь|-і. 


(ii) Let a and b be two vectorsisuch that 
|a] =2, | b | =3, 


and the-angle between them is 45°, Then 
a.b=|a|. |Ь| cos 45°, 


Ll 
-2.3 7A. 
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The following particular cases of scalar product are interesting: 
(i) If a and b are in the same direction, then 0=0, and 
a.b=|a|. ib]. қ 
(ii) If a and b are parallel but in opposite directions, then 
=n, and 
a.b—-—]|a| . | b], 


(iii) If a and b are perpendicular, then 0— an and 


а.Ь-0, 
Thus а, b сап be zero even when a and b are both different 
"from zero. 
(iv) If a=b, then [a | = | b |, and 0—0, so that 
а.а-(|а|), 
and consequently | a | = ¥(a . a). 
We thus have an expression for |а| in terms of scalar 
product of a with itself, 
Remark. It is Usual to denote a . a by ад, We shall adopt this 
notation. 
(v) If à, j, k are unit vectors іп three mutually perpendicular 
directions, then 
ij=j.k=k.i=0, 
ji=k.j=ik=0, 
ii-jj-kk-—1. 
Remark. A triad of mutually orthogonal unit vectors is 


called an orthonormal triad. We shall often use an orthonormal 
triad and denote И by (i, j, k). 


2881. Projection of a Vector on a Directed Line 


A A 
| i 
a 1 1 а 
1 [ 
1 П 
в ө 
I I 
о 1 м мг о 

Fig, 8:20. 


Definition 87. Let I be a directed line, and 2, d given: vector. 


st 
*Let O bz any point on |. and let OA represent a. Let M be the foot 
-of the perpendicular from A on 1. | а | cos 8:15 called the projection 
-of a on 1, where 0 is a angle of 1 "ОА. 


Tut. ҮҮ ай 


Мыс 1 
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=. 
Remark, The vector ОМ іп the above discussion is some- 
times called the vector projection of a on /. To avoid confusion 
in such a situation, projection as defined above is called 
projection. 
If a and b be two vectors inclined to each other at an angle 
0, then 
projection.of a on b= |а | cos 0, 
projection.of b on а= | b | cos 0, 
а.Ь-|а| |b| cos 0, 
-|а|(|Ь | сов 0), 
= |а | (projection of b on а), 
= | b | (| al cos 0), 
= | b | (projection of a оп b). 
‘Corollary. For any two vectors а and b, 
a.(—b)—-a.b. 
Proof. We һауе 
a.(—b)= | а | (projection of —b on а), 
= | a | (=1) (projection of b on a), 
=—|а| |Ь| соѕ 0, 
=—a.b. : 
882. Properties of Scalar Product 
Theorem 85. The scalar product of two vectors is соттша- 
tive, that is, 
a.b=b.a, 
for any two vectors a and b. 
Proof. Let 0 be the angle between a and b. Then, 
а.Б-|а| |b] cos, 
= [al] | b]. cos (0), 
Ы. а. 
‘Theorem 86. (Distributive Law). The. scalar product 
distributes itself over addition, that is : 
а. (b+c)=a.b+a.c, 
for any three vectors 2, b and c. 
Proof. Let the vector a lie along the line OX 
the unit vector along OX. 
> Ly > 
: Let LM represent b and MN represents с, 82 that LN re- 
presents b+e. Let P, О, R be the fect of perpendiculars on ox, 
drawn from the points L, M, and N respectively. Then А 


and let a be 
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So ы. еді 


м. 
b с 4 
N 
b+ i 
Lf i ) 
| TENE 
! 1 | | 
| | i 
: А 1 I | 
Ea ТЕДИ ert: 
DP а R X 
Fig. 8:21, 


a.(b--c)— | a | (projection of b+c on OX), 
| a | (projection of LN on OX), 
Га | (PR), ; 

|а | (PQ--QR), 

| 

| 


11 


ІЗІ 


a | (PQ)+ | a | (QR), 
a | (projection of b on a) 
+ | a | (projection of c ona), 
—a.b-ca.c. 
Corollary 1. If a, b be any vectors, then 
2.(—b)—-—(a. b). 
Proof. a.(—b)-+a.b, 
=a . [(—b)+b], 
-а.0, 
=0. 
Hence, a. (—b)=—(a . b). 
Corollary 2. Ifa; b, с be any vectors, then 
a.(b—c)-a.b—a.c; 
x Theorem 8.7. If a and b are any two vectors, and k a scalar; 
then 
(ka) . b=k(a . b)—a . (kb), 
. Proof. Three different cases arise : 
Case (i) k=0. 
` (ka).b—k(a. b)—a . (kb)—0, 
‘because ka, kb are both zero vectors. 
Case (ii) k 0, 
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Since k>0, therefore a and ka have the same direction and the 
magnitude of ka is К | a | ; also the direction of ka is the same as. 
that of a, so that if 0 be the angle between a and b, then the angle 
between ka and b is also 6. 

(ka). b= | ka | | b] cos 6, 
—(k |a |) | b | cos 6, 
=k( |a| |b | cos Ө), 


—k(a . b). 
а. (kb)=(kb) . a, (By commutativity) 

=k(b . a), 

—k(a . b). (By commutativity) 


Thus (ka) . b=k(a . b)—a . (kb). 
Case (iii) k<0. 


Since the vectors ka, —ka are negatives of each other, 
therefore 


(Ка). b=—[(~-ka) . b], 
cen m case (ii), since —k>0] 
—k(a . b). 
Also, а, (kb) —k(a . b) [as in case (ii) above] 
Therefore (Ка). b=k(a .b)—a . (kb). 
883. Some Useful Identities 
(i) (a+b)?=a?+b?+2a . b 
(ii) (a—b)*—a?--b?—2a . b 
(iii) (a+b) . (a—b)=a?—b? 
(iv) а. b—1[(a-- b) —(a—b)?]. 


We shall prove only (iii). Тһе simple proofs of the others are 
left as exercises for the reader. 
Proof of (iii). 2 
(a+b) . (a—b)=(a+b) . a—(a--b) . b, 
—a.atb.a-a.b-b.b, 
—a.a—b.b, since b. a—a.b 
=a —Ь?, 
Example 6. Show that the components of a vector b along and 
perpendicular to a vector a are : 
(а.Ь)а (a.a)b—(a.b)a 
a.a and а.а 1 
respectively, 
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-> -> 
Solution. Let OA=a and OB=b. Let C be the foot of the 
perpendicular from B on OA. Then 


Fig. 8:22, 


> > 
Ь--ОС--СВ. 
> => 


Therefore OC and CB аге the components of b along and 
perpendicular to a. 


> 
Now, OC=OC (unit vector along a) 


a 
=OB cos (a ) 


а 
=(OA . OB cos 0) OA 
_(а.Ь)а 
таала 

since (OAs [а | #=a.a. 


bes 
сы. (a. b)a 
Also, CBeb— 5-5, 
=[(a . a) b—(a . b) a] / (a . a), 
8.8.4. Expression for Scalar Product in Terms of Components 


As an application of the distributive law we can obtain a use- 
ful expression for the scalar product of two vectors in terms of their 
rectangular components. 

Theorem 88. Let 

а=1і+ај--а;і, 
Ь--Бү14-5:1--5,К. 
Then а. bd b, ds. аЬ, 
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Proof. a. b=(a,i-+ aaj + ag) . К улер! 
=ai . (bıi +baj bal) 
+а, j. (bitb j-- 54k) 
ak . (bi+b:j+bk), 
=abi . itabi іа. k 
Taj j . itab j jab) j . k 
tabik . it+agbsk . јаз . k, 


74,0, + debe+asbs, 
since i.i=j.j=k.k=1, 
and i.j=j.isj .k=k .j=k.i=i.k=0. 


Corollary 1. Ifthe rectangular components of a vector a be 
(a1, аз, аз), then 


Га | = v(a? tatta). 


Proof. a=a,i-+a,j+agk, 
80 that a. a=a +a," ay, 
Le, Га | а-а-а, 

Непсе [а | = v(a? +a," +a). 


Corollary 2, The angle 0 between the vectors 
a=mi+aj ay, 


and b—bi--bij--byk, 
is given by 
cos баў abi agha 4= aba ї 
(a Fa," ад )А/ (b,* + bj 4- by) 
Proof. a. b=4a,b,+-dgb.+-agb5, 240) 
| a | =¥(aı* +a" ag), 442) 
| b | = v (tH be b. (3) 
Also, a.b=|al| | b | cos Ө, (4) 
Substituting the values ofa. b, |a|, |b | іп (4) we have 


the desired result. 


Example 7. Show that the points A,B,C whose position 
vectors are 


a=3i—4j—4k, b=2i—j+k, 
c—i—3j—5k respectively are the verties of a right-angled 
triangle, 


Solution : 


> 
AB=b—a=—i-+3j+5k, 
> 
BC- c—b-— —i—2j—6k, 
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> 


CA=a—c=2i—j+k. 


AB.BC- (—i--3j-:51). (—i—2j— 6k) 
ЦЭС УЛЫГ —2)+5(—6)=—35, 


ac. cA- (—1). 24-23 D4(—6.1——6 
CA. AB-2-D«C- 1).3+1:5= he 


Since СА. АВ- 0, therefore ZBAC i is a right angle. 
Hence the triangle ABC is rt-angfed at A, 
: EXERCISE 8 (c) 
1. Find the scalar ро of the yectors a and b, inclined to each 
other at an angle 0, i 
(0) Та|-2, |b] 6—60*, 
(її) mE | bI 0—135*, 
(iii) |а| = а 30°. 
2, me the angle ‘between aand bifa.b=3, |a|=3, 


1 ^ 


3. The angle between two vectors a and b is 60°. If a.b—4, and 
[a] = [bl,find |a]. 

4. Find the scalar product of the following vectors : 
(i) 3i--2j—k and i-j+2k. 
(1) 4i—3j+k and 2i4-j —k. 
(iii) 2i+-j—3k and i--j—4k. 

5. Find the magnitude of each of the following vectors : 
(i) 2i--3j-F6k. 
(ii) 4i--j— 8k, 

6. Find the angle between the following pairs of vectors : 
(i) a=i+2j~2k, b—9i--j--2k. 
(li). b=2i—j43k, b= —4i--2j— 6k. 

d SN that the vectors 21--314-5К and 41--6)--2К are prependi- 
cular. 

8. Show that if | a+b | = | a—b |, then the vectors a and b 
must be prependicular. 

9. Ifa and b are prependicular vectors, show that 

| a+b | *— | =—ъ ] °. 
10. шон that the vectors a and b аге prependicular if and only 

i 


[a+b | == [а | 2 Eb | 7, 
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11. Show that for any pair of vectors a and b, 
[а+ь| < |а| +1ъ1. 
12. Ifa and b be both unit vectors inclined to each other at an 
angle 0, then show that 


[аЬ | 22 sing. 


13. If a; b, c are vectors such that a+b+c=0, show that с?=а? 
+b*-+2a.b. Interpret the result geometrically. 
8'9. APPLICATIONS OF SCALAR PRODUCT TO GEOMETRY 
AND MECHANICS 


We shall now consider some simple applications of scalar pro- 
duct to geometry and mechanics. 
89'1. Applications to geometry 

We have already seenhow vector methods can be useful in 
proving geometrical results. We shall now study some more 
examples in which we shall use the concept of scalar product, 
specially to establish perpendicularity of certain lines. 


Example 8. (Cosine formula for triangles). prove that for 
any triangle ABC, 


a! —b?--c*—2bc cos A, 
where the symbols have their usual meaning. 
Solution : 
> -» - 


Since ВС--ВА--АС, 
> > > > > 


20 
therefore ВС.ВС--(ВА--АС).(ВА--АС) 


Fig. 8:23. 
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> > 
or BC?=BA?+AC?+2BA,AC 
or а8--с3--82--265 cos (вА) 
ог 42--52--2-2 be cos A 


Remark. The following relations can also be proved ina 
similar way : 
D! —c*--a*—2 са cos B, 
c*—aq* 4-b*—2 ab cos С, 
Example 9. (Projection formula for triangles). Prove that for 
any triangle ABC, 
c=b cos A+-a cos B 
Solution. 


> > > 
Since АС--СВ--АВ, 


therefore 
-> > > > > > 


АС.АВ--СВ.АВ--АВ.АВ 


ог bc сов A--ac cos Bc? 
or b соз A+a cos В--с, 
2 since c#0 
Therefore 


c=b cos А-а сов В 


Remark. The following relations can also be proved in a 
Ў А 


Fig, 8:24. 
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similar way : 
115700 91 N is EN SS: ВЕ 


a=b cos С--с cos В 
b=c cos A+a cos C 


Example 10. Prove that the right bisectors of the sides of a 
triangle are concurrent. 


Solution. 
Let the position vectors of A 
the vertices of a triangle ABC 
with respect to any origin of refe- 
rence О bea, b, c respectively. 
Then the position vectors of the 
mid-points of BC, СА and AB 4 E 
are 4Б--с), 4(с--а), Қа--Ы 
respectively. Let the perpendicu- 
lar bisectors of AB and AC meet 
at H, and let the position vector ۾‎ 


of Н be h. Since HF.LAB, we D с 
һауе 
Fig. 825 
[h—}(a+b)].(b-+a)=0 : 
h.(b—a)=}(a+b).(b—a) 21) 
Also, since НЕ 1 CA, therefore we have 
һ.(а—с)={(с+а).(а—с) 42) 


Adding (1) and (2) throughout we have 
h,(b—c)=}(c+-b).(b—c) 

or {h—}(c+h)] . (Ь-с)--0. (3) 

From (3) we find that the HD 1 ВС. 

Hence the right bisectors of the sides of the triangle ABC are 
concurrent. 

Example 11. (Sum theorem for cosines). Prove that for any 
angles A and B, 

cos (A—B)=cos А cos B+sin А sin B. 


Solution. 
Let OX, OY be a pair of rectangular axes in the plane, i,j 
-> > 


unit vectors along OX and OY respectively, OP, OQ two unit vec- 


-> > 
tors having O as the initial point. If OP and OQ make angles B and . 
A respectively with OX, then Z POQ—A-— B. 
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The positions vectors и and у of Р and О are given by 
== (соз B)i--(sin B)j. 
v=(cos A)i-+(sin AJ. 
Taking scalar product of u and v, we have 


u.v=cos А and cos B+sin A sin В, ““(1) 
віпсе ii=jj=1,ij=0. 
M 


X 


Fig. 8:26. 
But uv— [а |. |у | cos (A—B)=cos (А-В), ...(2) 


since |u| = | v | =1. 
From (1) and (2) we find that 


cos(A—B)=cos А cos B--sin А sin B 


: Example 12. Prove that angle in a semi-circle is а right 
angle, 
Solution. Let ABC be a semi-circle whose bounding diame- 
ter is AB, centre is O, and radius is r. 


> > 
Take O as the origin of reference. Since the vectors OA, OB 
have the same magnitude and Support, but have equal senses, 


A О B 
Fig. 8:27. 
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therefore, 
> > 
OA+OB=0. 


Therefore if the position vector of A is a, the position vector 
of Bis —a. Let the position vector of C be с. 


Since ОС--ОА--г, therefore 
OC?=OA? 
or с'а? 
ог (с-а).(с--а)--0 
> > 
ог АС. BC=0, 


showing that /:АСВ is a right angle. 


Remark. Тһе above result has a special, significance. So far 
as the recorded history goes, this result can be called the first theorem 
of mathematics which was given a formal proof. The one who 
proved it, was Thales (624—548 B.C.), one of the seven wise men of 
antiquity. 

Example 13. Show that the altitudes of ға triangle are 
concurrent. 


Solution. Let ABC bea triangle, and let the altitudes BM 
and CN meet іп O. Join AO and produce it to meet BC in L. We 
shall show that AL is perpendicular to BC. Let us take O as the 
origin of reference, and let a, b, с be the position vectors of A, В 


> > > -» 
and C respectively. Then АС--ОС-ОА--с-а, and OM=/¢b (ог 
А 
N M 
Bip L с: 
Fig. 8:28 


some scalar /. Since OM is perpendicular to AC, we have 
(rb) . (с-а)-0 or b. c—b . a. (1) 
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Similarly, using the fact that ON is perpendicular to AB, we have 
c.b—c.a, : (2) 
From (1) and (2), we have b.a=c.a, that is (b—c) . a—0, 
showing that AL is perpendicular to BC, ie., AL is an altitude 
. of the triangle ABC. { 


Hence the altitudes AL, BM and CN ай pass through О, and 
are therefore concurrent. 


Example 14. Show that the sum of the squares on the sides 
of a parallelogram is equal to the sum of the squares on the diagonals. 


Solution. Let ABCD be a parallelogram.~ Take A as the 


origin of reference. Let b, cand d be the position vectors of the 
vertices В, Сапа Р respectively, 


-=> > э 25 > 
AC=AD+-DC=AD-- AB. 
c—d4-b 


D с 


a 


A B 8 


Fig, 8:29. 
> -»> -» -> 


АС --ВГ --АС. AC+BD . BD 

=c.c+(d—b) . (d—b), 

=.d+b) . (d--b)--(d—b) (4-5), 

=2(d?+b?), 

=2(AD?+AB?), 

=AB?+BC?+-CD?+DA?, since AD=BC, AB=CD. 
Example 15. In а tetrahedron OABC, ОА 1 BC. Show that 

OB?+-CA?=OC?+ AB". 


Solution. Take O as the origin of reference. Let the position 
vectors of A, B, C be a, b, с respectively. 
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I 


254 
Since OA L BC, thcrefore ОА. BC—0, i.e., а. (c—b)—0, e 
БО 


a,c=a.hb. 


A 


Fig, 8°30. 
Now OB?+CA?=b?+-(a—c)?, 
—b?-ra*—2a . e+c%, 
7 b?-Fa*—2a . b4-c?, by using (1) 
—c*r(a*—2a. b+b?), 5 
=с24-(а—Ь)?, 
=OC?+AB?. 
` 892. Work Done by a Force 
: The scalar product of two vectors can be given a physical 
interpretation in terms of work done by a force when it acts on an 


object moving it from P to Q along the line PQ. Work done by a 
constant force F is defined as А 


Work done=(Force component in the direction of 
motion). (Displacement) 
Work done=(| F | cos 0) . PQ 
=F .d, 

where б is the angle between the line of action of the force and the 
, direction of displacement, and | d | —PQ is the displacement vector. 
Example 16. 4 force F=2i+j—k acts at a point A whose 
position vector is 2i—j. If the point of application of Е moves from 


the point A to the point whose position vector is. 21--1, find the work 
done by F. 


Solution. F—2i-Lj—k. 


5 
Displacement vector = AB=(2i+j)—Qi—j)=2j: 
Work done -Е.4-121-4-5).2), 

=2. 


\ 
| 
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12. 


13; 


14. 
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EXERCISE 8 (4) 
Show that the diagonals of a rhombus are at right angles. 


Show that a quadrilateral whose diagonals bisect each other 
at right angles is a rhombus. 


Show that a parallelogram whose diagonals are equal is a 
rectangle. 


Dis the mid-point of the side BC of a triangle ABC, Show 
that AB?+AC*=2(AD?+BD%). 

Show that if two medians of a triangle are equal, the triangle 
is isoceles. 


Show that the mid-point of the hypotenuse of a right-angled 
triangle is equidistant from its vectices. 

Show that equal sides of an isosceles trapezium are equally 
inclined to the paralled sides. 

Show that the diagonals of an isosceles trapezium are equal. 
If two pairs of opposite sides of a tetrahedron are at right 
angles, then show that the third pair is also at right angles. 


If two opposite edges of a tetrahedron are equal in length and 
are at right angles to the line joining their mid-points, show 
that the remaining pairs of opposite edges have the same 
property. 


The line joining the mid-points of two opposite edges of a 
tetrahedron is perpendicular to the edges. Show that the 
remaining pairs of opposite edges are equal. 


Two opposite edges BC, AD of a tetrahedron are perpendicular 
to each other. Show that the distance between the mid- 
points of AB and CD is equal to the distance between the 
mid-points of AC and BD. 
Constant forces P,=i—j+k, P,— —i+2j—k and P,—j—k act 
ona particle at a point A. Determine the work done when 
the particle is displaced from the position A to B, where A— 
4i-3j—2k and B=6i+ j—3k are the position vectors of A 
and B. (Roorkee Entrance, 1980) 
Constant forces P=2i—5j+9k and Q——i--2j—k act on a 
particle. Determine the work done when the particle is dis- 
placed from a point A with position vector 4i—3j—2k to a 
point B with position vector 6i--j—3k. 

(Roorkee Entrance: 1984) 


810. VECTOR PRODUCT OF TWO VECTORS 


Definition 8'8. The vector product of two vectors a and b to 


be denoted by ax b is the vector 


захв-(|а|.1Ь| sin) n, 
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where 0 is the angle betwecn a and b, n a unit vector perpendicular to 
both a and b, the sense of m being such that a, b, n form a right- 
handed system. t: 

Since we use a cross (X) to indicate the vector product of two ` 
vectors, therefore vector product is often called cross product. 

The following particular cases are interesting : 

(i) If a and b are parallel, so that 0—0 or к, 


then aX b—0. 
(1) Ifa and b are perpendicular, so that 
02:55 
27 
then aXb=(|a|.|b])n, 


where a, b, n form a right-handed system, 
(iii) For any vector a, 
у аХа--0. 
(iv) Ifi, j, k bea set of mutually perpendicular unit vectors 
forming a right-handed system, then 


К 


k, kx j-—i, ixk=—j. 
$10 1. Expression for Vector Product in Terms of Components 
Theorem 89. If a—aji--ajj-- ask, 
b=b,i+b.j-+dek, 
then aX b— (ааз) i 
+ (agb, — aba) j 
T (ab, — abı) К. 
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Proof. Let “с=ахЬ, 
апа cct ejtek. 
Since c is perpendicular to a as well as to b, therefore, 
40, + Cod, + C303 —0, 
and cıbı cb. сара =0. 

Solving the above equations for сү, сз, сз, we have 
ЕЗ peces ao 
a,by—asb, а-а аұ--аз), 

i.e, cy k(asb, — asb), 1 
ca=k(agbı— abs), 
c4 k(ayb,— abi). J 
Squaring and adding, we have 
cèt eHe — KH agb, — asb)? - (agb, —a,b3)* + (a,b, — as b,)*) 
— IP (aj af ау) (b: bit b.) 
—(ajby Haba -- agbs)*), 
or le|*=k%|al|l*|b|*—|a|*| b | cos? 0) 
=k? |a|? |b|? sin? Ө, (2) 
where 0 is the angle between а and b. 
Also, by definition of с, 


=k (say), 


210) 


[е1 2= |а| * | b | ? sin? 6. 443) 
From (2) and (3), we have 
К]; 
ie., ko. ; 
so that |с| = |а| 1|Ь|.8 0 444) 
Letting a=i, b=j, c=ixj=k, 


a,=1, a,=a,=0, 
b,=6,=0, b,—1, 
€1—04—0, сз=1. 
i Substituting these values in the third of the equations (1), we 
ave 
1=k(1.1—0.0), 
i e., k=1. (5) 
From (1) and (5), we have 
сєу=абу— aba, 
C5 sb; аз, 
C3—3b3— abi. 


Hence | axbc-(ajb,—asb;)i-- (ab, — arbaj 
4-(ацБуг-аү lk 


iden e 
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8102. Properties of the Vector Product 
Theorem 8:10. Vector product is anti-commutative, that is, 
for any two vectors a and b, 
aXb--—(bxa). 


a Proof. By definition, 
aXb=|a||b| sin O n, 
and bXa= |b| |а| sinOn’, 
The vectors n and n' are both 


X b perpendicular to the plane of a and b. 
N If n points upwards, then п’ points 
х downwards. 
ju Hence aX b-— —(bXa). 
aN 
Fig. 8°32. 


Remark. Note that in a vector product the order of vectors 
is important. 


Theorem 8:11. Vector product distributes itself over addition, 
that is, 
aX (b+c)=axX b+aXec, 
for every triple of vectors a, b апа є. 
Proof. Let a-—ajidajajk, 
b—bji-b5,j--bk, 
c—citojtok, 
Then b-- c (b, ter) i+ (bat ca) 3-- (bates) k. 
.. ах) = Ха, (04-с) —as(b,4- ca)] i, 
—X(asb, — abe) i--X(ascs— азса) i, 
-ахЬ-ахХс. 
Theorem 8:12, Jf a and b are any vectors, and s a scalar, 
then X 
(sa) X b=s(aX b)=a X (sb). 
Proof. let a-aj--aj-ragk, b=bi+baj bal, 
Then sa-saji4-sasj-4- заз. 
(sa) x b—[(sas)bs— (sas) bs] 
--[(as)b,— (sas)bal 
--[(say bs —(as)b;]k- s 
—s(asbs —asbs)i-- s (азЬ,—а,Ьз)ў 
--s(abs— debi), 
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—S5X(ayb, —ajb;À, 
=s(a Xb). 

Also ax(sb)=—[(sb)x а], 
=—[5(Ъ хал, 
=—I[—s(axb)], 
=s(a хЪ). 

Example 17. Find a unit vector perpendicular to the two 

vectors 1--21--К and 21--31--К. 
Solution. Let a=i+2j—k, b-—2i4-3j tk. 


The vector m. is a unit vector perpendicular to both a as 


well as b. 
$10 k 

Now ахЬ=) 152—1 =5i—3j—k, 
284 1 


Also | axb | =х/{5'--(—3)#--(—1)%}= 4/35: 
A unit vector perpendicular to both а as well as le is given by 


ст (5i—2j—k). 


Example 18. Solve for r : 


rXa—axb. 
Solution, The given equation can be written as 
rXa—aXb=0 
> rXa+-bXa=0 
> (r4-b)xa—0 


х-БЬ is parallel to a, 
so that r+b=; a, where tER. 


Thus r=ta—b is the required solution, where t is а 
parameter. 


Example 19. Show that the three points whose position vectors 
are 2а--35--4с, —7b+ 10c and a— 2b 4-3c are collinear. 


Solution. Let us label the points as A, B and С respectively. 
If 0 be the origin of refercnce, then 


ES 
OA=2a+3b—4e, 
E 

OB— —7b-- 10e, 
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кл н 
OC-—a-—2b--3e;- ii >” цан so fart 
> > > 5 
АВ--ОВ-ОА, "ME c 
“= (—76-+ 10e)— (2a 3-49), у> 
=—2а—10Ь-+-14с.. 
АС=ОС—ОА, 
==—а-&5Ь-+-7с; 


i 19% 
d 
کا ہے‎ 


АВхАС=(—2— ~a—10b-+-14e) x(—a—Sh+70), 
—2(—a- 5b--7c) x (—a—5b--T7e); 
=2p Хр, where p=—a—5b+7e 

f ¿ ita By 
=0. ГУРДЕ 


52 


Since АВХАС--0, therefore he тей; АВ. T A die 


parallel. Since the parallel vectors AB and AC are ор there- 
fore the points A, B, C are collinear. 2 


z Ч | eg ob tod 


адди We could have йерей that АС--2АВ and drawn 


the desired conclusion without taking vector products, ' 


1. 


2, 


EXERCISE 8 (е) 
If a=3i+2j—k, b=4i+-3j+-2k, find 
(i) axb, and (ii) Ьха. 
If a=i+3j—2k, b=2i—j—k, c—2i--3j--4k, find 
(i) axb, (i) ах(Вхс), 
(i) bxe, (9) (axb)Xe. 


Find a unit vector perpendicular to both a=i—2j+k, and 
Ъ=31--23— k, 


If a and b are perpendicular vectors, and. | a|—3, | b | —2 
find |ахЬ| 


If |a] —2, | Ь | =4, and the vectors а asd b are inclined 

at an angle 30°, find | axb |. 

Show that for any vectors a and b, ) ЖӘ 
(аху a.b ра реа c o 0 d 


Find a unit vector perpendicular to the fib of a Айж, 
where 


a=3i+2j+Skandb=i-3jtk 7 (41155.С.Е., 1984) 


482 A TEXT-BOOK OF MATHEMAT.CS “ 


$. Find a unit vector perpendiculat to the) plane of a and b 
where 
-і-і and b=j+k. (D.B.S.S.C.E., 1985) 


9. 1ГахЬ--ЬХс» 0, prove that a+e= nib, where m is a scalar. 

quus. (A.LS.S.C.E , 1985) 

10. a,b, care three vectors such that axb=c, ЬХс=а. Prove 

that а, b, c are mutually at right angles, and |b| —1, 

ļeļ= lal. ) (А 1.5:8.С.Е., 1986) 

JI, Given a=i—j+2k, b—3i-F2j —4k,and e=i+j+k, compute 

ах(Ьхс) and (ax b)x e. Are these equal ? 

{ di (4.1.8. S.C E., 1986) 
12. 1f. :a-pb--c— 0, prove that 

ахҺ-Ьхс-сха. (A.LS.S.C.E., 1986) 


13.. Find unit vectors. perpendiculars ‘to the two vectors i-j and 
j+k. ( (A.LS.S.C.E., 1987) 


8103. Applications of Vector Product to Geometry and 


Example 20. Prove that; the. medians of triangle are 
concurrent. 

Solution. Let D, E, F be the mid-points of the sides BC, 
СА and AB respectively оба triangle ABC, and let the medians BE 
and CF intersect at G. We shall show that A, G, D are colli- 
near, 


A 


ай: "ЕЗДЕ р 


Fig, 8:33. 
.. Join GA and GD. Let the position vectors of A, B and. С 
with reference to G as the origin of reference be a, b апіс 
respectively, Then 
> > > > > 
GE=GC+CE=GC+-3CA, Р 
3 iad b 


-» сә 
=GC+}(GA—GO), 


\ 
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Similarly, . 


چ 
=}(c+a).‏ 


-» -» 
GF=K(a+b), GD—1(b--z). 


-» 


> 


Since GB and GE are collinear, 


we have 
ie., 
or 
or 
2 


-» -» 
GBxGE=0, 
bx }(c+a)=0, 
bxc+bXa=0, 
bxc-axb. 


> 


Since GC and GF are collinear, 


we have 


сХа--Ьхс. 


Етош (1) апа (2), ме һауе 


or 


or 
or 


or 


cxa—axb, 
aXb+axc=0, 
aX(b--c)—0, 
3В--с)Ха--0, 
> => 
GDxGA=0, 


> юэ. 
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EX 


440) 


showing that the vectors GD and GA are collinear, ie, the 


points G, D and A are collinear. 


This shows that the median AD 


passes through G. Thus the medians, AD, ВЕ and CF all pass 
through the point G. 


Example 21. (The law of sines). Prove that in any AABC, 


Solution. 


яЯпА sinB sinC ^ 


> > 


> 
Let a=BC, b=CA, c=AB. 


Then we know that 
а--Ь--с--0, 
so that а---(Ь--с). 


Taking cross product of both sides with a, we have 


aXa=—(b+c)Xa, 
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A 
с b 
в e 
02. ^" è d t 
Fig. 83. - 1 
or 0--(ВХха)-(сха), 
ог сХа-ахҺ, 
|сха|-|ахЬ|, 
i.e., ас sin B=ab sin C, · 
Ў л b › ax 
ie sinC sinB ' ! " (1) 
Ho a c RY 
Similarly ЯВАГЛЫСС йд (2) 


From (1) and (2), we have 


8:10:4. Interpretation of Vector Prodect as Vector Area 

A plane area bounded Бу a closed curve which does not cross 
itself can be represented by a vector. In order 10 4050 we have to 
distinguish between the two. senses іп Which, -a curve сап be 
described. | 
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We сап represent а plane area bounded by a closed curve С 
which does not cross itself by means of a-vector v as follows : 


(i) We take the magnitude of v to be the number of units of 
area bounded by С. 


(ii) The support-of v is taken to be perpendicular to the 
plane of C. ^ 


(iti) The sense of. v is taken to be such that the sense of 
description of C and the'sense of v correspond to a right- 
handed screw. 


$105. Area ofa Triargle as a Vector Product | 


Let a and b two vectors having a common initial point O, and 
> a> 


terminal points A and B respectively, so thatOA=a, OB—b. 


We shall find the vector у representing area of the triangle 
‘OAB. It will be shown that 


у= ахь. 40) 


In fact, the magnitude of each side of (1) is} ОА. OB. sin 0, 
where 0 is the angle АОВ, and the support of each of them is the 
same, x. 


Fig. 8:36 (a) Fig. 8:36 (b) 


Also, according to the convention explained above, senses of 
the vectors v and $ ax b are the same: р 


Непсе v=} axb. 


Corollaries 1. Area of a parallelogram as a vector 
product. The vector areaof the parallelogram constructed with. 
OA and OB as adjacent sides is aX b, for it is twice the area of 
AOAB. - ira ra A > PES 

— 2. The vector. area of the triangle, the position. vectors whose’: 
vertices are a, b, c is ptt os singe ЧО 
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=A 


BI / 
dy 
о 
Fig. 8:37. 
-» -» 
“ЗАВХАС 


-» > -» > 
= 4(OB—OA)x (OC—OA) 
=4}(b—a) x (c—a) 
=i[bXe+exatax bj. 
Example 22. Find the area of the parallelogram ‘whose adja- 
cent sides are determined by the vectors 
a=i+2j+k, b— —3i—2j-L-k. 
(Roorkee Entrance, 1979) 


Solution. 
axb=| i j k 
[e^ 2 1 |, 
ES -2 1 


=4i 4j 4K. 
Required area= | axb |. 
Se TEES = V(4*4-(—4)* 4422) =4 V3 54. units, 
‚ 8106. Moment of a Force About a Point iber 
> A force is à vector quantity, It is completely specified by its 
vector and its point of application. It is important to note that in 


the case ора force it is not enough’ (0 specify Only the magnitude, 
support and sense of the force, but we must also specify ‘the point 


VECTORS 4 487 
of application of the force. Of course, by the principle of transmissi- 
bility of forces (which you must heve read in your study of Physics), 
it is enough to specify any one point on the line of action. 


Let F be a given force and let P be’ 
any point on its line of action 


Take any arbitrary point О and let 


as 
OP=r. 
The vector 
M=rxF t 

is called the moment vector of the force F 
aboutthe point О. The moment vectór 
about.O is independent of the choice of 
the point Pon the line of action of F, i:e., 
it will remain unaltered if we replace P by O; js ue bis 
some other point, say Q, on the line of i Fig. 8:38... < 
action of F. In fact, the moment vector in that case becomes , 


— > > 
ООХЕ--(ОР--РО)ХЕ, 


-» > 
-ОРХЕ-РОХЕ, . 
—rXF, ` 


-» - 
since PQ and F are parallel vectors and consequently РОХЕ--0. 

Remarks 1. If а Бе the position vector of a point O andb 
that of any point on the line of application of F, then r=b—a, so 
that М--(Ь-а)хЕ. : 

2. The moment vector is perpendicular to F. 

3. The magnitude of the vector M is called the scalar moment 
ef F about O. 

4. А system of concurrent forces is equivalent to a single 
force whose point of application is the point of concurrence and 
whose vector is.the sum of the given vectors. 

The moment vector of stcha system about a given point О 
can be obtained by taking the:vector sum of the moment vectors 
of the individual forces about O. : 

Example 23. Find the moment of the force F=3i—2j+4k 
acting at the point P whose position vector is —i+-j—2k about the 
point O whose position vector is —2i+-5j—k. 


жы, 3 
Solution. Here OP=(—i+j—2k)—(=2i-+5j—k), 
—i—4j—k, 
F—3i—2j-4-4k. 
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ц 1 ik i 1 
. 7 Moment of F about'O ` 21 uo 
À -OPXE, i " gia д э 
—(i— 4j —k) x (3923-4), 
—-—18i—7j-H0k. ос! f 
Also, its magnitude 
- —4/ (C18) 7 7) -(10)2), 
| ` =y 47 - 


$107. Moment of a Couple 

A pair of (forces F and —F'havitig different lines of action: 
are said to form a couple. ТНе moment sum of a couple ‘has. the 
important property that thë móment sum of the two forces of a couple 
is the same about every point, il 2 o 

The above result сай be proved éásily. 

Suppose the couple consists. of two forces Fand —F. Let A 
be a point onthe line of action of F and let B be a point on the line 
of application of —F, - 


S Чан 12722 ety 
„Тһе moment of the couple about апу рой O 


sd : =yector’ suf Of the moments Of thelfotcés F and 
—F about.O, 


-» > 


102 =ОАхЕ+ОВх(—Е), 
алы! 

=(OA—OB)xF; - 

FTU сн 


ї 


сё 2 
-ВАХЕ, 
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From (1) we find that ‘the moment of the couple is independtnt of 
tne choice of the point about which we бух mome: 


Remark., The vector ВАХ F in the sure discussion is inde- 
pendent of thé choice of the points A arid В. Forif A’ be any other 
point.on the line of action of F, and. B Бе any other por Ол the 
line of action of AF, then 


і 
--» > وی‎ 


B' ВА, x F=(B’B+BA+-AA’) X E,i 


—WBXEZBAXEDAA XE, 

-» 1 { ган 
= ВА ХЕ, 
201 


since B'BXF and AA'XF are both zero. | 


Example 24. Find the moment of the couple consisting of the 
force F=3i+2j—k acting through the point i—j+k апа —F acting 
through ‘the point 2i—3j—k. 


Solution. Let A be the point i—j+kand B be the. point 
2i—3j—k. The moment M of the couple 2 


= BA ХЕ; 
=[2i-3j-k) ——j 449] х (3i-++2j—k), . 
шүвар-2кух(31-2/-1), 


=6i—5j+8k. 
Alo [M] =V[@+(—5)*+8"] 
=4/ 125. 
EXERCISE ( f) 
1, Find the area of the triangle two of whose adjacent sides are 
determined by the vectors VERE: T 


i+2j—3k апа 3i—4j 4-5k. У 
2. Find the area of the parallelogram having didgonals 3 
a=3i+j—2k and b=i—3j+4k. (M.N.R. 1985) 
3. Find the area. of. the parallelogram whose ре sides are 
determined by the vectors | д 
а-і-214-3Е, b=—3i—2j+k. NR 1979) 
4, Prove that parallelograms on the ‘same basé and emp für 
вате parallels are equal in area. 
5. Inthe side BC; CA, AB of a шаш ABC, nm бй 
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D, E, Fare taken such that each of BD, CE, AF is equal to 
one-third of the corresponding sides. Prove that 


ADEF=+ AABC. 


6, If D, E, Fjare mid-points of the sides BC, CA, AB of à triangle 
› «АВС, three points D, E, Е are taken such that each of BD, 
CE, AF is equal to one-third of the corresponding side. Prove 

that 


ADEB=1 A ABC. 
7. If AC and BD, are two diagonals of» quadrilateral ABCD, 


> > 
show that its area is 3(ACX BD). 


8. If Ay, Aş ..., An are the vertices Of à regular plane polygon 
with л sides and О is the centre, then show that 


x > > 5 
: > (OA; X ОА‹.,)=(1—л)(ОА„хОА;); rhe 


1-1 
(LET. J.E.E., 1982) 


9. EandF are the middle points of the sides AB and AC of a 
triangle ABC. CK is drawn parallel to AB and meets BF 
produced in K. Prove that 
AEFK=AECF=} ДАВС. 


10. A force F—2i--j—k acts at a Point A whose position vector 
is 2i—j. Find the moment of F about the origin. 
: (Roorkee Entrance, 1987) 


ll. Find the moment of the force P=i—j+k acting ata point 
A whose position vector is 4i—3j—2k about the point (1,0, 1). 
(Roorkee Entrarce, 1980) 
12. Find the vector moment of three forcesa-+-2j—3k, 21--3/--4К, 
and —i—j+k acting ona particle ata point j+2k, about 
the point: 4—2}. ! i 
811. SCALAR TRIPLE PRODUCT 
Let a, b, c be any three vectors. ‘Consider the Scalar product 
of the vectors a x b and €, i-e, (aXb) ле. Two different cases arise, 
according аз the vectors a, b, c are coplanar or non-coplanar. 
„ Саве]. Let a, b, € be coplanar. The vector a x b is perpendi- 
cular to the plane containing the vectors a and b, and is therefore 
Perpendicular to с as well. Therefore (aX b) , e0, 


4 


БУУ 25» 

ad аварсан) тоғы мег non-coplanar. Let: OA; OB, OC be 

© co-imitial vectors equal tow, b, с respectively, Construct a 
parallelopiped with OA, OB, OC as three хянах edges, 
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с. Baa пан is ' 
Fig.840(b) ^. Lt j ! 
mn > ie um » 21 i 11 
Let У be the volume of the parallelopiped. We shall regard V as. 
positive. We shall consider two different cases, according as the 
triad of vectors a, b, c is tight-handed’ or Teft-handed. THe vector 
a X b denotes the vector area of the parallelogram with OA and OB 
as adjacent sides. ) Р 
The volume of the parallelopiped is Бу definition, the product 
of the area of this parallelogram галд the perpendicular. distance of 
C from the plane AOB. { ” 
— 


Let OL--aXb. 


ЧАР dS ARY 
The vector triad a, b,aXb is right-hand, The angle between the 
vectors a X b and c is acute or obtuse according as the vector triad 
a, b, c is right-handed (fig. 8:40(а)| or left-handed (8, 8:40(5)]. The. 
perpendicular distance of C from the plane AOB is equal to the 
absolute value of the projection of OC оп OL, and therefore, it is 
equal to д жайт 
5 З Sea а 
OL. ОС 


ے2 کے 


ll. .: 
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ТОМ is aa eee oe 
atia e, ЕН 
-> -> 


according as the angie between OL and OC is acute or obtuse. 
Therefore if a, b, c is a right-handed system, then 


дус» j -> э > 
ya ОКС . АФ OC- (a x b) . c. 
OL 


If a, b, c is a left-handed system, then 


рер ог. осы. < 
OL 


Remark. From the above discussion we find that (ахь). с 
is positive or negative according as the vector triad a, b, c is right- 
handed or left-handed. 

Definition 89. (axb).cis called a scalar triple product of 
the vectors a, b, с taken in this order. Observe that the symbol 
ах(Ь. с) is meaningless because b. cisa sealar and there is no 
cross product between a scalar and vector. In view of this, there is 
no ambiguity if we simply write axb.c instead of (axb). с. 
ex ne. we shall use the simpler notation ахЬ. c instead of 


siii. Different Scalar Triple Products Foried by Thee 
- Vectors | 
Given three different vectors a, b, с we can form the following 
twelve scalar triple products 
ахҺ.с,Ьхс.а,сха.Ь, 
a.bxc,b.cxa,c.axb, 
aXc.b,bxa.c,cxb.a, 
а.схЬ,Ь.ахс,с.Ьха. 
It turns out that all these products аге not different. The Six products 
written in the first two rows are all equal ; also, thé six products 
written in the last two rows are also equal, each being the negative 
of the pro ucts written in the first two TOWS. 
Inorder to demonstrate tbe assertiohs made above, let us 
Suppose that the vectors a, b, c form a. right-handed triad. Then 
the vectors b, с, a and c, a, b also form right-handed triads. 


қ Also, in the notation used above the parallelopiped with OA, 
ОВ, OC as coterminous edges is the'same as the parallelopiped with 
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OB, OC, OA ав coterminous; edges, which is also the same ав the 
parallelopiped with OC, OA, OB as coterminous 64868. 52 


у=ахЬ.с=Ьхе„а=еха. В. 1 у 1119 


5, оде since, scalar products satisfy the. commutatiye. property, 
eretore i 
гүйлс" Үүн ~ ALP? oroad T 


>, i^y bare 


Үзахь, 


Thus all the six products іл the first two rows аге ¢qual, each 
being equal to V. йты» 4: ЕЕ е 
Also since each of ће triads DAD 
a,cb;b,a,c;c,ba 
is left-handed, therefore : цана 
ахс.Ь, ьХа. c,cxb.a 
аге all.equal to —V. 4 


Also a.cXb=cxb.a=—V, 
ЬҺ.ахс-аХс. Ь----У, 
с.ЬХа-БВХа.с---У. 


Thus all the six products written in the third and the fourth 
rows are equal, each being equal to — V. 


In view of the above discussion; we shave ‘the ‘following two 
theorems : [s d 


Theorem 813. Jn a scalar triple product the .position: of the 
dot and the cross can be interchanged without any change in the value 
of the scalar triple product. 


Theorem 8:14. The value of a scalar triple product does not 
change when the vectors are permuted cyclically, and is changed in 
sign but remains unchanged numérically when the vectors are permuted 
anti-cyclically. 

Remarks 1. The scalar triple product aXb.c is usually 
denoted by [а b c]. This notation is justified because it takes note 
of the cyclic order of the vectors which is important and disregards 


the position of dot and cross which does not affect the value of the 
product. With this notation it is obvious that 2 


[a.b c]=[b'c а]=[с аЬ] (а e b]= Tba c] ^' 
ішгісЬ а) Ji 


2. "The scalar triple product is zero if any two vectors аге the: 
same. For example, 
E ; бо ас аха: с=0; 
[a b a]-[a a ъ]=0.;., 
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i © 3, "The scalar triple product of three ‘vectors is zero if and 
-only if the vectors are coplanar. © 


8112. Volume of a Parallelopiped 
From the preceding ‘discussion we have the following : 


Theorem 815. The volume V of the parallelopiped having thrce 
coterminous edges a, b, cis | (аХЪ).с|. 


8113. An Expression for the Scalar Triple Product of Vectors 
in Terms of Components | 


Leti, j; k bé an orthonormal triad of vectors. Suppose three 
vectors a, b, с are expressible as 


a=a,i+a,jt+-a,k, 
b=),i+b,j+b,k, 
с=с сј сак. қ 
Then ҺЬХс-(Б,су-8,с;)1--(ісі- іс) j-+ (bicg—b yey) k, 
so that а. Ьхе=а; (Бс Рас) + aa (Бусу— Буса) аз (Бүсу—›су) 
(ал ад - газ 


сі Ca C3 
Example 25.) f a=3i—j+2k, b=2i—j+3k, c=—i—2j+k, 
n де R If a—-3i—j 1--1--3К, c 2j+ 
Solution. 
RE 3 -1 2 


‘la b c= 2 1 3 


-1 зэм 
-3(-1.1-3.(-2) 
-(-1)2.1-3(-1) 
+2 (2 (—2)—(—1)(—1)) 
45251925520 
=10. 
Ezampls 26. Find the торите of the IPS having 


5» 
OA= dE A 08-344-8, оС-3-к as three edges. 
(LIT: J.E.E., 1983) 


> oS 


Solution. The volume of the mu having OA, OB, 
oc as three coterminous edges © “7 
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[4 چچ‎ 4 
родов OC} ^ і 

2 —3 0 
-|1 1 ^P 

8:4) OSS Ta 
-—2u(-D-0. (-0)t3 @(—1)—(—1)3) 
=4, $ 


Example 27. Show that the four points whose position vectors 
are 3i+9j+4k, —(j+k), 4(—i--j-- E) and 415-538 are coplanar. 


Solution. Let us name the four points A, B, C and D 
respectively. If O be the origin of teference, then 

E 
ОА —3i4-9j-- 4k, 
> 
Ов--і-к 
— 
OC:- —4i--4j-- 4k 
5% 1 
OD=4i+5j-+k 
e . 
AB--—3i—10j—5k, 
-> 

2АС--Ті-5і 


Um 
AD=i—4j—3k. 


> > -> 


AB. (ACXAD) 
573 -10 -5 
=| -7 сты; 0 
1 -4 =3 


=—3((—5)(—3)—0. (—4)). 
+7 (10). (—3)—(—5)(—4)) 
+1(—10). 0=(—5)(=5)) 
рә —45 +70— 25 
=0. ; 
¬ Since АВ. (AC X AD)=0; therefore the lines AB, AC, AD are 
coplanar, and’consequently the points А, B, C, D аге coplanar.-'..; 


с gnol rt SAAI 
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Example 28. Prove that 
(a+b). (b--e) X (c--2)—2 [a b є]. 
Solution. 


L.H.S.=(at+h) . ((b-- c) x (c-+a)} 
7(a4-b) . {bxe+bxXa-+exa}, since cx c—0 
—a.(bXc)-b.(bxc)-a.(bxa) 
+Ь.(Ьха)+а .(сха)+Ь. (сха), 
=a . (bXe)+b. (сха), since the other terms 
all vanish 
“гаа Peay’ та 
72 [ab cl, since [b c a]—[a b є]. 
EXERCISE 8 (g) 
1, Compute the following scalar triple products : 
(a) (31-3 — 26) x (—i--2j4-E) . GF) 
(b) (2ì+j+k) .(2i—3j+k)X (—j 4-2k). 
If a——2i--3j—4k, b— —j--2k, c —1—2j 4- 3k, find [a b с]. 

3. Show that each of the following triads of vectors a, b, c is 
coplanar : 

(а) a=i—3j+4k, b=2i—j+2k, e=4i—7j+10k. 

(b) a=2i+-3j-k, h=—3i+j—4k, c— —i--4j— 5k. 

4. Find the volume of the parallelopiped havifig’a, b, с as coter- 
minous edges, when 
(a) a=2i+j—k, b—i--2j--3k, c— —31—j--k. 

(b) a=4i—j+k, b—2i--j —3k, e=2i—2j+ 6k. 

5. The position vectors of points О, A, B and C are i+ j. 
2i—3j+5k, 3i+j—4k, and MATO respectively. Find the 
volume of the parallelopiped having OA, OB, OC as three 
coterminous edges, Т Жыл Е-- 

812. VECTOR TRIPLE PRODUCT. 

If a, b, c are any three vectors, then tbe symbols ах (bxc) is 
meaningful because bX c is a vector and ах (bx c) is also a vector. 
Similarly a X (bX c) is also meaningful. These products are called 
vector triple products because they arise by taking vector products 
of cetain vectors obtained from three vectors. These products can 
be expressed as linear combinations of vectors a, b and с, We 
sball try to sce as to how this can be done. 

Let us introduce an orthonormal basis i, j, k as follows : 

(1) Take а unit vector along a and call it i. 


(1^2) Take unit vector perpendicular to a lying in the р! 
determinéd by a and, b, and call it j. "à де 5 v inthe plane 


ә. 
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(3) Take k to be the unit vectot perpendicular to i and j, such 
3,1, k form a right-handed triad. 
With the above notation, we have 


Fig. 8°41, 


а-ай. 

b—bji-bj, 

cci cj ck 

Now 
bX c= (bii bij) X (ci +csj ск) 
=Ь,сї асај (6с baci) k 
aX (bX c)—aj X [b,cÀ —5,05j +(b1Co— bici) k] 

= —a(b,c4— Бс) j—aibics k. (1) 

Now ах(Ьхс) is perpendicular to a, and therefore the 
expression for ах(Ьхс) as a linear combination of b and с must 
be of the form pb+qe for some scalars p and g. We shall try to find 
the values of p and q. 

Now Ч 
ах(Ьхс)-рЬ--ас (2) 
Taking scalar product of both sides of (2) with a we have 

а. [ах(Ьхс)]=а . (рЬ--ас), 


or 0—p (a. b)+q (а. с), 
which gives р=(а. Oh, q=—(b. oh, 
for some scalar h. 8403) 
From (2) and (3) we have 
ax(bxXe)=h [(a. c) b—(a. b) 4, --(4) 


where h is to be determined. 
Now (a.c)=a,¢,,a. b=a,h;, 
50 that (a. 9 b—(a . b) c—a;ci(bji- b,j) —а,01(с11--сәј--с:) 
= —ai(bies | Әсі) ў$—аубусЕ (5) 
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From (4) and (5), we have 


aX(bXe)=h [—a,(b,c,—byey) j— abc, k] (6) 
Comparing the two expressions for ах(Ьхс) obtained in (1) 
„and (6) above we find that 4 —1. Substituting A=1 in (4), we have 


aX(bXc)=(a.c) b—(a . b) с 
Remarks 1. In the expression for a X (bX c) obtained above, 
by permuting a, b, c cyclically, we have 
1 сх(ахВЬ)=(с.Ь) a—(é . a) b, 
so that (axb)xe=—cX(aXb) 
=(c . a) b—(c . b) a. 


(A) 


Thus 
ааа 
(ахЬ)хс=(с.а)Ь—(с.Ь)а (В) 
2. Comparing (A) and (В), we have 
aX(bxc)—(axb)Xc-(e. b) a—(a . b) с, SC) 
which shows that in general 
aX(bx c)z£(aX b) хе, 


i.e., vector multiplication is not, in general, associative. 

3. From (C) above we find that if the right hand side is zero 
then a must be parallel to c, ie., с--та for some scalar m. Further 
more, if қ 

с--та, then 
(с.а) а—(а.Ъ) с 
—(ma . b) a--(a . b) (та) 
=m [(a . b) a—(a . b) a] 
=т 0 
х -0. 

Thus, ax (bx c)—(ax)b*X c if and only if a and c are parallel. 
$121. Distributivity of Vector Multiplication over Addition 

We have already seen that vector multiplication distributes 
itself over addition. We shall now give an alternative proof of. this 
result by using the notion of scalar triple products, 

5 Let a, b, c be three-given vectors. We shall show that 
ах(Ь-с)-ахЬ-ахХс. 
Let us write 
. p=aX(b+c)—axb—axe, 
We wish to show that p=0. Let r be any vector whatsoever. 
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Then г. p=r . [a X (b+c)—axb—ax e] 
=r.axX(b+e)—r.axb—r.axXc, by distributivity 
of dot product over addition 
-ғха.(Ь4-с)-хХа.Һ-хха.с, by interchang- 
ing the positions of cross and dot 


—rxa.[b4-c—b—c], by distributivity of dot 
product 

-—rXa.0 

=0. 

Since r . p=0 for every vector х therefore р must be the zero 
vector. Since p=0, it follows that vector multiplication distributes 
itself over addition. . 

Example 29. Solve the equation 

rXb=a 
where the yectors a, b are perpendicular to each other. 

Solution. The vector a X b is perpendicular to both a as well 

asb. Since a and b are mutually orthogonal, therefore a, b, axb 


form a mutually orthogonal triad of vectors, and consequently every 
vector can be expressed as a linear combination of these three 


vectors. : 
Let r=Ja+mb+n(aXb). . -0) 

Substituting the above value of x in the given equation, we 
have 

[/a--mb --n(aX b)] X b-a 

= l(aX b)--n(aXb) X b—a 

— Қа X b)--n[b.b)a— (b . а) b]—a, 

- In(b . b)+/] a+/(axb)=0, 

since a,b=0. 

Since the vectors а, b, ax b are linearly independent, there- 
fore the coefficients of a, b, ах b vanish separately. 


Therefore 
nib. b)—1=0, 1—0. 
Thus 1=0, п-(Ь.Ь)!, (2) 


Observe that m does not appear in the above relations and 
therefore remains undetermined. Substituting the values of / and 
n in (1) we have : 

r—mb- (b. b)? (ахь), 
as the desired solution, where m is a parameter. 
Example 30. Show that for every triad of vectors a, b, с, 
[bxc сха axb]-[a b c]? 
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Solution, 
Write bXe—p, сха--д, aXb=r 
рха-рх(сха) 
-р.ас-р.са 
-(Ьхс).ас-(Ьхс).са 
4 =[b c a] b, since bx c is perpendicular to c 
Now, (pXq) . r=[b c a] с. (ax b) 
=[b c alle a b] 
—[a b с]?, 
since [b c a]—[c a b]=[a b c]. 
Example 31. Prove that 
(ахЬ).(сха)-| a.c а.а 


b.c b.d 

‘Solution, Let us denote the vector c Xd by p. We then have 

L.H.S.=(axb). р 
=a , (bX p), interchanging the positions 
of dot and cross 
—a.[bx(ex d)] 
=a, [(b. d)c—(b . c)d] 
=(b.d)(a.c)—(b. c)(a.. d) 
=R.HS. 

Remark. The identity in the above example is due to the 
French mathematician Joseph Louis Lagrange, and is often called 
Lagrange’s identity. - 

Example 32. Show that 

(axb)x(exd)=[a b djc—[a b сја 
—[a e d]b— [b c аја, 
for any four vectors a, b, c, d. 
Solution. Writing ax b—p, we have 
(aXb)X (exd)—px (cx d) 
=p . dc—p . cd. 
—[a b 4]с—[а b сја (0) 
Again, writing eX d—q, we have 
(ax b)X (cXd)=(a x b) x q 
—q.ab-q.ba 
—a.qb—b.qa 
=[аса]Ь—[Ьс4а , . EL 
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Remark, Equating the two expressions for (ахь)х(сх4) 


obtained above, we have the identity, 


[a b d]c—[a b c]d=[a e d]b—[b c «Да 
or [b с 4]а—[а c d]b--[a b d]c—[a b c] d=0. 
EXERCISE 8 (h) 
Compute the following vector triple products : 
(а) [Qi--3j) x (3j—14)] x G+k). 
(5) 19—38) х (+X G— 23-319. 
Given that a=2i+j—3k, b=i—j+-2k, c=3i+2j—k, calculate 
the following : 
(а) ах(Ьхс) (b) Ъх(сха) (с) ex(axb) 
(d) (ахь)хс (е) (Ъхс)ха (f) (exa)xb. 
If a= 3i—j+-2k, b=2i+j--k, c—i—2j--2k, show by actual 
calculation that a X (b X с)5(ахЪ) x c. 
If a—2i—5j--7k, b=i+j—3k, c=4i—10j+14k, verify that 
aX (bx c)—(a x b) X c. 
Show that the vectors ax(bXc), bx(exa), сх(ахЬ) are 
coplanar. 
Prove the following : 
ах(Ьхе)+Ъх (сха)+ех(ахЬ)=0. 
(bx c) x (сха) [а b сс. 
aX [b X (c x a)]— (a . b)(a Xe). 
[ахь axe d]-(a. d)[a b c]. 


_ [axax (ax b)] (a . a) (bxa). 


ax {bx (exd)) —(b . d)(axc)—(b . с) (axd). 
If a, b, c be three unit vectors such that 
ах(Ьхс)-іь, 


find the angle which а makes with b and с, b and с being 
non-parallel, 


If the vectors a, b, с, d are coplanar, show that 
(ахЪ)х (сха) 0. 
TEST YOUR UNDERSTANDING VIII 
In each of the following problems four alternatives are given, 


out of which only one is correct. Put a tick mark (./) against the 
correct alternative. 


1. 


The position vectors of a pair of opposite vertices of а paral- 
lelogram are 2a—3b--c and —4a--3b--7c. Тһе position 
vector of the mid-point of the diagonal determined by the 
other two vertices of the parallelogram is У 
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4. 


10. 
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(а) —2a4-8c (b) 6a—6b—6c 
(с) 3a—3b—3c (d) —a--4c. 


The position vectors of А and B arei—j--8k and —2i--3j—4k 
— 


respectively. The magnitude of AB is 
(a) 15 (b) 19 
(с) 11 (d). 13. 
The vectors a and b include an angle of 60°. If |а| —2, 
| b | —4/3, the value ofa. b is 
(a) 3 (5) 2 
(с) v3 (4) 243. 
Ifi, j,k be an orthonormal triad of vectors, the value of 
ix (jXk)+-jX (k Xi) +k x (à x j) is 
(a) 0 (b) 1 
(c) 3 (d) —1. 
The vectors 2i—3j+4k and 4i—xj+k are perpendicular to 
each other, The value of x is 
(а) 4 (b) —4 
(c) 0 (d) —3. 
The vectors xi—6j--8k and 2i--3j—4k are parallel to cach 
other. The value of x is 
(а) —4 (b) 4 
(6:3 (d) 6. 
The volume of the parallelopiped having 2i—3j+4k, 4i--j— 5k 
and i—4j+3k as three coterminous edges is 
(a) 100 (b) 78 
(c) 30 (d) .—30. 
The vectors 91— 2 4-3k, i+j—k, and 2i—j+-4k “are coplanar. 
The value of x is 
(a) 3 5 (b 2 
(с) 3/2 а) —3/2. 
The diagonals of а parallelogram are given by the vectors 
a=2i+3j—k, b—4i—j--2k. the area of the parallelogram is 


(a) 16 (b) V 285 
(е) 17 20 @ УР 


Two sides of a triangle are given by the vectors і-і--Е 
2i—3j-F4k. Its area is - пы 


(a) 6 (Б) 346 
(0 ¥6 (d) 256. 
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REVIEW EXERCISE УП 
If a=5i+3j+4k and b=6i—8j—k, find the angle between a 
nnd b. (D.B.S.S.C.E., 1988) 


Ifa=i+ 2j+3k, b— —2j--4k, finda. b. (D.B.S.S.C.E., 1987) 
Find a vector of magnitude 451 which makes equal angles 
with the three vectors \ 
a—1(i—2j- 2k), b=} (— 41—36) and c=k. 
(Roorkee Entrance, 1987) 
If 2—2i--4j—k, b=3i—2j-+-xk, then find x so that a Lb. 
(A.LS.S.C.E., 1988) 
Find the value of à such that the vectors a and b ате perpendi- 
cular, where 
а--21--2)--Б, and b=i—2j+3k (A.I.S S.C.E., 1984) 
Two vectors a and b are such that 
(a+b) . (a—b)=0. Show that |а | = |b]: 
(A.LS.S.C.E., 1984) 
If a and b are non-null vectors and | a+b | = | аг-Ь | , then 
show that а and b are perpendicular to each other. 
(Roorkee Entrance, 1986) 
If a=3i+2j—k, b=—2i+j+k, finda unit vector perpendi- 
cular to both а and b. ` (D.B S.S.C.E., 1989) 
Find aXbif |a| 210, | b| 22, a. b—12. 
(D.B.S.S.C E., 1984) 
If |a| =2, |b| 45 апа |ахЬ| =8, find the value of 
| a. bh: (D.B.S:S.C.E., 1988) 
Find a unit vector perpendicular to the two vectors i+j and 
and j+k. (А.18.8.С.Е., 1987) 
Three vectors a—(12, 4, 3), b—(8, —12, —9), 
с--(33, —4, —24) define a parallelopiped. Evaluate the 


lengths of its edges, areas of its faces, and its volume. 
(Roorkce Entrance, 1988) 


Find a such that the vectors 2i—j+k, i+2j— 3k, and ) 
3i--aj--5k are coplanar. (Roorkee Entrance, 1986) 
If a . (bx c)—0, and b and c are not parallel, then prove that 
a=Ab-tue, where à and y are some scalars. 
(A.LS.S.C.E., 1989) 
If a=2i—j+k, b=i+2j—k, and с--21--3), find (axb) хе, 
and aX(bX c). р (D.B.S.S.C.E., 1989) 
Find the values of а for which the vectors 


31--2/--9К and 1--01--3К are (i) perpendicular (ii) parallel. 
(4.1.8.8.С.Е., 1987) 
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17. Ifa=2i+5j—7k, b=—3i+4j+k, c—i—2j—3k, compute 
(axb)xXe and ах(Вхс) and verify that these are not the 


same, 
18. Show that ifthe vectors i, j,k form an orthonormal triad, 
then 


2a=ix(axi)+jx(a Xj)+kx(axk), 
19. Prove that 
1 (aXb) x (ex d)-- (ax c) x (dx b)--(ax d) x (bx c)—2[b d сја. 
20. Prove that 
^ (bxc). (axd)+(exa), (bxd)--(axb). (сх4)--0. 
SUMMARY 


A directed line segment 18 called a vector. 


Two vectors are said to be equal if they have the same length, same or 
Parallel supports, and the same sense, 

A vector whose magnitude is 1 is called a unit vector. A vector whose 
initial and terminal points coincide is called the zero vector, 


Basic properties of addition of vectors and multiplication of a vector by a 
scalar : 


Let V denote the set of all vectors and let R denote the set of real numbers, 
Then the following properties hold : 


a ә Ne 


I a+b=b-+a for all a, be V (commutativity of addition) 
II a+(b+c)=(a+b)-+e, for all a,b, cEV (Associativity of addition) 
ІШ a+0=0+a, for all ae V (Existence of zero vector) 


IV a+(—a)=(—a)+a=0, for all аєу. (Existence of negative of a vector) 
У mn(a)=m(na) for all m, nER and a€V. 
VI 1(a)=a, for all ae V. 
ҮП m(a+b)=ma-+nb, for all тЄК anda, beV. 
VIII (m3- n)a— ma 4-na, for all m, nER and аєу, 


5. Тһе position vector of the point dividing the join of points with position 
vectors a and b in the ratio m : nis 


mb-+na 
m+n 


6. The scalar product of two vectors а and b inclined (о each other at an 
angle 0 is given by қ 


а. = [а|. [| соз. 
7. Properties of scalar product : 
If a, b, c be any vectors, and k be a scalar, then 
I a.b—b.a (Commutativity of scalar products) 
П a.(b4c)-a. ba. c (distributive property of scalar products) 
Ш (ka). b=k@. b)=a . (k b) 
8. The vector product of two vectors a and b is given by 
ахЬ-(а| | b | sin 0 n, 
where 0 is the angle between the vectors a and b, n is a unit vector per- 


pendicular to both a and b, the sense of n being such that a, b, n form a 
right-handed system. a 2 


9. Properties of vector Product : Ifa, b, c be any three vectors, then 


(i) axb=—bxa (anti-commutative property) 
(ii) ax(b+e)=axbtaxe (distributive property) 
(iii) ax(bxc)#(axb)xe, in general, 
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10. Ifa,b,cbza right handed system of non-coplanar vectors, then then the 


volume of the parallelopiped formed by a, b, c is given by the scalar triple 
product a . (bx c) and is denoted by [a b c]. 
11. A triad of vectors a, b, c is coplanar if and only if [a b с]=0. 
12. For any triad of vectors a, b, с, ax (b. c)—a. (b x c). 
43. The vector triple product 
ax (bxc)—(a. c) b—(a. Бе. 
14. If i, j, k be an orthonormal triad of vectors, then 
i.i=j.j=k.k=1,i.j=j. k=k .i=0, 
45. If a=aii+a.j+ayk, 
b-—biit bj4-b;k, 
€— cit cj cak, 
then 
(9) |a] =v (a+ a+ a?) 
(ii) angle between a and b-cos-( таны) 


la| [bi 
Gil) a. b=ayby-++a252+-a5b5 
(iv) axb=| i j К 


à аз а; 


bı b» b, 
= (а: —asbs)i - (abi —aib5)) + (a1b2—azbı)k. 
0) [abe]-| a аз as 


by bz by 
Сі “Са с; 
16. Work done=F . d, where F is the force vector and d is the displacement 
vector. 
17. Vector moment about the origin of a force F acting at a point r=r x F, 
HISTORICAL NOTE 


The discovery of vectors was essentially the work of four dis- 
tinguished scientists—W.R. Hamilton (1805-1863), Hermann 
Gunther Grassman (1809-1877), Oliver Heaviside (1850-1925) 
and Josiah Willard Gibbs (1839-1903). ў 

It was in the year 1943 that the Irish mathematician Sir W.R. 
Hamilton discovered quaternions A year later Grassman published 
his Die Aus-dehnungslehre in which he discovered Grassman alge- 
bras. Quaternions and Grassman algebras were а sort of hyper- 
numbers-generalizations of complex number. Both of them were 
non-commutative systems. Both were however quite complicated 
and therefore the search for something simpler and yet equally use- 
ful continued. Around 1880 Heaviside discovered Vector Analysis 
to aid him in the development of electrical theory. In 1881 Gibbs 
published his ‘Elements of Vector Analysis’ and enlarged it in 1884. 
Vectors as we know them to-day are the same as they appeared in 
Heaviside’s “Electromagnetic Theory’ and Gibbs’ “Elements of 
Vector Analysis’. Because of their simplicity, vectors have proved 
to be an astonishingly effective tool. They have played an ever- 
increasing part in physics and engineering. In fact, they have 
permeated all branches of science. 


LEONHARD EULER (1707-1783) 


Leohard Euler, the most Prolific mathematcian of his time, was born in Basel, in 
Switzerland. He was educated at the University of Basel. He was invited to the 
Academy at Petersberg in 1727, and Stayed there upto 1741. When accepting. 
ап invitation from Frederick the Great, he came to Berlin. In 1766 he went back 
te Petersberg. 

5 ,, Euler made signal contributions in every field of. mathematics which existed 
in his day. Не wrote on the difficult topics with incredible ease, and his presen- 
tation came to be accepted as final. According to an estimate, during his life- 


time, he published 530 books end papers, and at his death, he left many manus- 
cripts, whi 
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СНАРТЕК 9 


Three Dimensional Geometry 


91, INTRODUCTION 


In class XI we had studied plane geometry with the help of the: 
analytical method. We had set up a one-to-one correspondence bet- 
ween ordered pairs of real numbers and points in a plane, The 
correspondence enabled up to look upon a geometrical figure or a 
region of the plane аз а set of ordered pairs of real numbers. We 
performed algebric operations on this 861414 interpreted our results 
geometrically, We shall now apply the analytic method to the study 
of geometrical problem in space. 


In the preceding chapter we have already seen asto how we can 
set up a co-ordinate system in three dimensions, and use it to define 
a one-to-one correspondence between points in space and ordered 
triples of real numbers. We have also seen as to how we can accociate 
with each point of the space a vector called the position vector of 
that point. Furthermore, we һауе also scen as to how we can set upa 
one-to-one correspondence between the set of all position-vectors 
with reference to a fixed origin of reference O, and the set of ordered 
triads of real numbers. This was done by taking a set of three mu~- 
tually perpendicular lines through О as the axes of co-ordinatcs. 
We shall freely use this correspondence to translate geometrical 
results back and forth from vector expressions to sets of scalar 
expressions. It will enable us to get a feeling of the power as well as 
limitations of the vector method. 

9:11. Decomposition of a Vector into Three Non-coplanar 
Directions i, j, k as Base Vectors. 

We have already seen in Section 8:64 as to how үе can 
choose a pair of three mutually perpendicular lines ХОХ, 
Y'OY, Z'OZ, passing through a point О as the axes of 
co-ordinates. We have also seen in Section 8763 аз to how 
we can decompose a given vector as the sun of vectors in three 
non-coplanar directions. Asa special case of this decomposition 
we saw in section 8:66 that by choosing a triad of unit vectors 
i,j,k along OX, OY, OZ respectively as base vectors we can 
decompose any vector into component vectors. The resolution turns 
out to be very useful in applying vectors and analytic methods to- 
gether to the study of straight lines, planes, and spheres. Let us 
choose a fixed point O as our origin of reference for fixing up the 
position vectors of points in space. Also, let us choose a right-handed 
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system of mutually perpendicular lines X'OX, Y'OY, Z'OZ, through 
О as the axes of co-ordinates. Let i, j. k be unit vectdrs along OX, 
OY, OZ respectively. Also, let r be the position vector of P, and 
(x, у, z) be the cartesian co-ordinates of P. There is an obvious but 
important connection between x and (x, y, 2) : If r is 4есотрогеа 
"nto component vectors along OX, OY, and OZ, then we have 


r=xi+yj+zk. 


2 


Fig. 9:1. 


This relation implies that if the position vector of P(i.e., т) is given, 
then we can immediately write the co-ordinates (х,у, 2) ОГР, and 
conversely, if the co-ordinates (x, y, z) of P are given, then we can 
immediately write the position vector of P. This fact is of utmost 
importance because it enables usto switch over from position vectors 
to cartesian co-ordinates and vice-versa. Of course, in order to use 
this mode of transference we have to remember that the origin of 
reference is the same as the origin of cartesian co-ordinates. Also, 
the base vectors i, j, k for the resolution of т into components have 
been taken along the co-ordinate axes. These basic assumptions will 
be made throughout and we shall not repeat them everytime we use 
the position vector of a point and the Cartesian co-ordinates of a 
Point together. We shall often call the point P as the point r, as well 
аз the point (x, y, z). 


912. Direction Ratios and Directions Cosines of a Vector 


Let v be any non-zero vector. Let its components with refe- 
rence to i,j, К, as base vectors be а, b, c respectively, so that 
=ai+bj+ck E 


_ Ifa, 8, y be the angles which v makes with OX, OY, OZ res- 
pectively, then: 


vi= |v] cosa 
vj— |v] cos 8 
V.k— | v | cosy 


Уу” 
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Also, from (1) we find that 
v.i=a, v.j—b, v.k=c, so that 
a=|v|cosa,b=|v| сов В, c= Iv] созү, 


45 аба ds x eH -0) 
қат) cosa сов 6 cosy 
ШАН a, b, c are proportional to cos a, сов B, cos y respecti- 


vely. Because this reason we say that (a, 5, с) are the direction ratios. 
ofthe vector v. 


Also from (1), we find that 
| v | = v(a ++). ++(3) 
From (2) and (3) we find that 


273 а , 
cos = (a ұра) NO 
нды Ratis, 
cos B= араға) 


c 
cos Y= a E BH CS) 

The numbers cos a, cos f, cos y are called the direction cosines. 
of v. The direction cosines of a vector are the cosines of the angles 
which the vector makes with the co-ordinate axes OX, OY, апа OZ 
respectively. It is usual to write the direction cosines of a vector 
as ап ordered triad (cos a, cos B, cos y). The letters J, т, n are 
generally used to denote cos a, cos 8, cos ү respectively. We shall 
often come across the statement (/, m, n) are the direction cosines of 
the vector v. This statement will mean that if v makes angles a, б, 
Y with OX, OY, OZ respectively, then 

cos a=], cos B=m, cos ү=п. 
From (4), we find that 
cos? а--сов2 B+cos? ү--1. 


In other words, if (7, m, n) be the direction cosines of a vector, 
then 


2+т-+т=1 
(А) 
Also, from (4) we find that 
1--а4| X (a? - b*-- c? 
2257110:55:553) (8) 


n—c[A/ (at 4-6% с?) 


510 5 A TEXT-BOOK OF MATHEMATICS 


9°13, Angle betwecn Two Vectors whose Direction Cosines 
are given : 

Let у апа и be two vectors whose direction cosines with res- 

pectto a set of co-ordinate axes X'OX, Y'OY, Z'OZ are 
(1, m, m) 
and (Is, ms, ng) respectively. 
ui= |u| 5,uj-|w| m, wk- |u |m, 

401) 


гат" “ті + nk. 


Similarly, 
тату mij tk. oO 


[у | 


Fig. 92. 


From (1) and (2) we find that if 0 be the angle between the vectors п 
and v, then 


(Аі mj nie. -4-m;j4- nk) 
= туту nna. 


. Thus, we find that if 0 be the angle between two vectors with 
direction cosines (Л, mı, nı) and (I, ms, пу) then 


cos 0=ҺЬ-Ет,т,-Епу (A) 
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If (a1, Dı, су), (аә, Bg, сә) be the. direction ratios of two vectors u and 
уеге and (I, m, 71), (15, ms, пз) be their direction cosines, 
then 
h=a,]/ (a +b Fe), 
m=b,/ v(a, +b +e), 
m=6/V (a+b - с?,), 
la; ¥ (aj) +b +), 
m7 bs[A/ (aba +c), 
. n= ca] (a+b c2), 
:so that from (A) above we have 
aaa + biba + сүс 
(a FDI te) ¥ (ag Fb; tHe 
Example 1. Find the angle between the vectors with direction 
ratios (3, 4, 5) and (4, —3, 5). 
Solution. The angle @ between the vectors is given Бу 
3.4--4.(-3)--5.5 
A/(334-42-1-57). У(4%--(--3)--5%) 
25 29520113 
“(542)542) 2° 
Therefore the vectors are inclined to cach other at the angle 


cos 0— 


cos 0 


EXERCISE 9 (a) 
1. Find the direction cosines of the vector with direction ratios : 


(a) (2, 1, 2) (5). (—2, 1, 2) 
(c) (2, —1,2) (d) (2, —2, 1). 
2. Find the direction cosines of the vector with direction ratios : 
(а) (—3,4,5) 74) (05, —4, 3) 1 
(с) (—5, 3, 4) (d) (3, —5, 4). 
3. What are the direction cosines of the vectoss : 
(a) i (0) j 
(с) К (d) -і 
(f) -j (p —k? 
4. Find the angle between the vectors whose direction cosines 
are: 


(a) (1,0,0) and (1/4/2, 1/4/2, 0), 
(6) (1/3, 1/3, —1/4/3, and (5/3, —1/ УЗ, 1/ УЗ), 
92. DISTANCE BETWEEN TWO POINTS 
Let Р(х,у, д), О(х,у» Za) be two given points. The 


Position vectors of P and Q with respect to 0 as the origin of 
reference аге. 5 
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> 
OP=x i+ j+-ak, 
> 
00-х4--у:14-2К, 
respectively. 
2 
Q (x, Y» 2) 
P yv 2) 


Fig. 93. 


> 
PQ= | РО | 


=| 00-- -op | 

= | (х4+}+)— БЕТТІН" | 
= (а z9 iHay) jH) k | 

=V (G2) + (Yo Y)*- (2,7 2). 


Thus we find-that the distance d between the points (х,у, 21) 
and (xi, Ya, 24) is given by 


d—A/((xy— X) а=) (а-а)? 


SS et 


Corollary. The distance d of the point (x, y, 2) from the 
origin is 


d=/ ЕНЕРІ 
Proof. Ro ничо. 
= „(хау 28): 


Example 2. Show. that the points (9, 1, —3), (3, 1, 3) and 
d. —1, —5) are the vertices of an equilateral triangle. 
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Solution. Let the oe cane of the.vertices A, В,С. of the © 
triangle ABC be (9,1, --3); (3,1, 3) and (1; -1,--5) id 


2A oio: AO зуд). 


B (8, 1,3) C (1, 21,25) 


M »Y 


Fig. 94. 
BC—A/((1—3)*-C2T 21)-:(—-5:—3)9)— J/72, 
CA—A/((1—9)--(—1 —1)2(—5—(—3)))= 4/72, 
AB=V/{(3—9)'+ (1-1? +B —-(— 3} = 4/72; 
Since BC=CA=AB, therefore the AABC is equilateral. 
Example 3. Show таг? the points 6. 5,6), (2,2,2) and 
(6, 8, 10) are collinear. 
Solution, Let us name the points а, 5,6), (2,2, 2) апа 
(6, 8, 10) ав А, В, апа С respectively. 
AB=4/{(2—4)*+ (2—5)*--(2—6))— 4/29, 
BC-A/(6—2)4-(8— 2 (10-72) —4/11672 4/29, 
AC—4/((6—4)!4-(8—5)*--(10—6))—4/29. 
Since AB--AC- BC, therefore the points A, B and C are 
collinear. 
EXERCISE 9 (5) 
1. Find the distance of each of the following points from the 
origin : 
(а) (3, 4, 12), (9, ТА 28), (—3,2, 5) 
(b) (—4, —2, 10), (3, --5, 4), (8, 1, —2) 
2. Find the distance between each of the тооз рш of 
^^ points : К г 
(а) (3, —7, 8), (—4, 6, 2): хэ 
(b) (5, 1, 6), (—2, —3;4); Aii 
(с) (1, —3, 4), (4, —2, —3). 
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» 3,‘ Show that the points А (4,6, 45), В (0,2, 3), and C (—4, —4, 
2:--1) from the vertices of an isosceles triangle, 
4. Show that the points A (5,9,9), B (0,—1, —6), ind 
C (5, —11, — 1) form the vertices ofa right angled triangle. 
5. Show that the points (10, 8, 10), (16, 8, 6) and (8, 6, 2) are the 
vertices of an equilateral triangle. 
6. Showthat the points (5, 4, RO) (3, 2, —4) and (9, 8, —10) are 
collinear. 
7. Show that the points (3, 2, 4), (4, 5, 2, (5, 8, 0, (2, —1, 6) 
are collinear. 
8. Show that the point (2/5, 0, 4/5) is equidistant from the four 
points (1, 2, 3), (3, 2, —1), ыз 1, 2)-and (1, —1, —2). 
9. The point (x, у, 2) is equidistant from the points (1,3,2) and 
(3, —1, 2). Show that x—2y=0. 
9'3[. SECTION FORMULA 
Let P (ху, уч, 2) and О (3, y, 2) be two given points and let 


К (х, у, 2) be е «point which. divides the join of PQ in the ratio 
іт. j 


bno С 


noe Fig. ер em 
With respect to О as бе origin. “of reference, ithe position 
Vectors of P;Q and ате: l0 
iii us. 
ту азб 298, |, 
dó ишо эгч : roi yj zk. 
4 өзегі { 
^. From our Randy of vectors we know that since R divides PQ in 
the ratio ni m, therefore Со 
t L mrih 963 


е Л т mn ERR: 2-6 --(1) 
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Taking dot products of both sides with 1, we have 
mr, brs; o. 
min г, 
Эг т (r, . i) л (ra. i) i 
mn 
2 mtx, 
RE Xv m+n 7-0 


Similarly, by taking the dot products of (1) with j and k 
successively, we have 


к.і- 


3 туылу, | 
» m+n 
û тапа, 
(o min eX) 
From (1), (2) and (3) we find that the co-ordinates of the point 


which divides the join of (хі, My zi) and (Ха, Jp z,) in the ratio nim 
are given Бу 


мэн mxi HDX, 
7 man 4 
у= туг--пув i 
т+п 
› { буш MANZ { 
GiT 3 m+n 


Remarks 1. The above discussion and result holds whether 
R divides PQ internally or exter nally. In the case of internal 
division, both mand п are! taken! to be positive. In the case of 
external ‘division, mand л are, taken to be of opposite signs, It is 
usual to taken n'as positive and m as negative (though it really does 
not matter even if we take л as negative апа т as positive). 


2. m+n cannot be zero, that is, we cannot have m: n—1 : —1. 
Geometrically раа it.only mm that we cannot, divide a line 
segment externally in the ratio 1 : 


3. ( Putting. m=n=l,.we find ait the со- ‘ordinates of the mid- 
point of the join of (x, у, 21) and (xy, Yo, 2) аге (8 (хужа), 
$ Osby), $ Gi 23): | 

, Example 4. Fird the ratio in which M yz-plane divides the 
line joining the points (--2, 4, 7) апа (3, —5, 8 n 
Solution, Suppose that the yz- yz plane divides the join of (—2, 4, 


7) and (3, —5, 8) in the ratio A 21; The co- ordinates (x, у, 2) of this 
pus are given by 
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х=(г:2.. LE3. А/Ч), 
y (4.14 C- 5) 34-10), 
z—(1.14-8.)/(A--1). 
If the point (х, y, z) lies on the yz-plane, then its x-co-ordinate 
must be zero. 
(—2+3A)/(A+)=0, 
or -2--3А--0, 
ог A=}. 
“Тһе desired ratio= 2 : 1=2: 3. 
Example 5. Show that the point: А (3, 2, —4), В (5, 4, —6) 
and С (9, 8, — 10) are collinear, 
Solution. The co-ordinates of any point on the join of 
А(3,2,--4) and B (5, 4, —6) are 
CLARE AAT27 OA MM) 
TT. "Ee ET А1 
If A, B, С are collinear, then there must be some vain of 
for which" 


“ 


5443 4452. —6A—4 )- R 
(E Xe? 9) 96 0, 
5А+3 _„ 42а —61—4 - 
ог ХЕ =9; ХЕ =8, Was 10, -0) 
If A, B, С are collinear, а// the relations (7) must be satisfied 
by the same value of A. The first of these relations gives 


5А--3- Gs EAN 
* ory ХӨЛ 210293 b Merc. d ! 


Je sBy actual substitution we find that А-9, satisfies {һе re- 
Ба No RE ions alio. Hence the’ ‘points APR B, C are collinear. 
Example 6,} Given! that the. points T 
i 52Ё(--2/3,5),О01,2,3),8.07,0,- Dar 
аге "n find'the ratio in which R divides the join of Р and 0. 
Solution, Let R divide the join of P and Q in the ratio X: 1. 
The co-ordinates of the point dividing the join of Р “авд Q in the ; 
ratio. A: l are 
ASD ARH 5234 3A+5_ 
Жау! С АБР da XI gu 
If this is the same as the point (7, 0,1), we have 


b sinri 


СУЛ hs E 25 гээл trettislo 
3 22, 2543. 32-5 
ШШЕ ud dns 2 Ё 
n 3 ДЕ СА =I ХЕТ =0, MI ш | (0 


PS 
duras 
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The first of the relations (i) gives А---. Therefore the 


required aloz; 1-3:--2.. Hence, (7, 0, —1) divides the 


join of (—2, 3, 5), and (1, 2, 3) externally in the ratio 3: 9. "^ 

Note : The.second (or:the third) of the relations (i) would also 
have given the same value of A. In fact, the correctness of the 
result can always be seen by checking that all the three relations 
(i) give the same value of A 

Example 7. Show that the lines joining the vertices of a 
tetrahedron 10 the centroids of the opposite faces meet іп а point. 

Solution. Let Ao(x1, уі; 2), B (xs, yaza) С) Уй 2), 0) 
D (Xo уу 20) be the vertices of a tetrahedron. The coordinates 
of the mid-point L of BC are 


(25 ха-ха. Ih ? ата ) 


The deter a of 45 А АВС 2 AL in the ratio 2: ЭР 
Therefore the co-ordinates of G, are 


Fig. 96. 
( ЕЯ 


LED 


1--2 


+ у (ze lez 
(07267 Олж хөн ЧӨМӨГ 


1.12: us ae 142 


Энн: a ха-ха) 1011-2459) 3 (21828): ! 
“Тһе co-ordinates of the point G+ which: divides DGi in the’ 


ratio 3::4 are 
зх нхо аа 173.1 (Ру уа), 
dur : 341 


3. HZ, 294-25) 4-24 ) ah 4 
3+1 
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хха хаа у Баа Ve 214282824 ) 
Ге, pA оа А m 4 
Since the expressions % (xit хха ха); 4 (у-га), 
(21-23423 24) remain the same when the suffixes 1, 2,3, 4 are 
cyclically interchanged, therefore the point 
с (хаа pty Еу, 
4 > 4 4 


Zinn ) 
/ : 4 f 
also lies on the join of A (resp. B, C) to the. centroid of ABCD 
(resp. ACDA, АРАВ), and divides it in the ratio 3: 1, 


Hence the lines joining the vertices of the tetrahedron ABCD 
to the centroids of the opposite faces are concurrent, 


ө EXERCISE 9 (с) 

1. Find the mid-point of the join of 

A (3,—4, 2) and B (—7, 6,—8). ж 

Find the co-ordinates of the point. that divides «the join 

(2, —3, 1) and (3, 4, — 5) internally in the ratio 1: 3. 

3. Find the co-ordinates of the point that divides the join of 
(—2, 4, 7) and (3, —5, 8) externally in the ratio 7 : 8. 

4. Find the co-ordinates of the point that divides the join of 
(5, 0, 4) and (6, 7, —2) in the ratio 3: —2. 


5. Find the ratio in which the join of (3,9, 12) and (8, 0, 9) is 
divided: by the xy-plane. 


6. Show that the points A (2, --3, 1), B(3, 4, —5) and C (5, 18, 
--17) are collinear. Atso find the ratio in which C divides the 
join of A and B. 


7. Find the co-ordinates of the centroid of the triangle whosc 
vertices are (1, —3, 2), (4, —5, 7) (7, —7, 6). 


Find the co-ordinates of the centroid of the tetrahedron whose 
vertices аге А (—5, —3, —2), В (4, 6, 8), С (0, 1, —7), 
D (3, 4, 9). 


94. EQUATIONS OF A LINE 


: The position vectors of points on a given line сап be expressed 
in terms of some fixed vectors and а variable Scalar, called para- 
meter, such that for arbitrary values of the parameter the resulting 
position vector represents Points от. (һе ле, ганд: conversely, the 
position vector of each point on the locus arises for some Suitable: 
values of the parameters. Such a relation is called а parametric 
vectorial’ equation of the linc. We shall obtain the parametric 
vectorial equation of a line in two different forms and also find the 
equivalent cartesian equations. 


2 


© 
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9-41. Parametric Vectorial Equation of a line 
To find the vectorial equation of a line which passes through a 
given point and ts parallel to a given line. 


Take any point O as the origin of reference. Let r, be the 
position vector of the given point and let b be апу véctor'parallel to, 
the given line. Let т be the position vector ofany point P on tlie 
given line. 

We have 

25 
к--ОР, 
— 


ie 
=OA+AP,, 


СЫ 
=r, + AP. 


BLESS ASA cic tb р 
> 
BEDA 
aa 540 ou 
‹ ЗО radi 
о D F 1 


Fig. 977. t Gi 


ie 
The vector AP is parallel to vector b, and therefore it is the 


ї -» 
product of the vector b with some suitable scalar f so that АР=/Ь. 
dis r=ritthb., 
To each point P on the line there corresponds a value, of. the. 


scalar / Such that the position vector of P is x; trh Conversely; 
for each value of ¢ the point whose position vector is't, fb. lies. . 
on the line. Therefore rr, tb represents the parametric vectorial 
, equation of the line through r, parallel: to the' vector b. * os 


In the above discussion suppose that the unit vector 
— y 
along b is CE=d say, so that b= |Ь| 4. Then AP=r d, where 
> 
AP=r [г is positive for points on the ray parallel to d and starting 


from A, and negative for points on the ray parallel to d and'having 
the sense opposite to d (shown as dotted line in Fig. 9'8)]. M 
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Then vult қ YE 
: с> Mme 
“Е-ОР-ОА-БАР 
ii қ Oe A ы узы 
and as above, the parametric vectorial equation of the line is. given, 


у ++ 1 


Aba А 


Fig. 9°8. 


| r=rnt+rd 


(й) 


If (I, m, n) be the direction consines of the given line, and 
(А, Jv 21) be the co-ordinates of the point A, then (iv) becomes 

Fj седі уі 2 ktr (i Fj + k) (у) 

By taking dot products of Both sides of with i, j, k in 
succession, we have 


{ x=x,+Ir, Уут, 2=2 nr | 00) 
а Шс in Rk 

Relations (vi) give the cartesian ‘co-ordinates of any. point P 
on the line in terms of its distance r.from A, distanee ғ is being 
measured algebraically. It is positive for points on one side 
of A and negative for points on the other side., From (vi) we find 
that the equations of the line through (хү, Ул, 24) and haying direction 
cosines (I, m, n) аге givenby -; } 


х—х m 2-2 3 Ў 
Hor b pote 5 er o nii) 
жаным l ety МҚ ie erie ) ; i 54 
_ Ren o Ше above equations are sometimes referred to as 

, equations of a Jine; in point«distance form... ‚ 2 ) 
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Example 8. Find the equations, of the line Passing through 
the point (1, 2, 3) and parallel to the line 


BEB YD 247. ” 


БИЛДИК И 5) 
Solution. Th: desired linc has direction ratios (12, 4, 5). 
Also it passes through the point (1,2, 3). Therefore its equation is 
BITS y 
122055 8 
Example 9. Find the co-ordinates of the points distant 1042 
units from the point (2, 3, 4) and lying on the line 


xti y: et 1 
NE O 
Solution, Since the desired line is parallel to 
xti y 2 
370743 ES 


therefore its direction ratios are (3, 4, 5). 7 
Its direction cosines are (3k, 4k, 5k), | вкл а ОДАН 

where (3k)? -- (4KYF (5E) —1; 

or 50k*—1, 


0 that Қеж л 4 


» Tho direction cosines are + 5/2 (3, 4,5). ын х 
The equations of the line through the point (2,3, 4) and, 
" TON, 1 Lec oo 1 
having direction. cosines: “Бур (3, 4, 5) are 
E cs КУЫ. DAE о К! ү А 
(t -3]54/2 (774542: (5/54/21 FP сун (o 
^^ ‘The co-ordinates of the two points on tho line (i) at a distanco.. 
104/2 units are obtained by putting r= 3-102 in (i). T ore 
the desired co-ordinates are given by / 


3 4 5 
( Фуу 3+ ууу» 4-5! ) 
where r= +10 У2, ' 
Le, (2+6, 3+8, 44-10). $ 
» Therefore the points are (8, 11, 14) and (544, 245512); xi 
9'42. Equations of a Liue Through Two Given Poirits 
Let x, r, be the position vectors of the two given point Aa, Ag 


with reference to a point О as Origin of reference. Then ‘the line 
А; А, is parallelito the vector 71 ef) UG 
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5 > > 
Mon esso эй ALSO ӨД 
3 =r, T}: 


The vector equation of the line А,А; 


CY ФА 


| ni lote Fig.99. - п ° 
18 
r—r,t (ғ,-))- =(1 20 rgbir. 


Thus we find that the parametric vectorial equation of the lin 
through the points having pasition vectors x, and ra 


is 
| к-ті (ғ) | 


' Corollary, If the cartesian co-ordinates of ^ and А, һе 
Суу Уу 2) and (ras ys, Ze), 1 
then’ r= icy ја, k, pem tg арға к. 
Therefore the equation of the line А) A; is given Бу 
(0 rom=t (nor), 


ot^ (х—ху) 4 H(y— y) савд Мо) it0s—»2i 
Tana k], 


n 


so that ^. “ЭМ ЕС А, 
5 х-и у" Уг-Уулгї оэ), oo (2—3); 


Ёл ЗУЛ c : aA 


or 


x сз аса! 


le 10. | Find the equations of the line passing through 


Examp 
-the cpt iu d a ec Tals i ES io ANH does it.meet the 


yz-plane 
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Б ки ги, M iD 


"Since the x-co-ordinatc of every point lying on the yz-plane 
15.0, therefore y and z\co-ordinates of sucha point are obtained by 
putting x=0 in (i). lost wt 


or, AS , Z5 20 


2. The line meets the yz-plane іп the point ( 0, T 22] Қ 
EXERCISE 9 (4) 


1. Find the vector equation of the line passing through the point, 
whose position vector is 2i+3j—k, and parallel to the vector ' 
i—j+2k. y 

2. Find the vector equation of the liño passing through the point 
(1, —1, 2) and having direction ratios (2, 1,2)... 

3. Find the cartesian equation of the line passing through the 
point (— 1, 1, 1) and having direction ratios (1, 2,.—2). 

4. Find the vector equation of the line whose cartesian cquations 

are 
3-1 уі 212 
IS O, -4 
2 Find the cartesian equations of the Jine whose vector equation 
is А 4 


л 


к--21--31--1()-2. ^ 

6., Find the vector equation of the line passing through the points 
i—j+k and 2i -j —3k. 

7. Find the vector equations of the line passing through the points 

187:(2,1,3) and (—1, 2,.—5). 

8, Find the cartesian, equations of. the line passing through the 7 
points (2, - 1, —3) and (—3, 1, 4). | jet ті 

9. Find the equations of the line joining the: points (2-1, —1, 2) 
and (3, 1, 3). ; 

10 Find the cartesian equation of the Jine whose vector equation 
is 
r= (i—j+k)(1—1)-+ (23 —3j-- 4k). 
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9'43. Angle Between Two Lines ` 

Let r=r,+ th,, (1) 
i and r—r,-L-5b,, у (2). 
be the equations of two lines, where / and s are parameters. These 
straight lines are inthe directions determined by the vectors by and 
be. The angle 0 between these lines is defined (0 be the angle between 
the directions b, and by, 

Since bı . b,— | by |. | b, | cos 0, 
therefore 0 is given by 


a bi. by rl 
pU a ITI EC 
(bat the equations of the two lines are given in cartesian form as 
72% Rc, cJ (асы (4) 
а by OES 798 
and’; oi XIXe idm 252-064 10:30) 27, 845) 
ҮЛЭЭХ ad i-o ас ba. By), Lge todo. дейн ; 
so that ! 
ше) әз азай ы ok; 
bad, j Fek, 
wif (беп s 5 
bi. b, = aat bba + 6,6, 
тена] bi—Á/ (a 5, 4:65), 
b,— y (atb +c), 
во that 


ЖЕТ ON A : + сус, me 
ira 166989. Career wes T5 35 (6) 


If the equations of the lines are 


ішіне itaati ae 22i ӨВЧ) 
ES ХЭВТЭН m 4 e) 

HQ | WD 4 753657 e par 2 2а > : ! 
[A та n ’ r ; 25. 5 


where (ің, т) гапа (1, ть, na) аге direction cosines instead of 
direction ratios, then - 


Cac, mins f mgr eda]; 
and the formula (6) gives 
ОУ Án 
E | COs 0=А-Етут»-Ел» | А 
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Corollary. The lines (4) and (5) are perpendicular fo" each 
other if and only if ' | 
2,05 1- b1b3-- 01040. (9) 
Similarly, the lines (7) and (8) are perpendicular to each other 
if and only if 
ll + mmy тт 0. | (10) 
Remark. The lines (4) and (5) are parallel if and only if 
am by le. 
Tba la 
Equivalently, рі, lines (7) and (8) are parallel бапа only if. 


Example 11. Find the angle between the lines 
і r=i+s(2i—2j+k), 
опа r= 2j +1 2j—2k). 


Solution, The angle 0 between the given lines is the same as 
the angle between the vectors , 


a=2i—2j+k, b—i1- 3- e 
di cos'8—(a . b)/ |a |. | b]: Lei vwd) 
Now  a.b-2.14(—2).24-1 :(—2)5—4. 
al “VEFIR =, 
| b] «18-р 25-4(-2)--3. 
From (1), we have 
-4 


-4 ‘ ) 
cos 0— 88-07 t 


Hence the required angle is сов”! (55) 
Remark, The acute angle between the lines i$ cos"! ($) 


Example 12. Find the equations of the perpendicular drawn 
from: the ОЙН, 4, 1) to the line 
ELA. 3 1-6 


4, p 
and obtain the oss ulis of the foot of the perpendicular, 
(D.B.S.S.C.E., 1988) 
Solution. The co-ordinates of any point Q on 
Х45 yt3 2-6 6 A 0) 


E E 57910 
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ate (—5-Er5,—--4r.6—9r). - Q'is the foot of the perpendicular 
drawn from the point P(2, 4, —1) provided PQ is perpendicular to 
(1). Now the direction ratios of РО аге (—54-7—2, —3+4r—4, 
6—9r4- 1), 4 
he, (ETHE тар, Tr). 07 (2) 
“0: РО ів perpendicular to the line (1) provided 

Tet (-744):54(-14-40)-(-9)(7--91)--0, 
ог . 98-98-50, 
whence Dam—]. 

The co-ordinates of the foot of the perpendicular are 

t (+S+7, +3+-4r, 6—9r), 
where --—l Le, (-6,--17, 15). 
The equations of the line joining (2,4, —1) and E, 7, 15) 


are 2 
оо AN tu М 
8, dl 161 d 


Line (3) is the desired perpendicular from the point (2, 4, —1) 
on the line (1). 


9:44. Conditions for Two Lines to Intersect 


Given two distinct lines, we have the following possibilities : 

(a) the lines intersect, 

(5) the lines do not intersect but are parallel, 

(c) the lines do not intersect and do not lie in the same plane. 

It is often important to Кпоз/'аз to which ойе of the above 
Possibilities holds. (Note that for a pair of distinct lines exactly 
one of the above possibilities holds). 


2 Case (b) is straight-forward and case (с) will Бе taken up a 
little later. At the moment we are going to discuss case (а). Let 
the equations of two given lines be | 


х y 2~2, 


— =F -“(4) 
ГА m, n, í 
XA > У- Je 2—1» 


ho тә "end f au) 


Хө луу, j | n, tt 91 
Any point on (i) is thr, ttm, 2р). ° Also, any point . 


on (ii) is (х-и, yatma’, 2,4 mr"). The lines (i) and (ii) intersect 
if and only if there exists a value o? r and а value of r’ for which the 
Points othr, УЕ лиг, гіт) and Gath? уутыг, алу?) 
, Are the same, ie., if and only if the system of equations” 
But ЭУ рли x 
холл", 
_ Рг ты, 
ENE сүБт ын 
Are Consistent, : ! 


харин” 
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i e., if and only if the equations 


A ~ly Ns fort Xe xy 
3 
nm; —nma ке [Ж ері 
4 


т — 1% r 29-21 
are consistent. г; 
We shall illustrate the method by examples. 
Remarks 1. The lines (7) and (її) are parallel 8 and ae if 
Ay Ma gal; 
154 та т 
2. In cases (а) and (b) above, the lines ате coplanar. In case 
(с), the lines are non-coplanar. 
Example 13. Show that the linés қ 
жы PAB 245 pve 


апа spe orgs ate 


intersect. Find their point of intersection. 
Solution, Any point on the line 


xi) DT ын ЗҮЙ (apy) „(д 
is (—1+3r, —3+ 5r, Б H 
Also any point оп the line 
Х-2 аб y-4 ES, z—6 =r’ (say) (4): 


is (2477, 44-37", 64-58). 
The lines intersect if and only if 
—IHr3r—2-tr 7) 
—345r-443r $, wu (iii) 
—5+7r6+4+-5r' J : 
f or some values of r and 7". 
"Equations (iii) can be re-written, as 
3r=r' —3, i ; 
Sr—3r'2=7, Ы ) 420 
| 4 
Tr—5r' =11. J “| 
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Solving the first two of the above equations (iy), we have 
3 XE XM : 
rs r=- 27 Substituting these values of r and 7". in the third 
of the equations (iy), we find that they satisfy it.. Therefore the 
System of equations (iy) is consistent and ез» "-- 3 is а com- 


mon solution. The point of intersection is given by 
(—!-+3r, -3--5ғ, 715171) where r=}, 
1 ~3 


А | їр? 
ie, vide ! bars 1165) ет жау)! 

: Remark. We could as well ‘have’ found the point of inter- 
section by substituting A 
BES ог аларта 4 in (23-7 АЗИ, 6+5r’), пох 


945 Skew Lines. Shortest, Distance Between/Two Lines 


Two straight lines which do not intersectiand ‘are not parallel 
are said to be skew lines. Obviously, two skew lines are never copla- 


by two skew lines on the common perpendicular to both the lincs is 
called the shortest distance between the Піпев 000002 


ни 51 тың / оған 
a 
D 


(9 r 

LU 

| 

„ Q vi B : 
i) { 
2 Fig. 9°10. 
Mer two skew lines /, and /, bé parallel to non-zero vectors 

uan 


is the projection of AB ол the common rerpendicular. Since the 
Unit vector alonz the common perpendicular is given by 


Ху со г шы 
ТахуТ|> therefore the Projection of. AB on this vector is given by 
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uxv 
Ро ETD ахуй 
«=[а—Ь, ч; v]/ | ux vl... а 
Remark. If the equations of the lines J, and /; in cartesian 
form are 


x—X, у-у 2-2 
эр” сез » 


[А ті т 
and Ха Ууз А С 
n та Ng 
then a=xi+yj+2k, 
b=x,i+y2jt zk, 


u=hit+m j+nk 
vl m, jd mk, 
X07. Ууг-Уз 21—23 


[a— b, u, v]— 1, т, тола); 


1, та 
| ху | ГУ т-ти, 


and therefore the required shortest distance is 
XX ° Vis 21—23 
л LOU MS, 


l; т» т 


вх a 


Example 14. Show that the shortest distance'between the lines 


S.D.— 


хээ, 19d сэ айн oM SE ga 
25783 а 4. Y WE 
2 MIN 299 

Ён Fe 49-2 594 

22-24 З 

is MZ 


Solution. Неге a=i+2j+3k, © 
b=2i+4j+5k, 3 
АЕ аа et PEF zi SEDEF SHAKES 11104 лА..|.шоглдо2 
[AUREUS 16 v= aja Shey j по : 
_uXv=—i+2j—k, > 
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| аху | —4/(—1*-2*-(—0*)— V6, 
a—b--—i—2j—2k, 

[a—b u v]-(—i—2j—2k) . (—i4-2j—k)— —1. 
LA S.D.—[a— b а v]/ | ux v | =—1/ 6. ) 
Since S.D. has to be positive, therefore the required shortest 1 

distance 1/ Уб. 1 
Aliter. Неге (х,у, 21)--(1, 2, 3), (xe уз, 2-0, 4,5) 
(lis m, n)-Q, 3, 4), (ls, ma, n3)—(3, 4, 5). 


XXa 31—02 24-7; EXT -2 -2 


==>] (3.544) 0 ? 
(25-30 © 
+(—2) (2,4—3,3) 


У (mn,—m;n)'—6. 
рез ema AA, M 
| м6 16 

We shall now explain another method of finding the shortest | 
distance between two lines. It consists in choosing a point P on the | 
first line and a point Q on the second line such that PQ is perpendi- 
cular to both the lines. The additional merit of this method is that 
it also gives the points where the line of shortest distance meets the | 
-given lines, and consequently it enables us to find the equations of 
the line of shortest distance, COE : 


Example 15. Show that thc shortest distance between the lines и 
х-3 у-8 2—3 3 


" ; S.D. 


т ep I 
xg Z6 Е6. 
end 367337 380 


Solution. Any point Р on the first-line is (3--37,8—7, 3+7) 0 
and any point Q on the second: lineis (—3.—3r', —7-+-2r', 6+-4r’). 
The direction ratios of РО ате. | 2 

(=6 —3r —3r', —15 +r 32r, 3 —r+4r'). 
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Let us choose r and r’ so that РО is: perpendicular to both the 
lines, This requires that 

3 (—6—3r—3r')--(—1) (—15-4-r4-2r) +1-3—r+4r')=0, 
and —3(—6—3r—3r’)+2 (—15+r42r')-+4 (3—r+4r')=0. 

The above equations when simplified yield. 


I1r+7r'=0 
7r+29r'=0 
Solving these equations, y have r=r'=0, Therefore P and Q 
are the points (3, 8, 3) and (—3, —7, 6) respectively. 


PQ= {6+ 158-(-3))- V270 =3 30. 
The equations of PQ are 


-3 —8 z—6: 
3—(—3)8238— 0-90): 6-976 
х--3:5-у--8, fr 
or 2 65-55 fe 
EXERCISE 9 (e) 


1, Find the angle between the lines кмш Г i 
r= (Si +2k) F1 (2j —5k), 
and r=(i+j)+s (3i+4j). 
2. Find the angle between the lines 
r=(2i—j)+s (24-36), | 
and _ т=(34--КЮ)--/ (itj+k). 
3. Show that the lines 
r=i+s (i-j+k), 
and r=j+t (—i4+j+2k) 
are'perpendicular to each other. 
4, Find the angle between the lines 
х-1 у-2 2-3 


2 3 4 
4-2) у-3 2-3 айн i ba / 
and pre NATA RHET Hae 


5 Find the angle between the lines 
Xl 2 ped. 
TC: 


کے کے and‏ 
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Find: һе distance between їНе1їпє 1 


шав RES 
-1 31721-2) ( 
(t kHH y 2+3 
and By rime = Ma 
Are the lines coplanar ? 
Show that the lines 
4 ar АШ аз —3 { 
naa ы saa жу. Т 
х-2 -3 2—4 қ 
е чег 


intersect. 
Show that the lines | 


EEEE 
and х= a 1-3 
intersect, and find the point of i intersection. 
Show that the lines ё 
5-2... 11. 2 
. and car 52-6 => 


d шэн E ج‎ 


intersect, and find their point M intersection. 


Find the equations of the perpendicular drawn fromthe point 
(3, —1, 11) to йн line 
uu RT zum di 
Sica 141 
Find the length of the shortest алга between the lines 


i 27.77; 
хЫ уы cH 
J Жыры А T 


Also find its equations. ~ 06 i 


Find the co-ordinates of the points. where the line и shortest 
distance between the lines») se od stg 


х=. „ызы 514 
5-9 шыты E] 


Te в 


meets them. $ 
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13. Find the niagnitude and equations of the line of shortest dis- 
tance between the lines ; 


х-1 ytl 242 


1 3 2 
ba ae dam - 2-2 5 
and TEIG TN os 


14. Find the length and equations of the line ‘of shortest distance 
betwcen the lines 


xl y-1 Ze А 
US T RES OMS 
ХЕЗ р 15422559: 
авд 2 7 nuts 


15. Find the magnitude and the equations of the line of shortest 
distance between the lines обе 


х-8 у-9 210 : 


3 16 a 
х-15 у-29 ELI. 
and ER pe 


Also find the co-ordinates of the points where the, line of 
shortest distance meets the given lines. | 4 2% 


9:5, THE PLANE да d 
We shall now. study planes, |. We shall. first of all. detexmine 


the vector equation of a plane іп "different forms and ‘translate the 
same into cartesian form. We shall also find the angle between two 
planes, the angle between a line and a plane, and the length of the 
perpendicular froma} given point on a plane: We shall study the 
family of planes passing through the line of intersection of two 
planes. › 
9:5]. Equation of a Plane in Terms of its Distance From the 
Origin and Normal to a given Direction 


шо 


Let n be the “unit vector | 
normal to a given plane, and let p 
be the length of the. perpendicular 
from the origin of reference to the 
plane. We shall always consider 


p to be positive. 


Draw OL perpendicular 10: 


the plane, L being the foot of the = х / 

perpendicular. Since n is the unit NEU 

vector normal to the ‘plane, and p wi 
{isthe length of: the perpendicular 24 


from O on the plane, therefore 
Fig. 911. 
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Ss 

OL=pn, q 
Let P be any point on the plane and let r be the position vector of | 
P, so that 

5 

OP=r, 


Now LP lies in the plane and m is normal to the plane. 


cS 
Therefore LP. n=0, 


-> /-> 
ie. 5 OP—OL.n=0, 
or (с-рв). n=0, 


9rr.n—pmn.n-p,sincenisa unit vector, Thus we tind that the 
equation } 
е St НЩ 


r.n—p (A) 


ES ENN ыры жа OR Гар 
is satisfied by the position Vector of every point on the plane. 


: Also, conversely, any point Р whose position vector r satisfies. 
(A), is a point on the plane. : 


Thus x. n =p is the vector equation of the plane, where nis 
the unit vector normal to the plane, and pis the length of the per- 


ant vite Maite SV (09-20) ; (Н тўрт) р, 
VG AG. faits ini ix 


„1 Х+туфлг=р. (В) 


Кл өзебтені dug 


жар; : : З f } 
which is the cartesian equation of a plane, where (1, т, п) are the 
| direction cosines of the normal to, the plane, and p is the length of 
the perpendicular from the origin to the plane. 


Corollaries 1. The equation r а= represents a plane even: 


When n is not a unit vector. For, in thats case г, n=g сап bere- 
written ав at 


21227245) 
"Таг Тат 
ог i r. m=p, j E 


where m —n/ |n | is a unit vector, and p=g/ | n. 


Now (i) represents a plane such that mis a unit vector normal 
to the plane and pis the length of the perpendiculár from the origin 
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onthe plane. Thus we find thatr.nm=q represents а plane. such 
that- is а vector normal to the plane and 4| | n | isthe length of the 
perpendicular from the origin on the plane. 3 

2. Thecquation ax--by--ez4d-d—0 represents a plane such 
that (a, b, c) are the direction ratios of the normal to the plane and 
Ат ара om 
у (2? -b* P c?) 
the plane. 


is the length of the perpendicular from the origin on 


This-can be seen by re-writing the equation in the form 
(ai-- bj+ck) , (i 4- yj zk) = —d. 
9.52. Equation of a Plane Containing a given Point A with 
Position Vector ху and normal to given Vector n. 
Let r be the position vector of any roint P on the plane. 
LM 100003, үзэм! 


AP-—OP--OA-—r—r;. а 


> 

Since AP lies in the plane 
and m is normal to the. plane, 
therefore 

(r—-r).n-20 4 

Thus we find that the уесіо- 
rial equation of the plane containing 
the point ху апа normal to the vector 
n is 1 { » есуй, 


(=r). а=0 ДА) п 2 


Fig. 9:12. 


If (a, b, c) be the direction, ratios of n and the cartesian с0- 
ordinates of the point A be (x1, Уу, 21), then 


+= x +p +k, 
y 92 түзді у}, [ t 
п = а-к, " 
so that (кт). л=[(х—х,)#-Е(у—у03+(@—2)К). [ei 60) cl 
; = a(x) Аут yd e — 2) , 
(A) can therefore be re-written as 


a’x—x,) +51. o ДЫ 21:40 (В) 
2222-2841 oct gq-qA.— 22 


(B) represents a plane passing through the point (ху, ул, 21) and 
normal to the line having direction-ratios (а, b, с). 
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953, Equation of the Plane Through two given Points A, B 
HE Position Vectors r, r, and parallel to а given 
ector d 4 


р — 

Since the points A, B lie in the plane, therefore the vector AB 

is parallel to the plane, i.e., rg—x; is parallel to the plane. Тһе 

vectors ға--гі and d being both parallel to the plane, (r,—r,)xd is 

normal to the plane. We have to find the equation of the plane 

containing the point with position vector r, and normal to the vector 
(7—1) ха. As in 952 аһоуе, the equation of the plane is 


е) Ho, r)xa]-0 (A) 


Corollary. To find the cartesian equation of the plane passing 
through the points ( Ху, У» 2) айф (ху, Ус, 2.) and parallel to a line 
having direction ratios (а, b, с), we have to substitute 


кезігуі ігі, 
Fı Xi Py 9-6, 
r= ,و2 زور‎ 
d=ai+bj+ck, 

in (A). | 

Now, rr a(x yi (z—z)k, 
ка—тү=(х,— i+ a —))j-- (2, —z))k- 
Ж [r—ri, r; —r,, d]=0, 
کم‎ PHM. 2-4 
or. S 2 T Ха-Хі Уа-Уі 2-2 1-0, (В) 
Ораш а b iow | 


which is the required equation. 


9:54. Equation of the plane Through Three Points А,В,С 
with Position Vectors хү, ка, Ку. 
“Жаға, 28, ре” Yhreb points With positi 
А » В, points with position vect 
ау and letr be the. position vector of any point P in the 
E es h , ч 22 Э 
The vectors AP, BP, CP are coplanar, and therefore 
= چ‎ >! : 
ТАР, BP, СР]=0. 
NIS RiGee Te чи > ^ 
! AP=x—-r, BP=r—r,, СР=к—гу. i 
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> > > 
кз [АР, ВР, СР]=0 
[r—r, r—r, r= 13] =0; (А) 
which is the required equation. ё 


Corollary. То find the cartesian equation of the plane 
passing through the points Оз, yi zi), (ха, Уа, 23), (Ха Уз» Zz) че 
have to substitute 


r= xit+jj+zk. 
тух уулаа, 
r7 زور قود‎ zik 
ra= X4 y واو‎ 
in (A). 

Now r—r-0o-—xu)idt-»tG-2z9k, 
r—r3-(x-x,)Àt(—y9--(2—22k, 
r—ry=(x—Xpit(y—yajt (G—z, k. 

[r-z, r—r; r—r;]—0 
xe Зуу ze |? 
<> х--Х, Va 2-2 


=0, (В) 
x—Xg У--У 2—2% 


which is the required equation of the plane through the points 
(ха, уз» 2), (ха, Уә» Za)» (a, Ув Za). i s 
Example 16. Find the ratio in which the plane х--2у--32--17 
divides the line joining. the points ( —2, 4, 7) and (3, —5, 8). Also 
obtain the co-ordinates of the point of intersection. 
і (А.1.8.8.С.Е. 1988) 


Solution, Let us name the points (—2, 4, 7) and. (3. —5, 8) 
as P and Q respectively, and the plane x—2y+3z=17 аз 8. Suppose 
that the join of P and Q meets S in the point R, and that R divides 
РО inthe ratiok: 1. | 5 

The co-ordinates of R are я 

3k-2 —Sk+4 84-7 


ict pipe sper ur 2 530 с чиш >) 
R lics on S provided E ) 3 
“kD , —5К+4 Bk... 
Tu О cc Ta EL 


or (3k—2)— 2054-4): 3 8k 4-7) -17 (K+) 0, 
or 20k—6=0, if 
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3 
so that k= io” 


The required гайо--3: 10. 


The co-ordinates of the point of intersection are obtained by | 


putting кеі іп (1). Putting к= їп (1) we get the co-ordi- | 
н 
3137913100 03177 
Example 17. Find the equation of the plane through the points 
(—2, —2, 2), (1, 1, 1), ап (6—12): = л 
Solution. The equation of any. plane through the point 
(—2, —2, 2) is 


nates of R as ( 


„А (x+2)+B (y+2)-+C (2—2)=0. wl) 

It passes through the points (1, 1, 1) and (1, —!, 2) provided 
à ЗА--38--С--0, . (2) 
3A+B =й, 443) 


Eliminating A, B, C from equations (1), (2) and (3, we have 
HED 2yr2 2-1. 


3 3 =1 1-0, ЕС) 
лоч Aian оа ло нойр 
as the desired equation. i 
‚ Ву expanding the determinant on the left band side of (4), we 
сал re-write (4) as” 4 ku dbi OF oigo ў 
: 1 х—3Зу—62+8=0. 
EXERCISE 9 (/) 


21. Write’ the vectorial equation’ of the plane having j a8 the unit 


vector normal to it, and at a distance 2 units. from the origin 


* of reference. 


2. А plane is normal to the vector i+2j—2k. If its distance 
from the origin be 5 units, find its vectorial equation. 


13. A plane is normal to the vector 21—328, Ifits equation is E 


х. Qi—j--2k)—6, find its distance from the origin. | 
4. Find the equation to the plane through (1,2. 3 

Dee саарын pl iroug 4 » 2, 3) parallel to the 
5. Find the equation of the plane which is at distance 3 units 


from the origin and has (— 1, 2, 2) as the directi 5 
normal to it. en 2 S the direction ratios ofa 
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6. Find the equation of the plane passing through the points with 
position vectors 3i and 2j ond having }—К as a normal to it. 
7. Find the equation of the plane passing through the points 
(1; 0; 1), (|, 1, 0) and (0, 1, 1): 
$. Find the vectorial equation of the plane passing through the 
points with position vectors i—j and j+k, and parallel to the 
vectori—k. Find the cartesian equation also. 
9. Find the equation of the plane through the points 
A (7, 0, 6), В (3, 4, 2), and С (2, 2, —D. 
10. Find the equation to the plane through the points 
(—7, —3, —5), (1, 21, 1) and (1, 1, 1). 4 1 
11. Find the equation to the plane through the points (2, 3, 1) and 
(4, — 5, 3), and parallel to the x-axis. | 
12. Find the equation to,the plane through the points 
(0, —1, 0), (2, 1, —1) and (1, 1, 1). 
13. Show that the four points (0, —1, 0), (2,1, —1), (1,1,1) and 
(3, 3, 0) are coplanar. 
9'55, Angle Between two Planes 
The angle between» two given planes is .equal.to;the angle 
between the vectors normal to the planes. 
Suppose that the equations of two planes are 
ring, And rong, 7 -“(1) 
where n; and n, are vectors normal to the two planes. The angle 0 
between the planes is given by: 


Be dila Lob tO AES са тт 
ЕТ. "a 5 


mn 
cos NT ^ (A) 


nae n 
If the equations are given in cartesian form, we can find the 
angle between them as follows : 
Let the equations of two planes be 
S,=axt+bhy+oz+d,=0, 0) 
Sax by cuz di 0. (3) 
The direction ratios of tlie normals to S, and S, are (a;, by с) 
and (аз, b, сз) respectively. Therefore the angle between the plancs 
is given by эп с юй УІ nt 71% 4 xd Х 
T] 
m а bibe se; | ep i 
cos = арра еа) Verba) 0) 


1 
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© 7 Example 18... Find the equation of the plane through the points 
(2,2, 1) and 9, 3, 6); and perpendicular to the plane 2х--6 У--62--0: 
i (4.1.$.5.С.Е., 1984) 


Solution. Since the required plane is perpendicular to the 
plane 2х--6у--62--9, therefore it is parallel to the line having direc- | 
tion ratios (2, 6, 6), i e., it is parallel to the vector 2i4-6j + 6k. 


Since the points with position vectors 2i--2j--k and 9i 1-3j 4- 6k 4 
lie їп the plane, the vector (2i+-2j+-k)—(9i-+ 3j+ 61x) is parallel to | 
the plane, 7.6., the vector —7i—j—5k is parallel to the plane. We _ 
have to find the equation of the plane Passing. through the point | 
with position. vector 2i 42j lk, and parallel to the vectors 21--6)4-6К” 
and —7i—j—5k. The Tequired equation is : 

Ix — Qi -2j-F-k) 21+ 6j+6k -174--1-541-0, 
ie. х-22.у-2 zl 
NCA Mat паче 6140: 
-7 =l curo. 
or (x—2) (—24)—(y—2) (32)+-(z=1) (40)=0, 
or 3x+4y—5z—9=0, | қ 
- Alter! Phe equation of any plane through the point (2, 2, 1) A 


А (х--2)4-В(у-2)--С (--1)--0, EU 
(1) passes through:the.point (9, 3, 6) provided : 

V UNO 1 A (9—2)4-B (3+2)+C (6—1)=0, " 

des 7А--В4-5С--0, 40) 7 

Also, the plane (1) is perpendicular to the plane 1 

2х--буч-6т--9 provided 3 

2А--6В--6С--0. --(3) 00 

Eliminating A, B;-C from (1), (2), and (3) we have 

Бош ii eae seek ілуі эш. 


7 фла 5 
5 2 6 6 1-0, 
(Bead лэ oid nos Эх 43 SES, 
"956. Angle Between a Line aud a Plane E 
Let r=r,+1h;, жс, 0) 
be the vector equation of a line,and let 


ta RRS c. Ч 2 42) 
be the vector equation of a plane. : : 
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The angle between (1) and (2) is the complement. of. the angle 
between the direction vector b of the given line and the normal 
жш n of the given plane. 1f 6 be the angle between (1) and (2), 
then 
: ; № n.b 
cos (1/2 9-ТАГТЬЫГ alibi" 
or 1 

аза ы суа :‏ ن 
i n.b 48 d‏ 
sin Od Le | УА)‏ 
А қ‏ 


If the equations of the line be 


and that of the plane be e 
ax+by+ez+d=0, EO 
then b=li+mj+nk, 


n=ai-+bj+ck; 


so that form (A) we get 


ГЕУ FUP ye doc, DNE eee 
Corollary. 16 the line (3) is parallel to the plane (4), 
then 0-0, and consequently (B) gives : 
al+bm+en=0. 
Thus we'coticlude that if the line 
ис eas тї 
БУЛА; = ИЙ п 
is parallel to the plane 
| ax+by-+eztd=0, Ta NU 
then 7 ‘altbm+cn=0. 000 Ч 
Example 19. Find.the equation-of thé-plané containing the line 
NEL ж IBN учы 
А агу F, —2 
and the point (0, 6, 0). E (don 
d Е зои she “equation ӨР апу ^'plané through’ thé point. 
, 6, 0) is eae n 
SS Ах+В(у—6)+С2==0+ =" -“(1) 
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af (I) contains the Tine 4 
3ے 2ھ‎ шга, “(2) 


it must pass through the point (—2, —3, 4) and must be parallel 
to the line (2). 3 


Since (1) must pass through the point (—2, —3, 4), 


therefore A(—2)+B(—9)+-C(4)=0, 
4, 2A +9В 4+ 4C=0 43) 
Also (1) is parallel to the line (2) provided 
2A T3B --2С--0. : 49) 
Eliminating А, В, С from (1), (3) and (4), we have 
х y—6 2 
2 9 -4 =0, 
2 3 -2 
ог Җ9(—2)—(—4).3}—(у—6)[2(—2)—(—4).2] 
--2(2.3--2.9)--0, 
or i 3x+-2y+6z—12=0. 


Example 20. Find the angle between the planes 2x—y+-z=6 
dnd. х-Гу- 22-27, 5 bea Neem Ag 


Solution. The direction tatios of the normals to the two 


‘planes are given Бу (2, —1, 1) and (1, 1, 2). The angle 0 between the 
planes is given by 


ded 2.4- (7D 14:12 
VZ FOS FIV [4:22 Й 
1 
m 1 
жк 0—n/3. 
Thus the planes are inclined to each other at an angle x/3, 


9577. Distance of a Point From а Plane, 


Let r, be the position vector of a given point A and 
r.n=q 


id 
the equation of the given plane, Th { : "n 
A, normal to the plane is Plane, The equation of the line through 


г=г + (2) 
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Fig.9:13. 


For the point of intersection of (1) and (2), ¢ is obtained by 
‘solving (1) and (2) together. Substituting the value of х from (2) in 
01), we have 


(r,-tn).n—q, 
or r,.nd-/n.n—4, 
1 ou ДХ шал ы * 
50 that pue redd NOS 


From (2) and (3) we find that the position vector of L, the 
foot of the perpendicular from A on the given plane, is given by 


rar +4 in 3 | 44) 
-- 
% AL= |. AL | 
шар | к-ті | 
ыта | 


ств mm. ізі 
ism. nal, 
[а | 


Thus we find that гле length of the perpedicular from the point 
ті on the plane т. n=q is given by : 


S -«А) 


544: А TEXT-BOOK OF MATHEMATICS 


If the equation of the plane be given in cartesian form as 
ах--бу--сг--4--0, ENG 
and the co-ordinates of the point A be (ху, у, 21), then rewritin g (5) 
as \ 
(xit-yj+zk). (Gi+-bj+ck)=—d, 
we find that 
n—ai--bj4-ck, q— —d. 
` Also, r, =x ty, j +2. 
Substitutin these values in (A), we have 
je | d—ax,—by,—cz, | 
-Гагч-5)4-01 5 


he, _ Гах Ву d ez +4 | 
A e e N i A атаса 88) 


Myr ad 


Example 21. Find the length and the foot of the perpendicular 
from the point (7, 14, 5) to the plane 2x+-4y~z=2. РР 
! (A.I.S.S.C.E., 1987) 
.. Solution. The equations of the line through (7, 14, 5) 
perpendicular to the plane. 


20) D. 10627. 92554» —27—2 - 0) 
; al ate —— (say) (ш) 


Any point P on (її) is (2r-+7, 4r4-14, —r+5). -P is the foot of the 
perpendicular from the given point on (i) provided the co-ordinates. 
of P satisfy (2). 
2(2r-+7)+4(4r-+ 14)—(—r $5) =2) 
ог 21г=—63, ` z 
so that r=—3, t 
Substituting r=—3 in (2r-7, 4r--14, --14-5) we find that the 
co-ordinates of the foot of the perpendicular are (1,2, 8). Also, the 
length of the perpendicular, р, is €quakto thes distance between the 
points (7, 14, 5) and (1, 2, 8). 
ў рР=/{(1—1)#%-(14—2)°-1-(5—8)°} 
WHOA УКСА, л -Ұ189-3У21 к кые қ 
Verification. Using formula(B),'we haves < . EE 
Ей 17.2--14.4--5(-1)--21 || 
А); Р SOE 
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958. Family of Planes Passing Through the Tine ‘ef Inter- 
section of Two Planes zÈ : 


Suppose we are given а pair of intersecting planes whose 
‘equations are ) ! ! is sd T 
Sir. n,—4,—0,. 2i 00 bas ti) ju HD 220) 
S,—r .n,—4,—0. § 2207) 
Let r, be any point on the line of intersection of (i) and (ii). 


Since r; satisfies (i) and (ii), therefore - 


Ti. m—4,—0, and r, . n,—4,—0 (iti) 
Consider the equation Tult 0% 
P(r .mi—q)--( , aq) =0 HO) 


For all values of p and 4, (iv) represents а plane. Also, because 
of (iii), we have . үч ї 


Р (хү.лы-01-Еб(їү. 1,—4,—0, 11 " 95 
‘showing that (іу) passes through r, which is a point’ оп the line of 
intersection of the planes (i) and (ii), Ч ien í 

The equation Р51--45,--0 represents the family of all planes 
Passing through the line of intersection of the planes S,—0 and: S40. 
It.appears:; as sifi two independent. parameters p and q are involved 
here. But this is not the case. Observe that p and g cannot be both 
zero. If we impose one condition (other than that o ;passing-through 
the line of intersection of 8,-0 and $,—0) such ав рг Ssing through 
4, given point, or being perpendicular to а given plane, then the 
Tatio p : g can be determined, which is exactly what we require. 

It may Бе noted that 5,--А5,--0 represents” the family of all 
planes other than Ss—0 that pass through the line ог intersection 
of S,=0 and S,—0. Similarly “S.+k'S,=0 fepresents the family 
of all planes other tban.S;—0 that pass through the line of intersec- 
tion of $,—0 and §$,=0,.. 2 o4 


Remark. If the equation of the planes are given in cartesian 
co-ordinates as 1 x : 


8, ax bye zd, =0, 
S,asx-E buy с,2 4-4, -0, 4 зани 
the above discussion -holds with -obviocs ‘modifications and the 


equation pS, + 4S,—0 represents the family of all planes passing 
through the line of intersection of the plane j 


Mu a M -8:--0 and 8,--0, | ; 
"a; үхэр 7, Find the equation’ of the plane passing through 
the intersection of the planes 2х+3у+4:—5<0 and E 
and passing through the point (3, —2, 1). HG К ( 
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әгі Solutio. Тһе equations of the given арасы, { 
2х+3у+4:— —520,..." E cdi) 
xuyta-le0.. . (ш) 
"The equation of any plane [except (ii)] througin theo linenof 
(intersection of (i) and (її) is 

(243у14:-5)-Цх-932- 5)-0. -. (iii) 

X6 if) passesithrough е; point(3, —2, 1), then, , 

[3.24-3(—2)4-4.1—5] C k[3— (72) 1 — 1170, 


or. —1+5k=0,,, 

so that k=1/5. 

4 Putting k=1/5 їп (iii), we have 
SHAS 2A (2х--3у:54:-9) 436 —y+z—1)=0, 
or 11х-++14у+212— —26=0, 


as the required equation. 
Example 23,. Find the, dodo of 4: plane which contains the 
ше of intersection of the planes... i 
x-E2v-32—4—0 and, arty 5 0. 
“and whic is pit pasion tothe: plane 


Ре БӘЙ ЕВ Ед; 75^ ADBSSCE 1987) 
Solution’ THe equations of theigiven planes.are is 
d х ay 432-450, j aD 
Jue age ti) 
ff 1 
ыг. The equat le da 2. 2073 plane. except (ii) through the line of 
бн Olmo) рийг уулт ХИ * (iii) 
or^ (14:26) HFE у+@—Ю#—4+3К=0,. 449) 
Tf (iv) is терден to И ева 
"then 


504:204:30:49- 66- -9-0, 
ог к=7/19. Ч 

танив к= 7/19 in (їй, we Have 
Soa os Еа ТАШ EE ili 
or 33х4-45у4-502-41-0, | \ 
‘as the required equation. | 


Find the equations of the plane 
the ling of mle М роп ca the planes т. Қ gy ah Me 


Qy 


Же thé püint a. 


ting att 
. ving Э Азу oc 
i MEA 
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;sSoblitiom. Lét or: mjg andr. п,=ф 0050207 248) 

Be thé equations of two planes. ? 
„Тһе equation ans o Rat 

Gig = Ф)--(в , ng 9:)—0 >“ 

represents a plane passing through the line of intérséction of the 


given planes, whatever the value of k may Бег. Ене plane: (2) passes 
through the point a provided 


(а. а, —41) -k(a . п„—4,)=0; 
or =—(a.n,—q;)/(a. н): р ! (3) 
Substituting the value of k in (2), we find that the required 
equation is 


(x .m,—4))—l(a . n—41)/(a - в—93)], (r2;—4,)]—0, 
ог (r. п;—4)(а . ю„—4,)—(а.п,—4,)(т.ю,—4„)=0. 
| EXERCISE 9 (8): | ЖҮ 
1. Find the angle between the planes 
3x+4y—5z=9 and 2x-F6y t 62—7. 
2. нм the angle between the planes лг (4r and” r. (j+k) 


3. Find tee,angle between.the line DOMUS and the plane 
2x+3y+4z—18=0. 


4, Find the length of the perpendicular drawn from, fe origin, to 
the plane 6x—3y+-22= 


5. Find the distance between the parallel planes 2x —2y4-z- 1—0 
and 4х--4у:-22--3--0. 


6. Find the equation of the plane’ passing through” the line of 
intersection: of the; planes: 2x—y=0 and.32—y —0,. and per- 
pendicular t» the plane 4х--5у--32--8. - (4.1.5:5.6. E 1985) 


7. Find the equation of the plane passing through the origin айй 
the line of intersectioa. of the. plannes мад 
PA ages ct and x—y+243= 01 (4.1.8.8.С Е., 1987) 
8. Find the. equation of the plane passing. through the inter- 


section of the planes. 2x4 у--22--9, Ах—5у—42==1‚ and the 
point (3, 2, 1). 


intersection of the planes. x-+yt2=6 
and perpendicular to the plane 4x--5y—32— $19d qa эл! 


9... Find. the. equation, of the plane. ape roi Vid d dd 
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10... Find the equations, of.the plane passing through ‘the: пе of 
intersection of the planes х--3ул-6--0, 3x—y—4z—0 апа 
whose perpendicular distance from the origin is unity. 


11. Find the equation of the plane through the intersection of the 


20710277 lq-8 » 


1 Ta a. к 
lies in the plane x+2y+3z—6=0, | 
13, Show that the line х 
Mapa sh t BRE js 
—,.—-(-*2)» = (2-3) 
exin 3. № "ok 4 Y X V 
lies in the plane. 2655 
2 242-2430.” П" 
14. Show that the equation’ ‘of the "plane parallel to the join of 
(3, 2, —5) and (0, —4, —11) and passing through the points 
(—2, 1, —3) and (4, 3, 3) is 4x--3y—52--10. : 
15. Find the equation of the plane through the points (1, 0, —1), 
62119522) and parallelto the line, 222222. ! 
Х-1 у-І 2-2 
| Ad 
716/5 Find the equation of the plane coritaining the line 
2x—5y--22—6, 2x4-3y—z— 5 
m. and parallel to the line х----у/б--2/7. 
17. Find the equation of the plane through the line of intersection 
ofthe planes r.n,=1,x. n=] and perpendicular to the 
plané ж вро oi! 27 x SDH! 
18. Find the Plane which passes through the point’ a and is per- 
Jo op pendicular toithe two planesir . m=9,, ХУ... ny= Go { 
19; “Find'the equation of the plane which»passes through the points 
^. a and'b, and is perpendicular to the plane meg. oa 
/9'6. 'THE SPHERE > atk i4 
2 Sphere has attracted the mathematicians since’ anciéfit times 
because the earth is nearly spherical. The héavenly bodies— the sun 
and the moon, are also spherical. Because of its symmetrical shape, 
е sphere has а lot of applications in our lives. In the present 
‘Section we shall study the equation of a sphere. ! 
quA Sphere is the locus of a point which moves so that its 
(distance from a fixed point is constant; The fixed point is called 
the centre of the sphere and the fixed distance is called the" radius of 
the sphere, БД ана! ze OFM ЭМГ ӨГ ЭВШ « |94 bns. 
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961.-. The Standard Form.ofthe Equation of a Spher&, 1# 


Let the centre of a sphere be af the origin of reference, and 
let its radius be а. Let p be any Am on thesphere. If r be the 


Posimo vector of. P, then: 5 15 
OP=a, ¥9d Эр 
- [х | --ал! £ ї 


\Therefote the vectorial equation of а here whose centre iy at 
the origin and radius is a is 


` Fig. 9:14. 


ж ind me 


To obtain the equation of {the 26 іп cartesian form, we 
"observe that if P be the point (x, y, z), then 


OP- V ((x—0)*-+(y=0)*+-(z—0))} — J/ (xt 4- 2-123), 
50 that the e required equation is 
муна, 
ог LHH: 
Therefore the cartesian equation of a sphere with centre at the 
ий and radius а is 


22 Hypa, big 
Example’ 25. Find the cartesian equatio: 1 of, the phere whose 
centre is at the origin and radius is 3 units. ) 

Solution. The equation of the sphere is 
: У(а-0)--(у- Oy He 0)9- 3, 
ог! xtpytbzing os 


a 2 
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962. Equation ofthe Sphere whose Centre-and Radius are 
1 Given А 4 * : ; 

Leta be the radius, and “С Бе the 
centre of a sphere, Let the position vector 
of C be c. 

Ifr be the position vector of any 
point P. on the sphere, then 

-» -> 


ОС--с, OP=r. 
> => -> 
Now OP=OC+CP. 


> > > 
so that СР--ОР-ОС-х--с, 
Since CP=a for every point on the 
sphere, therefore we have 
|ж-с| =a. ЭЭ Ч 


"MO 
Fig. 9:15. 
Thus the vectorial cquation of the sphere with centre C and | 


radius a is 


1 
к-с| =a 


(А) 


To obtain the cartesian equation of the sphere we observe that if the | 
cartesian co-ordinates of C be ( f, g, h), 


then 
r—3xi4-yj--zk, 
c=fitgj-thk 
so that r—e=(x—f) it(y—g)j+(2—h) k. 
“ Substituting’ the’ above “expression for жс in (А) We һауе 
eDOCS Kk) =a | . 
ا ی‎ at TR ed ЦЭЭЖ bd ЧА 5 


оғ 


er (=f (ys)? Hehe DE $ Гв) 
radius а. 


Remark. We could have obtained (B)directly with using 
(А). In fact, by the formula for the distance between. two points, 


as the desired equation of the. sphere ‚with „centre (f,.g;) and 


© иас, 
= Memo ЛЭ йз oos 
ЕР UG TIPO 267 He avcenentulon 


Example 26. Find the vectorial equation. of йе. dept 
сетте 2i —3j4- 4k and radius 5 units. 5 mar hears 2 
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5*Solntien.. Неге €—2i—3j--4k, ars. iT “ын 
Therefore the equation is at brie 
| r—(2i—3j+4k) | =5. 20109) 


The cartesian form óf (1) is ( bo Seedy 
Vix 2) (pH -(z— 43 —5, їр: TO 
ог (x—2)?-+-(y+3)?-+(z—4)?=25, hay ЕЧ 
ог хөмруйлайн, nck бөн iiit АИ? 
9'63. The Gereral Equation of a Sphere. y | 
"The cartesian equation of the sphere ээнд contre i is (7 8% т 


and radius 18:48: (177 dubu 
(f+ — g) +z- h= a, Н stunts 
or x8+y?+2"—2fx—2ey—2h2+ f tg thao. “() 
Equation (1) has the following special features : 
(i) It is of the second degree in х, у, 2. SUP 


(i) Тһе co-efficients of 22, y*, z* are equal. 
(iii) The terms containing yz, zx and xy are absent. 
The equation of every'sphere bas the above- properties... 
Conversely, every equation having the above properties 
represents a sphere. 
“Тһе general саранд with the above propertics can be written 
as sH 
хуч иту Они der (ts „х 7) 
Equation (2) may be те-хуцер,ав. ¢ 
Gori н) tlt ary тэл үнэлэн) 
зай yt w!- d 
or сене QE). G- Ew) mi Ld, 
showing that the distance of the point (х,у, 2) from the fixed point 
(иу —v, —w) is йа wd). The loeus of (x, у, 2) is, theres 
fore, a sphere whose centye is the, point. (=H, mW, тт) .and whose 
radivs 18 4/ (19 Fw — d). 
Thus, the equation 
x+y 28+ Dux-+2vy-+2w2-+d=0 
ғаргезетіз al sphere Whose ‘centre "is the point (—u, —v, —w) and. 
radius is А/ (иї--у%--м%—4). 
Rule. Ifthe equation of a sphere be 
х2--У--2"-- их Super dt 
the co: sbrdinates of ithe: centre 
= (—4 co-eff. of x, —$ со-ей. огу, A Coeff ‘of 2), 4 


radius= ¥{(} co-eff. of x)*4- (4 co-eff of y)?+( co-eff. оғ” 
—constant Т). 


T 
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Remarks 1. The general’ ie өгч a "piget Чп Vector 
form is 
r?—2r.c+k=0, 
where c is a given vector, and k is a given scalar: 


2. For penton (2) to тергей а sphére we must have 
u+y*+w8--d>0 


Example 27. Find Be sadi and bidon uai of the centre 
of the sphere whose equation is) -33 iussi эд 


Заа 63 12946242220... қ (4. 15.5. С.Е, 1984) 


Solution, Dividing the gs equation throughout by 53, we 
can write it as A 


о. XU р‏ و ار 
Comparing (1) with‏ 
xy Tai py рэн ТЭХ, 0 А :‏ 


we have ee eee а 252; oe 7 


ог ledit: c ›=—2, w=], 1-2 Ё 
Hence the centre of the sphere is the point (—u, —v, —w), 
“he. (1, 2, —1), and the radius of the sphere 

m'y (и руи), c 


EVI CDH}, т | 
нм i Yt od BB st Yo soni зе ныяз i fe 


inima. "The given sinit ad Be'wiittea'as omi 2 
Sy 2+22 Pug, EC n 


or c dari t d= 4FI, 
or FD O ARDE 
Therefole the centre is (1, 2, ie nd айсан із д) зе, 


4/3. bane tr N an 
Хи: ННИНЭсох2-7 ч 
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Example 28:7: Find the equation of the sphere concentric with 
AOT ар ы ы 0 уу у чаша 
but of double the radius. (D B.S.S.C.E., 1986) 
Solution. The equation à : 
Х%+)#41-44—2х—4у—62—11=0 
*can be written as : 
(x—1)*-- y—2Y + (z—3)!—25, 52 
so that the centre of the given sphere is the point (1,2, 3) and its 
radius is 5 units.” We are required to find the equation of the sphere 
whose centre is (1, 2, 3) and whose radius is 10 (=twice of 5) units. 
The required equation is 
(x— D?-- (y —2)--(z—3)1—10, 
ог xy" 22—2x—4y—6z--86=0, 5 M ound 
9 64. The Equation of the'Sphere when the: Position Vectors 


(or co-ordinates) of the Extremities of a Diameter are 
Given 
Let a and b be the position vectors of the extremities А and B 
of a diameter ot a sphere and let P be any point on the sphere. 
If the position vector of P with respect to O аз the ‘origin of 
reference be ғ, then ? E эх З : 
-» -» - 
ОА —a, ОВ=Ь, OP=r, 
80 that ` Д 1 
> > > 


АР--ОР--ОА--к--а, A (a) 


А 
( A 


Os + 
548 


Асте өдісі 


ВР--ОР-ОВ-х-Ь. 


Since A:and В are the: extremities 
of a diameter, and P isa. point оп: the 
sphere, therefore 

ZAPB is a right angle, so that 


> мэ TR 
(© AP. BP=0, 
ог { ; (r—a). (r—b)=0, 
is the required equation. 1 А то 
Thus, the vectorial equation of the sphere with a and b as the . 
position vectors of the extremities o. а diameter is i ч 


% e 


(ста), (ғ-<Һ)-0” 62% (А) 
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QURE ? MONS TR EE 
21) she —— the. bete ters genus we e 
substitute 
? 159.6 a=x,i+y,j+2k, 
b=x,i+y,jt+zk, 
r=xi+-yj+zk, 


Now. r—a=(x—x)) i+ (yyy) 6-2) k, 
R=) ity) F(2 К, 


(r—a) . (x—b)—0. 
= (cx) x) 9—9)0—y- G—2)(6— 29-0. 
Thus the equation of the sphere with (xy, уі, гі) and (ху, Ya, 2) 


(O 39 639—909 399-62) (629 =0. -“(В) 


91274 SAT qe i 5 
Зо Mp Ме could have obtained . the „aboye. equation 
directly by аА that the Fim ratios of AP.are (x-xi, 
У--Уу, 2—21) and those of BP are (Х-Хь у—у», 2—21). Since АР 
and ВР are perpendicular to each other, we have 
__ Qro) 3x) ы 0 — 909—996 — 2) 2) =0 
as the.desired equation, 
5 2 Exar - Find the equation of the sphere’ оп the Join of 
(2,3, (4, 9, —3) as the extremities ofa diameter. 
ХАЛ 4 © (445586С.Е., 1984) 
2. Solution. Since the equation of the sphere: described өп the 
Join of (ху, уу, 24) and (x, уз, >) asthe extremities of a diameter із 
G3) 7x) 09: 93-6222) 20, 
therefore the equation of the sphere described on the join of (2, 3, 5) 
and (4, 9, —3) as the extremities of a diemeter із: 
(*—2)(х—4)--(у—3)(у—8)--(@—5)@-Е3)—0, 
ог Сй--61-4-8)-07-12х4 27) -(2-28--15)--0, 
Өр 2 2 ХРУЧА-6к-12у-2:420-01 077 
Aliter. Тһе centre.of the sphere is th id-point of the joi 
of (2, 3, 5) and (4, 9, —3). ү А жеу сүзчү денің кюн 
ЇА р, 2 24-4 9 See ora 
(254. RIG HES 5 ie, (3, 6, 1). 
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Diameter of the sphere ¥ ((4—2)*--(9—3)*--(—3—5)9), 


er 


—V/6. : is 
Radius 


Hence the equation ‘of the spheré is ^ Pu 
(c—3) (7 9 (12 (26 |), 
+ у#+-:%—6х—22у— 22--20--0. 
. EXERCIBES() ооо 
Find the cartesian equation of the sphere whose 


(i) centre is (1, 0, 0) and radius is 2 units ; 
(ii) céntre'is (0; 1, +1) dnd rádius is 3 units ; 


- (if) centre is (2, — i, 3) and radius is 5 units. 


Find the véctorial'equation'of the sphere with: 777 


: (0 centre.3j and radius 2 units ; 


(ii) centre i—j and radius 4 units $, 


(iii) centre i+j—k and radius 1 раа, порно» 2 iru 


\Find the cartesian equation ‘of the sphere whose де has. 


position vector 3i4-2j—k and, | whose radius is. 6 units. i 


Find the vectorial equation | of th фе. e sphere whose _ centre is the- 
point (1, 2, 3) and radius is 4 


Find the centre and radius of ыж of ine ши spheres : 
(i) x 82225. 


“(й) AE 9 — 2x-:4y—0 


(iii) хару ранк Sy: 102—M 4-0: Y yes 


„ Gn HLA HIS I=. 
"Find the position vector ofthe centre and: the, radii, vot u 


sphere whose cartesian equation is 

axipytezi— 2- 9-0. ft? fv id 226516 
Find the co-ordimates ofthe centre and radius гоё the phere’ 
whose vector equation, is : 

r?—r . (81-6)-10К)-50--0. Ян к! 
Find thé equation of the spliere having (122,3) апа (Î, -2, 
—3) as the extremities of a diameter. 


Find the vectorial equation of the sphere having 13 and j--k- 
as the extremities of its diameter. Find its centte and radius. 


<“ Find the cartesian equation of! the: sphere-having 21-1 j and’ 


3j-— 8k аз the-position vectors of: the extsemitiessofi a diameter. . 
Find its centre and radius. 
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11. If A (—1, 4, —3) is опе end of a diameter AB of the sphere 
32--у!-23-3х--2у-Ё22-15--0, 
then find the co-ordinates of B, the other end. 
я (4:1.5.8.С.Е., 1988) 
12. Find the centre and radius of the sphere 
SAYS + 52? E 10x—6y- 8 4-50. 
d (D.B.S.S.C.E., 1988). 


13. Find the equation of a sph e whi asses through the points 
(1, 0, 0), (0, 1, 0), (0, 0, 1 E; Se Centre lies on the plane 
3Х--У4:255 SHAG di T (4.1,5.8,С.Б., 1985) 

14. Find the centre and radius of the sphere 

(х-4138482)4-0у--2)0-4-4)--(2--3)(2--6)--0 

21160 120168) bna ff (А.1.5.8.С.Б., 1985) 
15, Obtain the equation Of the sphere passing through (һе points 
(1, 2, 3), (0, 3, 3), (1, 3, 2) and having its centre on the plane 
x+4y+z=0, Be Sen (A.I.S.S.C.E., 1986) 


16. Find the equation of the s here whose’ centre is the point 
‚ (2, 3, 1) and which touches the plane x4-y4-z-0. 
C NE ЭРДИК Dd sd 7 (A.LS.S.C.E., 1986) 
17. Find the equation of the sphere concentric with 
Pty at 23 4y б 112-0 but of half the radius, 
18. » Find the tadiusjand centre of the sphere 
4x2 +-4y*4-42°— 4x4 6y— 8720, 
(D.B.S.S.C.E., 1987) 
TEST YOUR UNDERSTANDING ІХ ` 


In each of the following problems, бойг alternatives аге given 


“ОШ of which one is correct. Put a tick-mark (4/) against the correct 
alternative, { ! цөл кар а 


1. The distance between the points (1, =2,°3), (—1; 2, —3) is 
OTT units (5) 4/12 units 
(с) 4/14 units (4) 4/28 units. 


2. The co-ordinates of the mid-point of the line segment joining 
P (2, —5, a) and (4, 9,3) are (3, 2, —7), The value ofais 


TORRE [ORUM 
ee) —10 (d) —17,. . уйы 

ЭЗ. : The direction ratios of two lines аге (3; —3,2). and: (5,2, 4). 
If the lines are perpendicular to.each other, the yalue oft is 
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EEA aie sb 52 


2501 


4. 


Ae) —6 S 111::4(0) 6: 


0n (Sot ay 
The direction ratios of two lines are (—1, 8, 6) and (2; f, —12). 
If the lines are parallel to each other, the value of is 


(a) 16 (5)---16 

(c) —4 (d) 8. 

The angle between the planes х--у--0 and ytz=0 is 
(а) x/3 (b) 7/4 

(с) 2/6 өз 44) п/2. 


- The planes x--2y—2z—1 and 2х--Еу--22--3 are perpendicular: 


to each other. The value of k is 

(a) —1 (5).1 

(с) 2 (d) —2. | 
The plane ax--2y—3z—4 is рагаПе! іо the line d ata й 
The value of a is xpi : iade ОЕ Т. de, 

(а) i3 dendi ГЕУ ил 

(c) 1 2 гы" (а) 1d. : ior 4 С) 

The plane 5х—3у-Е42==1 is perpendicular to the line 

‚ The value оѓ is. 


(b) —4 


с(су/9455 (4) 3. 


The co-ordinates of the centre of a sphere are (— 1, 2, 54 3), Af 
one extremity of a diameter is (5, —8, 3) and the other 
extremity is (—7, 12, k), the value of kis 

@ 3 2 (0) m3 POY | 

(c) 553) : (d) —6. 


“The diameter of the sphere x? +y?+2*—6x—8y+102+k=0_ is 


10 units. The value of k is 


а) 57 "o —50 


(с) 0 SER ‚ (д) 100. 
REVIEW EXERCISE IX © 


Find the direction cosines of the Tine joining the points 
P (4, 3, —5) and О (—2, 1, —8). ¢ i, (D.BS.S.C.E., 1984) 
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Find the projection of the line segment joining the points 
(—1, 0, 3) and (2, 5, 1) ой the line whose direction ratios are 


(6, 3, 2). : 5 1 (D.B.S.S.C.E., 1985) 
Show that the two lines. ; 

х-1 у-2) 253 

PIC Revie Ee | 
and 

х-4 у-1 

512-7277 


intersect. Find also the point of intersection. 
: (4.1.8.8,С.Бз; 1984) 


Show that the line ; А 
х-3 у-2 Hh 
Wu cca m 
intersects the line 
522 2х-Е2у-832е-0;2хХ4-4у:-32-6050 0: iq 
Find the co-ordinates of the point of intersection; 1 
(4.1.5.8.С.Е., 1988) 


Find the equation of the perpendicular drawn from the point 
(2, 4, —1) to the line 

xS у+3 +6 

"p > 4 ХХ 517 апа 
obtain the co-ordinates of the foot of the perpendicular. 

(D.B.S.S.C.E., 1988) 

Find the co-ordinates of two points on the line given by the 
equations : : 

d v2. 2-3 


کت کے 


2 AAS 


ata distance ү» from the point (|, 2, 3). 
(A.I.S.S.C.E., 1986) 


The vertices of a triangle are Ч 

A (3, 2, 4), B (6, 12, 5), C (11, 6, 8). Find the angles of the 
triangle ABC. 

A plane meets the co-ordinate axes at A, В, C such that the 
centroid of the triangle ABC is:at they point (a, b, c). Show 
that the equation of the plane is 


a pt ФТ ЧОД, 
Ны bx 
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9. 


20. 


Show that the equation'óf/tHé'pláne passing through the line 


цуг а,хЧ-Буулгсүал-уг-0, нафак тын рага!- 
lel to the line 


is 

u (asl +bam d ст) =из (4//4-Билл суп). 

Find the perpendicular distance of the-point (2; —7, 15) from 
the line 


Find the point in which thé line 
х-1 29-2 -2 1213 1 
-2 7-2 4 
meets.the plane 21+ 3y~-z2+1=0. 0 


Find the distance of the point (1, —2, 3) ыр the plane 


x—y-+z=5 measured parallel to ете ' 
at 


Find the distancé between the parallel planes 
3x:-4y—12253, 6x4-8y— — 24: 9:707 

Fihd tlie distance of the point (2, 3, —5) from.the. plané 
x+2y-2z=15. 

Find the equation of the plane passing уя the intersection 


ofthe planés 7х4-2у--92--4--0 add. 4rt3y- 224 1=0 ‘and 
passing through the origin. 

Show that thé four points (0, 1, 0, 1, 1), 0,1,1) and 
(3, 3, 0) are coplanar. 

Find the equation of the plane ке: дэн the points 
(2, —3, 1) and (—1, 1, —7) and. верни ю the plane 
Х--2у:-5:41-00, dus di iba osi 48) 


Find the equation ‘oF the phis post through the points 


sar. 


C0, S --1)аһа; perpendicular: ширтэн planes х-2у:-82 


=0 апа 2х--5у--2-0. 

Find the equation of the sphere “which” has the line segment 
joining the points (3, 1, —5) and (1; —3, 1) а аз ан extremities 
of a diameter. -Find.its. centre and radius: © 

Find the equation of the sphere häving its centre on the line of 
intersection of the planes 25-3у-, Зу+-2:=0, and passing 
through the points (0, -2; —4) ad (2, =F, —1). 


(а) 
(9 


4. (a) 
Om 


тезда 


bo 5.0 (а) 
(b) 
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iguos 01 sse sS UMMARY;ci: 605 01 3 
Distance between the points with Position vectors гі, r,e | ri—r, |. 
Distance between the points A(x, yi, zi), В(ха Ja, 25) 7 
=V (Qa —3x)'4-03—)9)-- (2: --2,)9. 
The position vector of the point which divides the join of P(r1) and 


Q(ra) in the rario n : m is 
тті nro 
теп” к 
The co-ordinates 6f the Point dividing the -joimof' (хү, yi, &) and 
(ха, Ya, z2) in the ratio n : m are 
Еш myi-t- пуз mataa) 
mn тап = mn J 


The acute angle 0 between the lines. parallel to the vectors dı and 
d; is given by yr у 


а ( Tat TaT): 


The acute angle 8 between the lines with direction ^ cosines. 


i (ът, т) and (ls, ms, n,) is given by 


© соз = | lame tana | 


The acute angle 0 between the lines with direction ratios (a1, bi, ĉi), 
(ба, ba, сз) is given by ‘ 


| a1a2+biba+-erce | 
V (aRt АЗ ааа) у (а DR C3): 
The lines r=r,+-sdi, г=гә--[д are parallel provided d; x 4-0. 
The lines with direction „ratios (h, ті, na) and (1, тә, t2) are 


соз 0= 


l рагайс provided 


The lines sr, +sdy and r=r2+ fda are perpendicular to each other 
provided di . й2=0. ido si 

The lines with direction ratios (1, m, n; ), (1; 
cular to each other provided бин a 


Ш mma mn 0, ы 


"Thé parametric vectorial equation"of à line through ri parallel to 
the vector d is r—F/4-1d, where t is a parameter. | d 

The parametric vectorial equation of a line through the points r;, ra 
ds t7 (070 rct tro, where t is &;Parameter, 


Тһе cartesian equation of: the dine with direction ratios. (7, m, n), 
and passing through the point (1,01, 21) is 
ЮЕШ ӘН OE 
{Ср ыт дЫ 


The cartesian equation of “the ‘line Passing throu; е i 
(а Ya, 21) and (xo, Ya, 22) is | 2 р шэг 


XTX 2= --2тға ( 
дата гата пата“ ү 


„тә, пз) аге perpendi- 


T: 


і t 


PES 
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8. 


10. 


12. 


113. 


№4. 


(а) 


12 


(а) 
(2) 


(а) 
(5) 


(а) 


(b) 


ta) 
(b) 


(a) 


(b) 


(а) 


12) 


The shortest distance between the lines 
r=r,+sdy, r=r2+tdz is 
[r;—r; dı do]/ | dix da |. 

The shortest distance between the lines 


x—x У-Уі 2—1 


li mpi 
XS Kas ze 
ia me no’ 
is | Хєх Уз-уі 24-21 
h т m [+МЗ(түә—тэт,)%. 
| la ms nz 


The vectorial equation of the plane normal to the unit vector n and 
at a distance p from the origin is г. n—p. 


The cartesian equation of the plane normal ќо а line with direction 
cosines (/, m, n) and at a distance p from the origin is /х+ту+ , 
nz-—p. 

The vectorial equation of the plane through the point г; and normal 
to'the vector n is (r—a:) . n=0. 


The cartesian equation of the plane through the point (xi, Ул, 21), 
and with (a, b, c) as the direction ratios of the normal to it, is 


a(x—x1) +h(y—y1) +0(2—21)=0. 
The vectorial equation of the plane through the points rı, ra, г; is 
ЇГ--11 r;—r; ra—r1]—0. 
The cartesian equation of the plane through the points (xi, 1, 24), 
(Ха, уз, 2) and (ха, Ya, 24) is 


XX y—» 2-2 
Ха--Хі ya—» 28-21 =0. 
Ху-Х1 Уа-Уі 23—21 


The length of the perpendicular to the plane г. nq from the point. 
nis | q—-ri. n|/ | 81- v 
The length of the perpendicular to the plane ax--by--cz4-d—0 from 
the point (хі, Уу, 21) is 
| axi byi--ezit-d | 3: 
Vetere 
The angle û between the planes г. m—4: andr. n,—qs is given by 
|m. m| 
cos 0— imi Imi' 
The acute angle 0 between the planes : 
axthiy+ez+di=0, aax 4 bay--caz +dz=0 is given by 
9 | aaa +brba t- cies | 0 
cos ° nb tbe et) v (аз*-ЕРз®+-са®) 
The planes t . n; —4; and r . пз--4з аге parallel provided m x na —0, 
and perpendicular provided n; . na=0. _ Дар 
The planes aix 4-biy4-ciz3-di—0, aax +bay + coz+de=0 are parallel 
provided 
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а bh a е Й 
а کے‎ 4 
uu er and perpendicular provide: 


4102+ bibs+ 1с2=0. 
15. (а) The angle Ө between r—r;--id and the plane r. n=p is given by 
| nxd| 

la] . гаг" 
(5) The angle 8 between the line 

х у 2—21 

1 т (URS 
and the plane ax-+-by+cz+d=0 is given by 
| al--bm-4-cn | 

V (a* - b2- c?) / (12 - m8 n3) 


16. Theline Ter is parallel to the plane ax+by+czt+d=0 


зіп = 


sin 0= 


provided а1--5т--спе0. It lies in the plane if in addition we also have 
axi+byi+cz1+d=0, 


17. (а) The vectorial equation of the sphere with centre at the origin and 
radius ais | | =a. 


(b) The cartesian equation of thesphere with centre at the origin and 
radius a is x? -- »2--z2—a2, 


18. (a) Тм үе equation of the sphere with centre с and radius a is 
г-с | =a, 


(b) The cartesian equation of the sphere with centre ( f, ғ, h) and radius 
ais 


(x—f)8+(y—g)2+ (z— heat. 


10. (а) The centre of speerer2—2r. c+q=0 1 i ins T 
(а) ean of spere r2—2r . с--4--0 is the point с and radius is 


(b) The centre of the sphere 
XS yS8- 294 uxt 2vyt-2wz-+d=0 
is (—u, —v, —w) and its radius is V (u2+ v24-w*—q), 


а 20. (а) The vectorial equation of the sphere ith d b. iti 
of a diameter ica) ў (r—-b) 0. раке extremities 


(b) The cartesian equation of the sphere with " 
аз the extremities of a diameter is болел) and ara а) 


(а) x) H O—y) (у-у) с-ш) (2--24)--0, 
HISTORICAL NOTE 


Geometry has fascinated the mathematicians for 
two thousand years. Euclid (365 B, .) devoted the 12th boo 
his Elements to the study of the pyramid, cone and cylinder 
Pythagoras (580-500 B.C.) called the sphere, ‘the most beautiful of 
ail solids. Archimedes (287 B.C.—212 B.C in’ b. 
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centre of the sphere). Zenodorus (200-100 B.C.) proved that, of all 
Solids having a given surface, the sphere has the greatest volume. 


The discovery by Rene Descartes (1596-1650) of the analytic 
method for studying geometry gave fresh impetus to the study of 
geometry. Descartes dealt essentially with plane geometry. The 
introduction of the methods of co-ordinate geometry to three dimen- 
sions is due to John Bernoulli, who communicated his ideas to 
Leibnitz in a letter written in 1715. The first systematic account of 
three dimensional co-ordinate geometry was given by Leonhard 

` Euler (1706-1783) in Chapter 5 of the Appendix to the second volume 
of his Zntroductio written in 1748. 


The discovery of vectors by Gibbs and Heaviside provided an 
important tool for the study of three dimensional geometry. It has 
now become fashionable, as also found to be convenient and useful, 
to study three dimensional geometry by vector methods. 


OO 


СЕОКСЕ ВООГЕ (1815-1864) 


Ia the class-conscious society of the 19th century England, a boy by the 
name of George Boole was born at Lincoln in the meanest class—if at all it was 
considered a class. Boole aspired to belong to the upper echelons of the 
society. At the early age of eight, Boole determined to teach himself Greek 
and other languages reasonably well. His second and third attempts towards a 
dominant living were, respectively, taking a commercial course and trying to 
become a clergyman. Neither served the end to which it was supposed to be a 
means. 


,, What did get Boole started was the early instruction in mathematics 
which he had received from his father—a petty shopkeeper. Around 1835 
Boole opened a School of his own. It was at this time that Boole realized the 
inadequacy of the existing text-books and started reading the masters like Abel, 
Galois, Laplace and Lagrange, all on his own, 


His first great achievement was the discovery of invariants—a basis for 
general relativity, Boole’s other most notable contribution to mathematics 
was his theory of mathematical or symbolic logic. Boole added logic to the 
domain of Algebra. He separated the symbols of the binary compositions 
from the quantities composed by the same and developed an algebra of these 
symbols themselves – an original and a daring step. Не formed what із known 
as a Boolean algebra—-an algebraic system used extensively in informatics, 


His pamphlet “Тһе Mathematical Analysis of Logic’ and his masterpi 
“Ап Investigation of the Laws of Thought otk which are Based the 
Mathematical Theories of Logic and Probabilities’ are all-time source books. 


Boole died in 1864 of Pneumonia. 
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CHAPTER 10 


Ма thematisnl Logic 


101. INTRODUCTION 


Mathematics is often called the ‘Queen of Sciences’. This 
assertion is true for more reasons than one. One of the most impor- 
tant reasons for the supremacy of mathematics over other sciences 
is its exactness. Like most other sciences, mathematics has à 
language of its own—a language that surpasses every other language 
in its precision and brevity. To one who is trained in mathematical 
language, it communicates just what is intended—neither less nor 
more. To bea worthwhile student of mathematics, one must be 
able to use mathematical language with ease, efficiency and confi- 
dence. Another reason for the supremacy of mathematics over 
other sciences is its method, which consists in deriving conclusions 
from known assertions with the use of valid arguments. The method 
of reasoning used in mathematics is called mathematical logic. 16 
owes its origin to the British mathematician George Boole. In the 
computer age its importance has grown because of its applications 
to switching circvits. 


102. STATEMENTS 


A sentence of which it is meaningful to say whether itis true 
or false, is called a statement or a proposition. We shall use the 
words ‘statement’ and ‘proposition’ interchangeably throughout. A 
statement must be either true or false, but not both. А true state- 
ment is said to have a truth value T, and a false statement is said to 
have truth value Е. Instead of using letters T and F to denote truth 
values, it is useful to use the symbols 1 and 0. A true statement 
being given the truth value 1, and a false statement being given 
the truth value 0. (Some authors use the opposite of it, but that 
really does not matter !). The use of 1 and 0 is preferred over that 
of T and F because of the relative ease in computation, specially in- 
applications to switching circuits. р 


Illustrations 
1. Each of the following sentences is a statement : 


(a) 3is less than 6. 
(b) The earth revolves about the sun: 


(565) 
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BA Mercury is a star. 
(d) New York is a city in India. 


2. None of the following sentences is a statement : 
(4) Thank бод! 
(b) This proposition is false. 
(c) Good bye ! 
If a sentence is a statement (or a proposition), it should be 
declaratory. It cannot be imperative, interrogative or exclamatory. 


Statements/propositions will be denoted by small letters p, q 
etc. 


Example 1. Which of the following sentences are statements ; 

(a) Bright sunshine ! 

(b) 21.1 is a prime. 

(c) Sing a song please ! 

(d) Why are you so sad ? 

(e) New Delhi is the capital of India. 

Solution : (b) and (е) are statements. (a) and (c) are exclama- 
tory sentences and are not statements. (d) is an interrogative 
sentence, and is not a statement. 


| Example 2. Write the truth value of each of the following 
statements < 


“(а) The moon revolves round the sun. 

(b) The sum of the angles of a triangle is 180°. 

(c) Multiplication of matrices is not commutative, 

(4) The domain of the function f defined by f (x)=1/x is R. 
(е) еб is strictly increasing for all x. . 


: Solution. Statements (а) and (5) are false. The truth value 
of each of them is 0. 


Statements (b), (c) and (e) are true. The truth value of each 


of them is 1, е 


Remark. A statement must be either true or false but not 
both. It may happen sometimes (but only sometimes that a sentence 
appears to be a statement, even though actually it is not). 


In the sixth century B.C. Epimenides, the celebrated poet and 
prophet of Crete, is said to have made the now famous remark 
“All Cretans are liars”. We shall consider this assertion of Epi- 
menides in somewhat detail. Let us first of all write it in the form, 
“All statements made by Cretans are false”. If we remember that 


| 
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Epimenides, the author of this assertion was himself a Cretan, what 
can we say about the truth or falsity of this assertion, Let us argue 
as follows : 

(1) All statements made by Cretans are false. 

(2) Statement (1) was made by a Cretan. 

(3) Therefore statement (1) must be false. 

(4) Therefore all statements made by Cretans are not false. 

Since (1) and (4) cannot be simultaneously true, therefore we 
have а contradiction. This means that assertion (1) is not a state- 
ment in the sense in which we have used that term. 


EXERCISE 10 (a) 

1. Which of the following sentences or phrases, represent state- 

ments : 

(а) Ice is cold. 

(b) Is the number 3 a prime ? 

(c) Give me the pencil. 

(d) The number 1 is a prime. 

(e) Beautiful red roses. 

(f£) He is ugly. 

(g) Cry baby ! 
2. Write the truth value of each of the following statements : 

(a) Angle in a semi-circle is a right angle. 

(b) 17 is the square of an integer. 

(c) 2 is the only odd prime. 

(d) The product of four consecutive natural numbers isa 

perfect square. 1 

103. USE OF VENN DIAGRAMS IN LOGIC { 

We are already familiar with the use of Venn diagrams in 
representing sets. Venn diagrams can often be used with advantage 
in representing classes satisfying a given proposition by means of a 
diagram. Consider the following statements about students study- 
ing in class XII in the CBSE system : { 

(1) Every student studying Physics also studies Mathematics. 

(2) Every student studying Mathematics also studies Physics. 

(3) All students studying Physics also study Mathematics but 


some of the students studying Mathematics do not study 
Physics. 


(4) Allstudents studying Mathematics also study Physics, but 
some students studying Physics do not study Mathematics. 


(5) A student studies Physics if and only if he studies Mathe- 
matics. 
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(6) No student studies Physics as well as Mathematics. | 


(7) While some students study both Physics as well as Mathe- 
matics, there are some students who study Physics but not 
Mathematics, and there are some who study Mathematics. 
but not Physics. 

Let us denote by U the universal set, that is, the set of all 
students studying in class XII of the CBSE system. Let P represent 
the set of all students who study Physics, and let M represent the 
set of all students who study Mathematics. 

Fig. 10.1 (а) represents the truth of the statement (1). 

Fig. 10.1 (b) represents the truth of the statement (2). 

Fig. 10.1 (с) represents the truth of the statement (3). 

Fig. 10.1 (d) represents the truth of statement (4). 


U U 
M P 1 
Fig. 10*1 (a) Fig. 101 (b) 


Fig, 101 (c) Fig. 101 (d) 


___ The truth of the statement (5) i i 
and that of (6) by Fis 104 сте (5) is represented by Fig. 10.1 (e) 
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Fig. 1011 (е) Fig. 1011 (f) 
The truth of statement (7) is represented by Fig. 10:1 (g). 


Fig. 10 1 (g) д 

Example 3. Draw а Venn diagram to illustrate the state» 
ments : 

(1) Socrates is a man. 

(2) All men are mortal. 

What conclusion can you draw from the diagram ? 

Solution. Let the universal set be the set U of all mortal 
beings, let M be the set of all men, and 8 the one-elementic set 
consisting of Socrates. Fig. 10'2 is the desired Venn diagram. 
From the diagram we find that SCU, i.e., Socrates is mortal, 


Fig. 102. 
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The basic idea behind representation by means of diagrams is 
that of set inclusion and set intersection. In the following example 
we do not actually draw Venn diagrams, but interpret each state- 
ment in terms of set inclusion. The various assertions then enable 
us to draw a suitable conclusion. 


Example 4. What conclusion can we draw from the following 
statements : 

(a) A man who is unhappy is not his own boss. 

(b) All married men have responsibilities. 

(c) Every man is either his own boss or is married (or both). 

(4) Noman with responsibilities can go to see the cinema 

every day. 

Solution. Let the universal set U be the set of all men. Let 
us denote other sets in question as follows : 

H stands for the set of happy men, 


Bstands for the set of all those men who are their own 
bosses, 


- M stands for the set of married men, 
R stands for men with responsibilities, 
C stands for men who go to the cinema every day. 
Statement (а): H’CB’ 
(5): MCR 
(с): BUM=U 
(4): RCC’ 
Now (с) can be expressed alternatively 
as (c*) : B'CM 
Combining (a), (c*), (5), and (d), we have 
H'CB'CMCRCC' 
i.e., H'cc' 
which can also be written as 
CEH 
Conclusion. All men who go to the cinema everyday are 
happy. 
Remark, We can draw other conclusions as well, e.g., 
ВСС” and MCC’, 
і.е. CCB аш CCM’, 


ie, (1) Those who go to the cinema everyday are their own 
bosses. 
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(2) Those who go to the cinema everyday are not married. 
The conclusion that we had drawn first of all was the one which 
was based on all the given statements. The conclusions (1) and (2) 
are based only on some of the statements. 


EXERCISE 10 (5) 
Draw Venn diagrams to illustrate the following statements : 


1, (a) All squares are rhombuses but some rhombuses are not 
squares. 


(b) All rectangles are parallelograms but some parallelograms 
are not rectangles. 


(c) All rhombuses are parallelograms but some parallelograms 
are not rhombuses. 


2. (a) All IIT students are intelligent. 
(b) Some intelligent students study in IITs. 
3. (a) All wise people are rich. 
(b) Some rich people are wise but others are not. 
104, NEGATION OPERATION 
Consider the following statements : 
(a) Saurabh is intelligent. 
(b) It is not true that Saurabh is intelligent. 


Here the second statement has been formed from the first by 
prefixing it with the phrase ‘It is not true that’. We say that the 
second statement is the negation of the first. If we denote the first 
statement by 'p', the second statement will be denoted by ‘It is not 
true that p' or by ‘It is false that р’, or more simply by ‘not р’. 


Definition 101. Given ‚апу statement р, the negation of р is 
the statement ‘It is false that р’. 


The negation of a statement р is denoted in any of the follo- 
wing ways : 


(i) not ру 
(ii) — p; 
(1) р". 
We shall prefer to use p’ for the negation of p. 
Illustrations. 
1. Let p=blood is blue. 
p'=It is false that blood is blue. 


It is false that blood is blue can also be reworded as 
‘blood is not blue’. 


572 А TEXT-BOOK OF MATHEMATICS 


2. Let p—2!9?.] is a prime. 
Then p'—21?1—] is not a prime. 
3. Let p=Walking is good for health. 


Р —It is false that walking is good for health. 


р! can also be reworded as ‘Walking is not good for health'. 
By the definition of the negation of a statement we find that Ч 
statement р has the truth value 1, then р” has the truth value 0. 4 
р has the truth value 0, then р' has the truth value 1. The frut 
values of p' corresponding to the possible truth values of p can be 
arranged in the form a table. Such a table is called a truth table. 
Truth tables will be found of use in writing truth values of state- 
ments іп a systematic manner. In Table 1011 we һауе given the 
truth table for negations, 


TABLE 10.1 
Truth table for negation 


1 0 
0 1 


105. BASIC LOGIC CONNECTIVES AND COMPOUND 
_ STATEMENTS 


Consider the following statements : 

(а) The earth revolves round the sun. 

(b) The number 1331 is the cube of an integer. 

(с) 391581 x 221619 1 is the largest known prime. 

(d) 2°41 is a prime. У 

(е) The sky is blue and the grass is green, 

(7) Cars are costly or scooters are cheap. 

(g) If 6789 is a perfect Square, then the sum of the angles of a 
triangle is 180°. 

(h) А quadrilateral is a thombus if and only if the diagonals 
bisect each other at tight angles, 


The statements (а)—(4) are all -simple statements. They 
cannot be split up into two or more Statements, On the other hand, 
each of the statements (e)—(h) has been formed by connecting two 
Statements with ‘and’, ‘or’, ‘if...then’, ‘if and only if’, 
ments are called compound statements and the words, word- 
Pairs, phrases used for combining statements are called connectives. 
In this section we shall Study the connectives ‘and’ and ‘or’ and the 
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compound statements formed by the operations ‘disjunction’ and 
‘conjunction’. 
1051. Disjunction 

The connective ‘or’ is applied to two statements p and q to 
form the compound statement ‘р or q’. It called the disjunction of 
р and q. In symbols we write p Vg, or p--q. We shall prefer to use 
p+q for the disjunction of p and 4. 


Illustrations 
1. Let p=It is raining. 
q- lam going for a walk. 
Then р--4 is the statement ‘Either it is raining or I am 
going for a walk’. ; 
2. Let p=He is handsome, 
4--Не is intelligent. 

Then p-+-q is the statement ‘Either he is handsome or he is 

intelligent’. 

In the English language the word ‘or’ is used in two different 
Senses. Sometimes it means that exactly one of the two alternatives 
occurs, and sometimes it means that atleast one of the two alter- 
natives occurs. In logic, the second of these two meanings is taken 
as standard. In other words, ‘or’ means the inclusive ‘or’ and not 
the exclusive ‘or’. That is why the first row of the truth table 
(Table 10:2) show that when both р and 4 are true, then p-+q is true. 

In Table 10:2 we have given the truth table for disjunction of 
р and 4. Observe that there are four rows in this table since there 
are four possibilities for the pair of truth values of the statements p 


and q. 


TABLE 10.2 
Truth table for p + q 


The disjunction of p and q has the truth value 0 only when 
both p and 4 have truth value 0. In all other cases the truth value - 


of p+q 181, 
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1052. Conjunction 

The connective ‘and’ is applied to two statements p and 4 to 
form the compound statement ‘p and 07. It is called the conjunc- 
tion of p and q. In symbols, we use p & 4, or p^q, or pq to denote 
the conjunction of p and 4. We shall prefer to use рд throughout. 
Illustrations. 

y 1. Let p=Steam is hot. 
q= The sky is blue. 
Then pq-Steam is hot and the sky is blue. 
2. Let р= Mathematics is easy. 
q=] аш intelligent. 
Then pq-— Mathematics is easy and I am intelligent. 

The following Table 10:3 gives the truth tables for the con- 
junction of p and q. Observe that there are four rows in this table 
Since there are 4 possibilities for the pair of truth values of the 
Statements p and q. 


TABLE 10.3 
Truth table for pq 


Тһе conjunction of p and 4 has the truth value L when both p 
and ф have truth value 1. In all other cases the truth value of pq is 0. 


ee, 5. Construct the truth table for p--p' and pp’. 


TABLE 10.4 
Truth table for p + p' and pp* 
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Remarks 1. From the above table we find that all the 
entries in the column headed by p+p’ are 1, i.e., the statement p--p' 
always has the truth value 1, whatever may be the truth value of p. 
A statement which is always true is called a tautology. We have 
seen above that p--p' is a tautology. We shall use the symbol 1 to 
denote all the tautologies. Since it will be clear from the context 
as to whether 1 stands for a statement or for a truth value, no con- 
fusion is likely to arise. 


2. From the above table we find that all the entries in the 
column headed by pp’ are 0, i.e., the statement рр” always has the 
truth value 0, whatever may be the truth value of p. 


A statement which is always false is denoted by 0. Since it 
will be clear from the context as to whether 0 stands for a statement 
or for a truth value, no confusion is likely to arise. 


In view of the above remarks we find that if p be any state- 
ment, then 


р+р'=1, 
рр'=0. 


If we use the symbols ~, V, and A instead of “’, ‘© and *." 
respectively, the above assertions can be expressed as follows : 


Theorem 1011. The operations of conjunction and disjunction 
on propositions are commutative. 


Proof. Construct the truth table for p+q, q+-p, pq, qp. 


TABLE 10.5 
Truth table for p + q, q + p, ра, qp 
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From the above table we find that 
Prq=qtp 
Pq—qp 
Remark. If we use the symbols V and A instead of + and 


juxtaposition respectively, the above statements can be expressed 
as follows : 


pV 4q=qVp 
Phq—-q^p 


Theorem 102. (Existence of identity). 
There exist statements 1 and 0 respectively such that 
p+0=0+p=p, 
pl=Ip=p, 

Sor all statements р. 

Proof. Follows immediately by constructing truth tables. 

Theorem 10'3. Each of the two operations (+) and ( .) (where 
ға. is written as ab for the sake of simplicity) is distributive over the 
other. That is, if p, q, r be three Statements, then 

(а) р(4--9-рй-Ерғ; 

(b _р+4г=(р-Е4)(р+ г). 


f. We shall prove the desired Statements by constructin 
truth-tables. j 4 ES 


(a) 


TABLE 10.6 
table for p (q +1) = pq + pr 


d 


e-on ou | 


seoce- | 


5 
+ 
= 


В 
eei 
Ч 
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Since the columns headed by р(4--ғ) and pg--pr are identical, 
therefore we have y 


pla+r)=pq+pr. 


TABLE 10.7 
Truth table for p + qr = (p +q) (p + r) 


обоо - оо оч 


Since the entries in thé cólumns headed by p--gr and 
((р4-4) (p+r) are identical, therefore we have 
p+qr=(pt+q\\p+r). 
Remark. If we use the symbols V and Л instead of (--) an 
juxtaposition respectively, then the statements proved above can be 
written as follows : Д 
РГО iene 
рЛ (9 У тәр ЛФ VN» 
P. NV (4 Л Dep V q) AG V r) 


Theorem 104. For every statement p, iliere exists а stałe- 
ment p' (the negation of p) such that ! 
pt+p'=1 
рр'=0. 4 
Proof. Follows immediately from table 10:4 and the mean- 
"ing of 1 and 0 as statements. 
1053. Negation of a Compound Statement 
(De Morgan's Rules). 
You are already familiar with De Morgan's rules for sets. 
Similar rules hold for statements as well. 
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Theorem 10:5. (De Morgan's rules). If p, 4 be any statements, 
then 

(9а (p+q)'=p'q' 

(b) (pq)'=p'+q’. 

Proof. Let us construct truth tables for checking the truth of 
above statements. 


(a) 


TABLE 10.8 
Truth table for (p + q)' = p'q' 


In the above table the entries in the columns headed by 
(p+q)’ and p'q' are identical. Therefore we have 


(р-ға) —p'q'. 
(5): 
_ TABLE 10.9 
Truth table for (pq)' = p' + q' 


In the above table the entries in the SOF “head , 
and р-ға” are identical. Therefore we have ed by (pq) 


(2q)'=p' +9". 
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Remark. If we use ~, V, A instead of '/, +, and juxta- 
Position respectively, then De Morgan’s rules can be expressed in 
the following form : 

: —— lop Ta A 


= (РУ 4)=(— р) ^ (~q) 
~ (РА 4)=(<ор) V (~q) 


10:54. Algebra of statements 


As a consequence of theorems proved above we often talk of 
the Boolean algebra of statements. More precisely, we have the 
following definition : 


Definition 102. А class B of statements together with two 
binary operations (+) and (.) (where a.b is written as ab) is: said to be 
а Boolean algebra if the following hold : 


Pl. B is closed for the operations (4-) and (.). 
P2. The operations (+) and (.) are commutative, 
P3. There exist in B distinct identity elements 0 and 1 relative 
to the operations (+) and (.) respectively. 
P4. Each operation is distributive over the other. 
PS. For every p in B there exists p' in Bsuchthat | 
ptp'=1, i 
pp: =0. 's 
Remark. In view of theorems 101 to 10°4 in order to check 
that a class of B of statements is a Boolean algebra, it is enough to 
ek (i) P1,;, (ii) Опа lare in B, (iii) if p is in B, then р! is also 
in B. Cs «i is CFA 1 
1055. Duality ‘ 


! Observe that theofems:10*1 to 104 are symmetric with respect 
to the operations (4-) and (9, and the two identities 0 and 1. An 


important consequence of -this fact is the following Principle of 
Duality for Statements ds i 


, , Every assertion or algebraic identity involving statements remains 
valid if the operations (ала), and the identity elements 0 and 1 
are interchanged throughout; — 


The two De Morgan's rules proved:in Theorem 10:5 аге duals 
of each other in the sense that each of them can be obtained from 
the Other by ‘applying the principle of duality. f 


EXERCISE 10 (с) - 


1. If p stands for the statement ‘It is hot’, and q stands for the 
Statement ‘It is blowing’, then state in words the following : 
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(а) р--4 (b) ра 
(с) pq’ (d) p'q. 
2. Using suitable symbols express the following as conjunctions 
or disjunctions : 
(a) He must stop or he will faint. 
(b) The sky is blue and the grass is green. 
'(c) He is intelligent and she is beautiful. 
(d) Ice iš cold or 10 is afprime. 
3. Write each of the following statements in symbolic form using 
p and q, where p : He is intelligent, g : He is ugly. 
(i) He is intelligent and ugly. 
(ii) He is intelligent but not ugly. 
(11) He is neither intelligent nor ugly. 
(iv) He is intelligent or he is unintelligent and ugly. 
(v) It is not true that he is intelligent or ugly. 
(vi) He is not intelligent or ugly. 


4. Classify the following statements as true for all statements р, 
4, and ғ; false for all statements p, 4, and ғ or sometimes true 
and sometimes false ; | 


(а) р+р' (b) эр 
Ce) pitr’) (4) (р) 
(0) p+ @+n) (рр -(qa' +rr') 


(g) etot N +D +g). 


5. Let p, q and r be statements such that p is false, gis true, and 
jode ф istrue. Decide whether each of the following is true or 


‘alse : . 

"ay p (#4 
(с) pq’ (4) дт 
(е) рт (7) (por 
(е) p'(qr') (A) pr). 


106; BOOLEAN ALGEBRA 

Consider a set S—(0, 1}, consisting of two elements denoted 
by the symbols 0 and 1. We define two binary operations on 8, to be 
called the Jogical sum and: logical product, and denoted by the 
smbal ‘+° and ‘.’ respectively, by means of the following opera- 
tion tables : ‘ 
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TABLE 10.10 


It can be easily verified that the triple (S, +, .) satisfies the 
following properties : 
В 1. Closure. S is closed for the operations ‘+? and *.". 


B2. Commutativity. The operations ‘+’ and *.' are com- 
mutative. 


B3. Identities. There exist in S distinct identity elements 
0 and 1 relative to the operations ‘+’ and *.' respec- 
tively. 

В 4. Distributivity. Each operation is distributive with 
Tespect to the other. 


В 5. Complements. For each x in $, there exists an element 
x' in 5 such that : 


x+x'=1, xx'—0 
Because of the above properties we say that (S, +, .) 


is a Boolean algebra. It is, in fact, the simplest 
example of a Boolean algebra, which we define below : 


Definition 103. А set S consisting of atleast two- elements 
is said to be a Boolean algebra for two binary operations ‘+? and 17 
defined on it if the properties В1--В5 (listed above) are Satisfied. 


Boolean algebra has important applications to the theory of 
switching circuits as also to computer design. It is because of these 
applications that more and more mathematicians and engineers are 
attracted these days towards Boolean algebra. 


Illustrations. 1. As already remarked above, a class В of 
statements satisfying certain conditions already stated provides 
examples of Boolean algebra for the two operations ‘disjunction’ 
and ‘conjunction’. 


_ 2. И 5 be any non-empty set, then the set Р (S) of subsets of 
5 is а Boolean algebra for the operations ‘union of sets’ (U) and 
„intersection of sets’ (N). The elements ф and 8 serve as the 
identities. for U and N respectively. For'each element A of P (S), 
8-А is the element of P(S) such that 


AU(S-A)—S, and AN(S~A)=¢. 


Remark, The symbols 0 and 1 in the example?considered in 
the beginning of this section, as also in the definition of a Boolean 
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algebra, ought not to be confused with the numbers 0 and 1. They 

have no relationship with the numbers 04041. We could have 
. used any other symbols as well. Similarly, the symbols ‘+° and 

* used here for logical addition and logical multiplication have no 

relationship with addition and multiplication of numbers. We could ` 
have equally well used U and N, or V and ^ , ог any other 
symbols. The symbols 0, 1, ‘+°, *? have been used just because of 
convenience. 


It can be easily shown that in a Boolean algebra, the follow- 
ing properties also hold : 


B6. ldempotence. For. every element x іп а Boolean 
algebra, 


х-Ех-х, хх--х. 
В 7. For each element x in а Boolean algebra 
x+1=1, x. 0=0 
B8. Absorption. For each pair of elements X, y in a Booleen 
algebra. 
X+xy=x, x(x4-y)—a. 
B9. Associativity. In every Boolean algebra, each of the 
binary operations (--) and (.) is associative, that is, for 
every x, y and z in S, 
ХУ-(у4-2)-4(х4-3)--т and x(yz) « (xy)z. 
B10. De Morgan's Rules. For every X and y in a Boolean 
algebra, 
(ху) -х “еу” and Qty) m xy. 
В 11. Complementation. In any Boolean algebra, 
07-41 and 1'=0, 
В 12. Involution. For every x in a Boolean algebra, 
(x) =x. 
10:61. Principle of duality 
2221 You must have observed that in all the properties В 1—B 12 
listed above, there is a certain Symmetry with respect to 5-7, 52, ‘0’ 
and ‘I’ in the sense that if in any statement ‘+ and 57 are іп inter- 
changed and the two identities ‘0’ and “Г are interchanged, then the 


Tesulting statement is also a valid Statement. Аз а consequence of 
this symmetry, we have the following important principle : 


_, Theorem 106. (Principle of duality), Every statement or 
identity deducible from: the axioms of a Boolean algebra remains 
valid if the two operations ‘+ and’. are interchanged, and the two 
identities 0 and 1 are interchanged, 
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If a statement ог an identity is deduced from a given statement 
or identity by applying the principle of duality once, then it is said 
to be the dual of the given statement. It is obvious that the dual of 
a statement is the original statement itself. 

1062. Boolean function 

Let (S, +, .) be a Boolean algebra, with identities 0 and 1. A 
function f: S-S is said to be a Boolean function if x takes only 
the value 0 or 1. In other words, a Boolean function fis a function 
from S to (0, 1}. 

Mlustrations. /: (х, у,2) f(x) > x+y' +z, 

g : (x, y, Z) f(x) > x'yz+xyz'+x'y'z 
h : (x, y, 2) f(x) > (х+-у)(у-Е2)+ху 
are all Boolean functions. 

Since f, g, hin the above illustrations are completely deter- 
mined by the expressions 

ху +z, x yat xyz +х'у'2, Gm) PZ) xy 
respectively, therefore these expressions are also sometimes referred 
to as Boolean functions. Strictly speaking, they are all Boolean 
expressions. We shall use the term Boolean expression to mean a 
Boolean function whenever there is no chance of ambiguity. 

EXERCISE 10 (4) 
1. Verify all the properties BI—B12 for the Boolean algebra 
described by the operations in Table 10:10 on 10, 1}. 

2. Verify all the properties BI—B12 for the algebra of 

statements. 

3; ı Deduce properties B6 —B12 from В1--В5 for а Boolean. 

algebra. 

4. Prove that for any x, y and zin a Boolean algebra, the 

following four expressions are equal : 
(а) (2+x)(z'+y)(xt+y) (5) уг--х2-ьху 
(с) yztxz (d) (г--х)(2 --у), 

5. Show that no Boolean algebra can have exactly three 

distinct elements, 

6 Show that the set (a, b, с, d) with operations (+, ) defined 

below, is a Boolean algebra. 


584 A TEXT-BOOK OF MATHEMATICS 


107. CONDITIONAL AND BICONDITIONAL 
С STATEMENTS 
Consider the following statements ; 
(i) Ina triangle ABC, 
if ZA is an obtuse angle, then 
AB*--AC?7 BC*. 
Ui) Ina triangle ABC, 
if / А is an acute angle, then 
AB'--AC?—BC*. 

Both the above statements are of the form; If р, then 4. А 
statement of the form ‘If p, then q’ is called a conditional state- 
ment ог an implication. In symbols, it is written as p—4. We 
have already constructed truth tables for several compound state- 
ments. We would naturaily like to construct a truth table for pg 


88 well. Before we do that, let us consider the following state- 
ments : 2 


(i) 18648 an even number, than 7 is an odd number. 
(ii) If 3 is an odd number, then 49 is a perfect square. 


(iii) If Sis a prime, then 21 is a prime. 
(iv) “If 8 is an odd number, then 23 is a prime. 
(v) If 16 is a prime, then 81 isa prime. 


Each of the above statements is of the type р->4 for some 
Statements p and 4. 


For (4), let us write 
P=6 is an even number, 
4—7 is an odd number. 


Both p and q are true, and 4 сап be logically deduced from p 
by using the fact that even and odd numbers occur alternately. 


nl ‘ccording to common sense, pg should have the truth 


For (ii), let us write 
P=3 is an odd number, 
q—49 is a perfect square. 


Both p and q are true statements, b i 
ED touc. А 4 nts, but @ cannot be logically 


According to common sense p-> should b i 
truth value 0. ae cl pd 
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For (iii), let us write 
p=5 is a prime, 
g=21 is a prime. 
The statement p is known to be true, and the statement q is 
known to be false. 
According to common sense, р->4 should have the truth 
value 0. 
For (iy), let us write | 
р==8 is an odd number, 


q=23 is a prime. 

Here p is false and 4 is true. It should not be possible to 
deduce a true statement from a false statement. Therefore according 
to common sense, р->4 ought to be given the truth value 0. 

For (v) let us write 

p=16 is a prime 
4-81 is a prime. 

Both p and 4 are false, and according to common sense 

p-*q should have the truth value 0. 


Let us tabulate the truth values of p and 4 in the above five 
cases, alongwith the possible truth values that р->4 should have 
according to our common sense 


q рф 
(i) 1 1 1 
(ii) I 1 0. 
(iii) 1 0 0 
(8) 0 1 0 
0) 0 0 0 


The above assignments of truth values is on the assumption 
that there should be causal relationship between р and g, and dicta- 
tes of common sense should be honoured. In mathematical logic 
we do not do this. For, if we were to do so, we would be in 
difficulty, In cases (i) and (ii), there would be an immediate 
contradiction. In both the cases (i) and (ti), both p and q have the 
truth-value 1, but while in case (1) р->4 should be given the truth- 
value 1 and in case (ii) pq should be given the truth value 0, How 
do we assign truth values to р->4 in such a situation? This difficulty 
‘is overcome by the following definition : 


Definition 104. If p and g are any statements, then 
p-4—p'tq. 
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In the above definition, p is called the antecedent and q is 
called the consequent. 

Remark. The implication р->4 does not mean that p and 4 
are related in such a way that д can be derived from p Let us once 
ман emphasize that there need not be any causal relation between 
p and q. 

By using the definition of р->4 we can easily construct the 
truth table for р->4 as shown in Table 10°11. 


TABLE 10.11 
Truth table for p > q 


Biconditional Statement. If p and q be any two statements, 
then the relation ‘<>’ is defined by the equation реэ@=(р->д) (4->р). 
It is called a biconditional statement or equivalence. It is read as 
“р if and only if q’. It has the truth value 1 in exactly those cases 
in which the truth values of p and g are the same. Table 10°12 gives 
the truth-table for the biconditional statement. 


TABLE 10.12 
Truth table for p <> q 


Remarks 1. Given an implication р->4 we frequently talk of 
three other implications : 

(а) The converse of р->4. It is the implication 4->р. 

(b) The inverse of pq. It is the implication р” +g’. 

(с) The contrapositive of pq. It is the implication q' —p'. 


» 
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The following table compares the truth values for the above 
four implications connecting two given propositions p and q. 


TABLE 10.13 


From the above table we find that p>g and 4” —p' are equal, 
ie., the original implication and Ив contrapositive are equal. Also 


TABLE 10.14 


If p then q 

p only if q 

p is a sufficient condition for q 
A necessary condition for p is 4 


In order that p it is necessary 
thatq 


p unless q 
рі 
р is a necessary conditon for q 


In order that p it is sufficient 
that q 


A sufficient condition for p is q 


p if only if q 


p is a necessary and sufficient 
condition for q 
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we find that 4—p and р” —q' are equal, i.e., the inverse and converse 
of an implication are equal. 

2. From the definition of р->4 and from De Morgan's law, 
we find that the negation of р->4 is given by (p-gq)'=(p'+-q)'=pq’. 
In other words, itis false that p implies 4” сап also be stated by 
saying ‘p and not q’.. : 

3. The following table gives several abbreviated statements 
and their translations into symbolic notations. These will serve as 
definitions of the connectives commonly used in the English language 
and will be found useful in translating assertions about statements 
into symbolic language. 

Example 6. Let p be the statement 55 is an odd integer’ and let 
q be the statement ‘chocolate is sweet’. Write in words 

(a) the implication р->4 (b) its converse (c) its inverse (d) 
its contrapositive and (e) its negation. 

Solution, (a) If 5 is an odd integer, then chocolate is sweet. 

(6) If chocolate is sweet, then 5 is an odd integer. 

(c) If 5is an odd integer, then chocolate is not sweet. 

(d) If chocolate is not sweet, then 5 is an odd integer. 

(е) 5 is an odd integer, and chocolate is not sweet. 


Example 7. Label suitable simple statements as p and q and 
translate the following into symbols : 

(а) If sugar is cheap, then sweets are served in plenty. 

(b) Sweets are served in plenty, unless sugar is cheap. 


(с) A^necessary condition for sugar to be cheap із that sweets 
are rarely served. 


(d) Sweets are rarely served only if sugar is costly. 
(e) Sugar is cheap and sweets are rarely served. 


Solution. Let p=sugar is sweet, g=swe i 
2 =Sweets are served 
plenty. , Then p'—sugar is costly, q'—sweets are rarely served. The 
symbolic translations of the given propositions are : 


(а) pq Q) р" : эр! 
Put Ed (€) рэя (4) 4->р 


1 Example 8. Show that if ‘p and “р be any t 
then the statement (p (абыл. ЭЭН Не БН бун 


Solution. (p (р->4))->4 

‚ =(р (р'+))—>@, 

=(pp'+p4)>q, 
=(0-Ера)->4, 


к 


E 
po = ETS ЫН 


Eo JY Фф ла оғ = 
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-—pq-*4, 
=(pq)'+4, 
=р'+9 +4, 
=p'+1, 
-41, 
Hence (р (р->4))->4 is a tautology. 


Example 9. Show, by constructing 4 truth table that the 
implication 


[p-4) (qr) на! 2564) 
is a tautology. 


Solution. 


TABLE 10.15 


Since'all the entries in the last column аге ‘1°, therefore the 
giver proposition is a tatitology. 
EXERCISE 10 (е) 
1. Let p=The dog barks, g=The dog is scared. Write each of 
the following statements in symbolic form : 
(a) The dog is scared only if it barks. 
(b) The dog never barks when it is scared. 
(c) The dog barks only if it is scared. 


рэ |aor| (qa? 
سے‎ 


о о о о 
Pa P gw чә АО OS a du 


„оо > 31 oof د‎ 
2-4 о ә ооо о 4 
ی‎ o 40 O OF 
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(4) The dog is scared only if it barks. 
(c) The dog barks if and only if it is scared. 
(7) The dog never barks if it is not scared. 
2. Write down the truth values of the following statements : 
(a) If 10 is an even number, then 25 is a perfect square. 
(b) If 16 is an odd number, then 37 is a prime. 
(с) If 101 is a prime, then 100 is a perfect square. 
(d) If 20 is a perfect square, then 16 is a perfect.cube. 
(e) If 8 is a perfect cube, then 17 is ап odd number. 
(f) If 6 is a composite number, then 13 is а composite 
number. ` 
3. Write in reasonable English the negation of each of the follow- 
ing statements : 
(a), He will die unless he is given blood. 


(b) А necessary condition for two triangles to be congruent 
is that they are equiangular. 


(с) I grow fat only if I eat ice-cream. 
4. Write in words the converse, inverse, contrapositive, and 


negation of the implication ‘If 6 is greater than 5, then + is 


greater than i^ 


15, Show, by constructing, truth tables that'each of the following 
, implications is a tautology ; 


(а) pq-pq (0) ра->р 
(с) р->(р->4) (d) p-Fq) р> 
(е) p-c(ptq) 02 (f£). a(p4). 


108. VALID ARGUMENTS 


^. In mathematics we often assume a certain sets of propositions 
without proof, and deduce from them by logical reasoning, certain 
other propositions. The propositions. that are assumed without 
proofs are called axioms. We are not concerned with the absolute 
truths of the propositions that we deduce. What we are concerned 
is whether we can logically derive a proposition from the axioms. 
Аз ап illustration, consider the pythagorean proposition which Says 
that “In a right-angled triangle the sum of the squares of the sides 
containing the right-angle is equal to the square on the hypotenuse”, 
This proposition is true for right-angled triangles in а plane because 
it can be deduced from the axioms of Euclidean plane geometry.3 It 
is however, not true for triangles on the surface of a sphere. 
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In the present section we shall study the processes by which we 
can derive a proposition (called conclusion) from a set of given 
propositions (called premises or hypotheses). A process by which 
a conclusion is formed from given premises is called an argument. 
An argument is said to be valid if and only if the conjunction of the 
premises implies the conclusion. 

Definition 10.5. Ап argument which yields a conclusion r 
from premises ру, рь-----:, pn is said to be valid if and only if the 
proposition (pips......pu) r is a tautology. 

How to check the validity of an argument? ‘There are 
three general methods for checking the validity of a given argument 

Method I. The validity of a given argument сап be checked 
directly from the definition by using a truth table. “That is, we сап 
construct a truth table for the proposition 

(ріргрз---:-'рп) >r. (A) 

If we find from the truth-table that the above proposition is a 
tautology, then the argument is valid, otherwise it is not valid. 

1 Method П. We can simplify the proposition (A) by standard 
methods of simplification. lf the proposition reduces to 1, then the 
argument is valid, otherwise it is not valid. 

Method III. The third method for checking the validity of 
‘an argument is to reduce the argument to a chain of arguments, 
each of which is known to be valid (as а consequence of previous 
‘checking). x 
10.8.1. Some Important Valid Arguments 

The following two arguments are the most frequently used. 
valid arguments : : 

(1) Rule of detachment. The rule of detachment states that 
the propositions 'p' and ‘pq’ together yield the proposition 'g'. 
It is also called modus ponens. The rule of detachment is often 
written as follows ; Р ч 


ч ; р 1 : ‹ 
p-4 мі ut Miseni 
4 Y T Ў ” 
The above schematic arrangement consists of the following + 
(а) The premise or premises are listed first. | 
(b) A horizontal line is drawn when all the premises have 
been listed. i 
(c) The conclusion is written below the horizontal line. 
(d) Reason or explanations, if any, are written to the right of 
each proposition. - 
The validity of the rule of detachment has already been veri- 
fied in example 8 by using method П. We can also verify it by 
method 1. 
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(2) Law of Syllogism. The law of syllogism is given by the 
form 


The validity of the above argument has already been verified 
in example 9 by using method 1, We can also verify it by using 
method II. 

In addition to the above two forms of valid argument—the 
rule of detachment and the law of syllogism, thé following six forms 
of valid arguments are also useful. Their validity has been checked 
in problem 5 of exercise 10 (e) earlier. 


22 TABLE 10.16 . 
Forms of Valid Argument 


While checking the validity of an argument, the following rule 
of substitution is often used : 
ovo Rule. A valid-argument remains valid if amy occurance of а 
proposition is replaced: by an equivalent. Бэрэн. 
1 Remarks 1. The validity of otherwise of an argument is 
independent of the truth or falsity of the «conclusion. That is, an 
argument may be valid but the conclusion-may be false. Also, ап 
argument may be invalid but the conclusion may be true. For 
example, consider the following examples : 


(A) Tee is hot: 
If ice is hot, then snow is green. 
Snow is green. 


е The above agrumtent is valid but the conclusion ‘snow ig green, 
is false. Ў 


(В) 6 is an even integer. 
185 is an odd integer, then 6 is an even integer. 
5 is an odd integer, 
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Although the conclusion ‘5 is an odd integer’ is true, the argu- 
ment used above is false. 

2. While checking an argument for validity, if we find (or 
even suspect !) that the argument is invalid, the proof of invalidity 
can be given simply by exhibiting a set of truth values of the various 
propositions involved for which the premises are all true but the 
conclusion is false. This would show that if we were to construct 
the truth table, one row in the truth: table would. contain “а 0, and 
consequently the argument is not valid. 


Example 10. Examine whether the following argument is valid 
p-*4 
qr 
р 


r 
Solution 1. Let us write 
s=[(p-g) (qr) р. 
We construct the truth table for the proposition s. НУМ Oy 
Since the s column contains only 175, the argument is valid. 


TABLE 10.17 ' Ч 


азе | 99 0р m 


1 
1 
1 
E 
z 
1 
1 


v 1418. Id 

Solution 2. viter MUS 2 Aa 
- s=[(p>q) (ar) pr, eth 
=10'+4) Gtr) pln cess : 

ра Aat ЫЎ beri ah i 

SP APT БАГНЫ уун rl 
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=(p' +p) (p'-Fq)) tar Frs 
=1(p'+g') +q +r)r +r’), 
тр qt (rnit 
=p qr. 
=p'+1+r, 
=j; 
j Sinces: reduces 10-1, the argument is valid. 
Solution 3. Consider the following chain of arguments : 
} рэд а premise 
q>r a premise 
p>r law of syllogism 
р a premise 


r rule of detachment 


Observe that the above chain of valid arguments gives a neater 
method of showing the validity of the given argument as compared 
to Methods I and ІТ. й 


10:82. Some Applications of Logic in Solving Problems 


Example 11. Anupama, Bhavna, Chitra, and Deepti competed 
ffor-a- scholarship. Someone asked them, "What was the result?" 
‘Anupama said, “Chitra topped, Bhavna was second." Вһаупа said, 
“No, Chitra was second and Deepti was third." Chitra said, ‘“Deepti 
was last, Anupama was second.’ Each of three girls made three asser- 
tions, of which only опе was true. Who won the scholarship 7 


| Solution. . In this problem each of the three girls makes two 
statements, and exactly one of the two statements is known to be 
true. 


If p and q are two propositions, and exactly one of them is 
false, then we know that 


Pptq-l,  pq—0. | 
Neither of the above relations by itself 18 sufficient, because the 
first one is true even when both p and q ate true and the second one 
is true even when both p and д are false. Let us try to search for 
a single relation which is true when exactly one of the two pro- 
positions p and 1з true and the other is false. This could happen 
intwo ways: either p is true and q is false, or, pis false and q is 
ie That is, either pq’ —1 or p'q—1, but not both. » This means 
t é \ ; 


pq’ -p'q—1 and (ра) (p'g)=0. 


Now (ра) (р'<) is always 0, Therefore the given condition is 
equivalent to the relation pg'--p'q—1. We shall use this relation 


a aide EE 
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to symbolize all the three statments. Let A, be the proposition 
‘Anupama was first’, A, the proposition ‘Anupama was second’, 
and so on—each letter indicating the person about whom. the asser- 
tion was made, and the numeral indicating the ranking of the person 
about whom the assertion is made. For example С, would stand for 
the asseration that Chitra was third. Let us now express the three 
statements in symbolic form. А , 

Anupama's statement : C,B,’+C’,B,=1. 

Bhavana's statement : C,D,’+C’,D,=1. 

Chitra’s statement ^ : D,A,'3-D,'A;—1. 

Since the conjunction of true propositions is a true proposi- 
tion, therefore writing the conjuction of all the above statements we 
have 

(CBs + C,'B3) (CD's + C,"D3 (DA ^; Dy’ Ay) —1. 
Since distributive law holds, we can multiply out, and write 
the left hand side as the sum of eight term. We tbus bave ; 
CB,’ CD, С.А, --C;B, C,'D,'A; 
-ЕС,В,С,П,А,--СїВ,С, Түр, Аз 
+C,'BeC,D',D,Ag'-+Cy'B,C,'D:Di'Ae 
+С, В,С, ,О АТ, - C,'B;C;Ds'D'4A, 
z]. 

The first term on the left contains C, C4 which is Zero because 
Chitra could not have come first as well. ав second. The third, fourth 
and seventh terms are zero for a similar reason. The fifth term 
contains B,C, which is zero because both Bhavana and Chitra could 
not have come second. Therefore the fifth term is zero. The sixth 
and the eighth terms ars also zero for similar reasons. We are thus 
left with the second term only. That is, the above relation yields 

C,B,'CD,D,/A,—1, 
which gives C,=Be’=C,’=D,=D,'=A,=1. 
Now C,=1 means Chitra was first, 
Аз=1 means Anupama was second, 
D,=1 means Deepti was third, 
and consequently Bhavana was fourth. 


Example 12. Consider the following statements : 


(1) АП writers who understand human nature are clever. 

(2). No one is a true poet unless he can stir the hearts of 
men. 3 

(3) Shakespeare wrote Hamlet. 

(4) No writer who does not understand human nature can stir 
the hearts of men. ‹ I 
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(5). None but a true poet could have written Hamlet. 
_ What conclusion can you draw form the above assertions ? 
Solution: Let us first of all note that the universal class here 
is the class of “writers”. Let us denote it by w. 

2 We shall denote by a the class of writers who,. understand 
human nature, by b the cless of clever writers, by. c .the.class. of 
poets, by 4 the class of writers who can stir the hearts of men, by 
s the class consisting of the;single writer, namely Shakespeare, and 
by л the class consisting of the writer, of. Hamlet. Let us now put all 
the given assertions in symbolic form 

222400, сап be written as aC b. 
240). сап be written as cC d. 
(3) can be written as 5--/. 

(4) can beywritten as а'Са'. 

, (3) can be written as ВС c. 

Observe that.a’Cd’ is equivalent to the statement .dCa., From the 
have five relations we have , аа 
s—hCeCdCaCb. . 5 
This leads us to the donclusion that! SCD, ie, Shakespeare 
was a clever writer. қ < 3 Р 
Exercise 10 (f) 


> [53 Check the validity of each of the following arguments :' 


(а). 4'.« (b) pq 
satt гэ 2422 vd ; ІР/->4 2 
ie i үр el mts 1й : Ч © 
эй цай едом lio (D "ра 
Бом "ger vis ai T] ы х ad 
i I 
pet pe 
2. Show that the following argument is valid : 
gd 
: por n 
3. Is the following argument valid : 
i 8 Nas 
qtr 
pq 
r 


Give reasons for your answer.» 
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4. Prove that the following arguments are valid : 
(a) p-4 
pts 
sy 62 
р 
(9) р 
| р+-5->рг' ) 3 
5 ! | 5 
5. Weare given the following statements, as premises, all of 
which refer to a certain meal : 3 ED 
(a) If I take tea, I don’t drink milk. Їр 516:35]09HW 
(b). Teat cream wafers only if I drink milk, án 
(c) I don't take apple unless 1 eat cream wafers. : 
(d). In the evening to-day, I had tea. lat 
Is it possible to draw any conclusion about whether P took an: 
apple to-day in the evening. 09 ار‎ 
If so, what is the correct conclusion ? 
109. SWITCHING CIRCUITS t 107: 
Опе of the importantapplications of Boolean algebra is to swit | 
ching circuits. A switch is a two-state device, the two states being 
closed and open. The algebra of circuits is“of interest to mathemati“ 
cians as well as to engineers. The interest of the mathematicians 
arises from the fact that Boolean algebra is used. in the design and, 
simplification of complex circuits involved. j А 


is denoted “by x, the second’ is denoted by х (or if thé second is 
denoted by x, then the first is denoted by x’): 5 dicey MO EP 
A switch which is always closed is + represented by 1 anda, 
switch which is always open is represented Бу Oo 11110, 
Whatever-we have said about switclies applies to’ ‘circuits © as 
wellat 1f a/circuitis closed, so'that “current “passes through it, we 
say-that itis in state 1 ; if a circuitis'open 50) that current docs ПО” 
pas through it, it is said to be in-state 0. 9 - H а 
10:91, Connection of Two Switches in Parallel... oji; ч 
If two. swithes х and y are connected in parallel, as im ЦЭГ 
10°3(a) (so that current passes through the circuit if one of the 
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switches is closed), then the resulting circuit is denoted by х--у. 


X 
ха ae om 
y Я 


Fig. 103 (а) Fig. 103 (b) 
1092. Connection of Two Switches in Series 


If two switches x and y are connected in series as іп Fig. 
10'3 (b) (во that current passes through the circuit only if both the 
Switches are closed), then the resulting circuit is denoted by xy. 


parallel circuit having switches х, y, z,«« ху, zn 
etc. 


We express the above relationship between algebraic ` expres- 
sions (functions) and circuits by saying that the function represents 
the circuit and the circuit realizes the function. 

10'9:3:: Equivalent Circuits 

Two circuits involving switches x, у, ... are said to be equiva- 
lent if the closure conditions of the circuits are the same for any 
given position of the switches involved. This means that two cir- 
cuits are equivalent. if for every position of the switches, either 
current passes through both the circuits, or it does not pass 
through either circuit. 

_ Two algebraic expressions are said to be équal if and only if 
they represent equivalent circuits. 

Since a switch can be in one of the two states 0 and 1, amd 
algebraic expressions represents circuits here, therefore each of the 
variables in the expressions to be encountered in the algebra of 
switching circuits can take two values 0 and 1, therefore it is very 
natural to ask as to whether the boolean algebra on the two-ele- 
mentic-set (0, 1) that we described earlier—can be used to assign a 
value to an algebraic expression for given values of the variables 
involved, The important question is: :Willthis assignment serve 
any useful purpose for switching circuits.) Fortunately the answer 
is that it indeed serves the purpose. The correspondence between 
series/parallel circuits and the expressions х--у, xy has been made 
іп that way. The situation will become clear by having а glance at 
the following table of closure properties of switching functions (as 
the algebraic expressions that correspond to circuits are sometimes 
called) x’, х--у and ху, 
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TABLE 10.18 л 
Closure properties of switching functions X', x + у, ху ر‎ 


bE Ha‏ ا 


ХҮ 
ا‎ 


Let'us compare this table with the corresponding truth tables for 
statements: Аге younot surprised that both are the same ? Беги 
compare it once again, this time with the corresponding tables for 
the *--' and .' for Boolean algebra (page 580) Both turn out 
to be the same. Thatis, the truth tables for disjunction and con- 
junction of statements, the operation tables for logical sum and 
logical product in a. Boolean algebra. ona, set consisting of two 
elements, and tables of closure properties of switching functions, all 
of them are the same. That is the beauty of mathematics— 
the same structure appearing in widely differing situations. Now 
you must һауе understood as Чо why “Boolean “algebra should be 
applicable to switching circuits: Р | m Ц 

While the validity of the laws of Boolean algebra for switching 
circuits is an immediate consequence of. the fact that; ав we have 
seen above, the operation tables and the tables of closures ргорег- 
ties for switching functions are identical, a direct verification is also 
possible by considering the circuits that realize the functions on 
either side of an identity such as ou 

х(у+2) = худ xz, к ytin 

or х+у2=(х+у)(+2), Yb ex nol 
and examining whether the circuits turn out to be equivalent. ! 

Example 13. Draw the circuits whith realize ‘the’ functions 
х-Буг and (x+-y)(x-+z). Aré the circuits equivalent? Tf yes, what 
conclusion can you draw ? alana 

Solution. The circuits are as shown in Fig. 10.4. qatê 


ЕНЕ 


Fig. 10:4(а) Fig. 10°4(b) 
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The circuit in Fig. 10'4(a) is closed if and only if the either switch x 
is closed, or both y and z are closed... The same is true of the cir- 
cuit in Fig. 10.4(). Therefore the two circuits are equivalent. 


. Conclusion. The distributive law 
| ®+у4=(х+у)(х-Е2) ' 
holds for switching circuits. 
109'4. How to Apply Boolean Algebra to Switching Cir- 
| cuits ? | 


І Before we proceed further, let us see as to what are the various 
problems in applying our knowledge of Boolean algebra to switching 
circuits. The main problems are the following : 


12 Given a boolean function, to draw the switching circuit 
which realizes the function. 


2. .Givena switching circuit, to find the boolean function that 
represents the circuit, nco i fj Lor oa. 

73. Given a'switehing circuit, to obfain à simpler equivalent 
сї “1 moss кый ГЕ tak Жек 


So far аз (3) is concerned, it consists of the following steps : 

0) ‘to find the boolean function that represents the circuit. 

.. Qi) to simplify the function by applying the laws of boolean 
algebra. | Чу Ў 

(Ші) - to draw a circuit which realizes the simplified function, |, 
We shall take up the above problems (1)—(3) one by one... The 
examples given below will illustrate the method. 

! iple 14. Draw a circuit which realizes the following 
fuuction: 0: cro 

ai he Сабу Y yz). 

"Solution. We have to draw the circuits which realize the 
functions ху+х2 and x'y’--yz! respectively, and then connect the 
two circuits in series. То draw the circuits which realizes the fun- 
tion ху--х?, we must draw the circuits which realize the functions 
ху апа xz respectively and then connect them іп parallel. To draw 
the circuit which realizes the function 2'y'--yz' we draw the circuits 
трип желе the functions x'y' and yz’, and then connect them in 
parallel, 


Step I. 


diem y 


0—7 


Fig. 10:5(а) 
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Step п. 1 
x — 54 vay 
Fig. 10-5(b) 
Step III. p" нэйдний ECOL 
Fig. 10:5(с) M sanc 


In step I we have drawn circuits for xy, XZ, x "Уу, and) yz (Fig. 

10°5(a)]. 

In step П we have connected the circuits as explained above to get 

the circuits for the functions xy--x'z and ху +-у2' [Fig. 10° 35. 

In step ПІ we have connected the circuits for xy--x'z and ху TX 

in series to get the required circuit ag shown in Fig. 10:5(с). 
Example 15. Find the boolean € which represents the 

circuit Fay below (Fig. 106). 


2 
Fig. 10:6 

Solution. (мын that : 

1. Switches y and 2 have been’ connected i in рүе; They 


realize the function у. 8 adi ab 
2. -Switches/circuits designated by. 82 59445) наа и have been 
connected in series. They realize the function a(y--z)u. ` 


3. Switches у" and z' have been soliti in parallel. 
realize the function у'+-2'. : tie cs xus aliod эйт 


3 ын БУ 
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F 4. Switches/circuits designated by x’, y'--z' and v have been 
connected in series. They realize the function x'(y--z^)v. 


'5. The circuits realizing the functions х(у--2)и and x'(y’+2')v 
have been connected in parallsl. They realize the function 


x(-2)u4-X (у 422», 

1095. Simplification of Circuits 

Having seen as to how we can find а function representing а 
giveh circuit, and conversely as to how we can draw a circuit which 
realizes a given function we now take up simplification of circuits 
using Boolean algebra. The steps involved have already becn out- 
lined in section 10:94. 
Example 16. Simplify the circuit in Fig. 10°7(a). 


a b. 


Fig. 10°7(а) 


Solution. The circuit in Fig. 107(0) is represented by the 
; Boolean function . | 
1 f=(ab+ax+y+z)(ab+x'y'z'), 
=ab(xt+y+z+x'y’z’), 
1 zab[x-Fy-r z-F ct y 2)), 
=ab(1), 
таб. 1 


Hence the given circuit is equivalent to the series connection of two 
switches a and b as shown in Fig. 10:7(6). 


-------а 


“230 


Fig. 10:7) 


In applying the usual laws of Boolean algebra to simplify a boolean 
fune'ion fit sometimes happens that. a.possible simplification is not 
obvious and therefore it does not occur to us. In such a situation 
it is useful to take the dual of f and simpilfy it, and then again take 
the dual to obtain a simplified expression for the original function, 
The following example will illustrate the method. 


= 
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Example 17. Simplify the circuit in Fig. 10°8. 


a te SEY d 
Cee reer Ie 
Commerc aser d 
2 c 
dans 2) 224 
B йин aA өй 
Fig. 108 $ DRE 


Solution. The circuit is represented by the бна ew um 
f abcd-- cd' 4-cb' Fae! Bed +a be’. 


Consider the first three terms as the furiction ї 'and "t last ше 
terms as the function A. Ge uy қ 


Тһеп ‘ 
g=abcd-+-cd'+-cb', h=ac'-+be'd'-+a'b'c! сг 541) 
Denoting the duals of g and 4 Бу D(g) and D(A) respectively, 
we have 
(= (авс аЬ), 
=c+(at+b+d) 49, ) 
292971 FDA Xdd'b', i {йо 
—c--ad'b'. 242) 
D(h) -- (a--c')(b4-c' J-d")(a' +b'+c'), 
=c'+a(b+d')(a'+b'), 
=c'+(b+d')(aa'+-ab'), 
=c'+(b+d'\ab’), 
=¢' +b (аУ)--4! (ab’), 
=c'+d'ab’. PERAN 2509) 
Taking the duals of D(g) and р(8) we have 
D (D(g))=g=c (a-+d'+b'), (4) 
D (р(л)) =л=с' (d'+a+b’), зе A46) 
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Етош (1), (4), апа (5), же һауе : : 
/=&+#=с (аа) + (d'-+a+b’), 
“= (еса), (0 
=а+{4-+Ь. 


The circuit that corresponds to this function is as shown in 
Fig. 1099, 


j Fig. 10:9 | 
109%. An Interesting Application of Switching Circuits 
Example 18. The Executive Committee of a school consists of 
three members— the. President, secretary, and treasurer, each. of. whom 
has control over one of the three Switches x,y,z. A resolution is put 
To vote and is to be decided by a simple majority.’ Each member votes 
on the resolution by closing his Switch if he votes, in. favour. of the 
resolution and opening his switch if he votes against. the reso lution, 


Design a circuit which will be in state one if and unly if the resolution 
is passed. E 


I 


il}. Solution. Let us designate the three members а x, y, z. The 
resolution will cbe; passed if; and only. if either all the three 
members vote for it or exactly two members vote for it. Further- 
more, if two members vote for it, they could be either X and Y, or, 
Y and Z, or, Z and X. kaki 


, If we denote a vote in favour ofthe resolution by 1, and a vote 
against the resolution by 0, then the resolution will be passed if and 


only if exactly one of the four mutually exclusive sets of conditions 
is satisfied : O's 


(i) x=y=z=1, 4 Cu 
(1) x=0, y=z=1, гә 
(iii) y=0, x=z=1, 
(iv) z=0, х=у=1. 
The above conditions can be rewritten as 
(4) xyz=1, 
(ii) хуг--1, 
(iii) ху -і, «^ t rg 
(iv) xyz'—1, 
respectively. 


19 } 
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‚А necessary and sufficient condition- for the--resolutionto be 
passed is that any one of these conditions is satisfied. Thus the 


resolution will be passed if and only if еб EA RU. 
» хуг х yz 4- xy'z-xyz'— l. $- 


“Тһе circuit which realizes the boolean fünction 
xyz-+x'yz-+-xy'z+-xyz' is given in Fig 10°10. Саду | 


у 
2 
y ue z— - 
Fig. 10-10 ае 2 pe 


EXERCISE 10 (g) 
ст Draw circuits which realize: each. of the following e expressions, 
| without first simplifying the expressions : 
“wy RESA E ERE Xyz FX YZY 
(с) (ху) (ухе) (9) xyz y ae 
(е) (х--у)у--2)(х--2) (f) хул Nyx! аху jn 


2. For each of the circuits in Fig. 10° 1L(a)— (4), find the boolean 
ща that represents the circuit. 


H 


Le ш 


Fig. ub =з 


"Fig, 10110) 
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te Y rs Z 


a 
X ——— 2 
ل‎ 


2 و‎ 
Fig. 10°11 (c) 


х------у------а 


а: 


х 
Fig. 10:11 (d) 


3. For each of the circuits in Fig. 10:12 (a)—(d), find the boolean 
function that represents the circuit and simplify it. 


x х“ 
Tp 
z 2 


Fig. 10°12 (a) 


yy 


Fig. 10:12 (c) 


germ TEE чүт тыры 


жо NAME 


руу ااا‎ 
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< 


= 


Fig. 10712 (d) 
4. For each of the circuits shown in Fig. 10:13 (09-49 find a 
simpler equivalent circuit. Also find a necessary and sufficient 
condition for the circuit to be in state 1. 


Fig. 10:13 (0) 1 
- Н Н 
y y y. у 
Fig, 10°13 (5) 
y 
ав " 
2 


Fig. 10°13 (с) 


Fig. 10°13 (d) 
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а 
шэг 
: 
: 
Үр 
с 


Fig. 10:13(е) 
5. Verify by drawing circuits, that all'the laws of Boolean algebra 
5 hold for switching circuits. | 
. TEST YOUR UNDERSTANDING X 
In each of the following problems four alternatives are given 


out of which one is correct. Put a tick-mark (У) against the correct 
alternative : 


dy Which of the following sentences is not a statement : 
(a) 36 isa prime. 
(b) This statement is false. 
(с) The planets revolve around the sun. 
> (d) Angle in а/веті-сігсіе is a right angle. 
2, Which of the following statements is false : : 
(a) 5 cannot be expressed às ће sum of squares of two 
natural numbers. 
(b) The diagonals of a rectangle are equal. 
(c) Mahatma Gandhi was born in 1869, 
(4) pandit Jawaharlal Nehru was the first Prime Minister of 
ЭЛ India. | , 1 
3. The negation of the statement ‘She is ugly’ is the statement : 
(a) She is beautiful (b) She is pretty 


(c) She is пісе — (4) She is not ugly. 
aor p and q be any statements, then the statement ‘p unless q'is 
written as" Sr SE 
(а) р> (0) qp 
(©). p. era (Ойор ГЭЭ 
5.1 The contrapositive of the statement p>q is | 
— 00-Фэр 22-40) qp Ж 


| €) эр (d) pP'+g'. 
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6. 


10. 


5, 


©. 


If p and 4 be any statements, then which of the following 
statements is р->4: 


(a) p only if 4 (b) рід 

(c) p unless 4 (d) p if and only if g. 
If p and q be any statements, then (р-1-4) is 

(а) ре (b) ра. 

(e) р->4 _ (a) (ра). 


If p=He is strong, q—He is handsome, then the statement 


: ‘He is neither strong nor handsome' can be written іп 


symbols as : à 
(a) р'+4 10925) 

(c) pta (d) p'q'. 

The converse of the statement р”-»07 is 

(а) р->4 22210) «гэр. i 
(с) 4->р i (d) pq". 


The circuit represented by the function (xy--abc). (ху-а Fb" 
+c’) is equivalent to that represented.by the function 
(а) .ab () ху 
(с) x+y (4) ху+аһ. 
REVIEW EXERCISE Х 
Write the negation of the following statements : 
(a) All roses are red. 
(b) Itisa rainy day. 
(c) Мо man is a liar. 
(TTT. <> Ten TES E Я 
Let p=Saurabh knows English, g=S; is | : 
in reasonable-English thefollowing Med аң de ve 
(a) p+q (b) pq 
(c) р (AY pig! и он sti cile 
Show by means of a truth tabl that 
Ov чай e that the statements Р->4 and 


Show that in every ‘Boolean al гах x" узэх, 
pair of elements x and у. aci E TRAA ey 


Prove that if x, у,-жате elements of a Boolea 
which both the conditions xy=xz and x+ Vm E PLA qum e 
then it follows that У-2. | О аны 


Prove that іп a Boolean ‘algebra x 0=0 for every ‘element х 
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12. 
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Show that in ‘a Boolean algebra, for all elements х, у, 2, 
x yz--xyz' x y a-x yz x y 2 =(ху xa) sex. 
Show by writing truth tables that 

(а) Кр--д (p=) € Ir (44-11. 

(5) Kp—eXp—r] par). 

(с) (р->?--(а->”/ = Keg). 

(d) Крэн 0-0), © [(р+4)->г]. 

"Show that the following arguments are. valid) > 


(a) р>4 0) «эр 
rq Pagans 
r'>s 1 mae s 
pos 5111 


Draw circuits which realize the following functions B 
(a) z(xryxyz; `7 ot МЕНІ ч) опо cups & | 
(b) а(х+уд+4(х+у)у ^ 
() (yax yz) Gb y2) 5 

(d) z (uyw--xu'w--y'm)i > 
Simplify the following circuits : 27 


Simplify the following ей: Бал» as ni 


defo ANY Sade аак 
“(ay 209 Ё 11:51/481:1303) s to en 
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(9) 


у 


SUMMARY 


A sentence of which it is meaningful to вау whether it is true or false 
is called a statement А statement must be either true or false but not 
both, Г) 


The negation of the statement р is the statement . ‘It is false that p’ (3 
is denoted by p' (or ~p). 


The disjunction of p and q is ‘p orq’. Itis denoted by p+q (ог PN q). 
The conjunction of p and.q is їр and q’.-:It is denoted by pa (or pA а). 


» statement whichis always: true із called a tautology, “It їв dénoted 
y 1. 


A statement which is always false is denoted by 0. 


The statement ‘If р, then 4” 18 called the plication Or a conditional 
statement’. It is defined as р'+9, and is denote by pq. 


The statement “р if and only if 07 is called an equivalence or a bicondi- 
tional statement. It is defined ав (P) (9p). 


Truth table for p’, p+-q, PY, pq, p**q. 
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11. 


12. Boolean Algebra. А set S consisting of atleast two elements is said to be 


Re 


t The following properties also hold іп а Boolean algebra == 


7 Rule of detachment) (modus ponens). ! The propositions 'p' and. “р> 
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If p, q, r be any statements, then the following properties hold : 
(а) Commutative properties : 
рР+@=4@-Ер› р4--4р» 
(b) Existence of identities : 
„р+0=0+р=Р, p. 1-1 p=p. 
(с) Complementation : | 
There exists p^ such that _ 5 
р+р'=1, рр'=0. 
(d). Distributive properties : 
“р (а+т)=ра+р", p+gr=(p +4) (p +r). 
(e) De Morgan's Rules : 
~ (pF =p, (рау =p +g". 
Principle of duality, Every assertion or algebraic identity involving 


statements remains valid if the operations (+) and ( .), and the identity 
elements 0 and 1 are interchanged throughout. 


а Boolean algebra for two binary operations “+” and 9." defined on it 
if the following properties В1--В5 are satisfied : 


Bl. Closure. 5 із closed for the operations ‘+° and * .’. 
B2. Commutativity.... The operations ‘+? and $.. ' are commutative. 


B3. Identities» There exist in S distinct identity~elemehts 0 and 1 
relative to the operations ‘+’ and 5” respectively. 


B4. Distributivity. Föt each xis S, there exists an element x' in S 
such that 3 Ды Р 


2 xpe зі; 0! iF 


В6-В 12, Бог all elements x, y;2;in a Boolean algebra 
х-рХээХ, XX=. 


together yield the proposition 4. 

Law of syllogism. ” iti сазға ta 

See ee езеро ралита OTN н the 
A switch is said to be closed if current сац” Deen it. tli hi 

be open if current cannot pass tht ane? through it. Itis said to 


: ыы кілді 0 Вэ! 
= Lswitch is ys be in state 1 and an open switch is said to be 


ЭШЕ, 0-1 9 
two switches are connected in parallel, the resulting circuit 1 
1 с lel, the тє си 
9 ni Switches 54 connected in serjes, the resulting circuit. i 


REN 


س ہہ M‏ ——— 
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18. The algebra of switching circuits is a Boolean algebra. 
HISTORICAL NOTE 


The-development of mathematical logic as an algebra of 
classes which began with the works of George Boole (1815-1864)— 
The Mathematical Analysis of Logic (1847) and An Investigation of 
the Laws of Thought (1854) in the nineteenth iry. It was 
followed by the pioneering work of Go Frege's work 
went unnoticed until Bertrand Russel drew. attention to it during the 
first decade of the present SN ID "The method of truth tables owes 
its origin to C.S. Pierce in the 187078 but was developed fully later 
on by E. Post and Ludwig Wittgenstein. The principle of duality 
was discovered independently by De Morgan and Benjamin Pierce. 


OO 


BLAISE PASCAL (1623-1662) 


French mathematician, Pascal, was a mathematical prodigy. At the age 
_ of 16, he published a one-page paper, which page is a most fruitful page in the 
history of mathematics, The result contained in that paper is now known as 
Pascal’s theorem (viz-points of intersection of opposite sides of a hexagon 
inscribed in a conic are collinear). Pascal's second love (the first being 
geometry) was designing, building and selling calculating machines after which 
he turned to hydrostatics in 1648, He made himself a name in this field 
through the well-known Puy-de-Dome experiment confirming the weight of 
air. About six years later, Pascal again turned to mathematics. At this time 
of his life, he wrote ‘Complete Work on Conics’ which unfortunately is not 
extant, and it was at this stage that Pascal became interested in the theory of 
probability. Using arithmetic triangle (now known after Pascal’s name), he 
extended Cardan’s results further, n afterwards, Pascal turned to theology 
which ended his mathematical career except for one later flash, when on one 
jolly night in the year 1658, he had a toothache and to distract himself he 
started studying the cycloid, obtaining a number of most remarkable results 
about the same. He published many of these results іп his “Treatise on the 
sines of a Quadrant of a Circle" and according to Leibnitz, it was in this work 
of Pascal, that he saw the light of Calculus. 
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CHAPTER 11. 


Elements of Probability 


111. INTRODUCTION 


Cricket is perhaps the most popular game these days їп our 
country. Some people may doubt this statement. But surely no one 
can doubt the following statements : рох 43 


1. It is very unusual for a. cricket player to have played in 
more than 100 Test matches. (By the way, in 1976, М.С. Cowdrey 
had already: played in 114 Tests.) | 


2. It is very unlikely for:a sparrow to die ofa hurt) caused, by 
a ball during a Test match. (By the way, а sparrow was-killed; in 
flight by а ба! гот M. Jahangir Khan at Lord's in 1936.) ute 


3. The probability of a team making more than 4 centüries 
іп а single innings of a Test match is very small. (By the way, 
Australia made 5 centuries in one innings at Kingston in June 1955 
while playing against West Indies.) 

4. Тһе сһапсев ОҒ our country winning'a Test match played 
at Bombay are very bright because most of the times our team has 
been doing well there. | . { g 

We believe in the above statements because of our past experi- 
ence with the frequency of the occurrence of the events mentioned. 
The rarer the event, the lesser our faith in its repetition. 


Let us consider another question related. with Test matches. 
How do they decide which team is going. to play. first ? They toss 
a coin to settle the question and no objection is raised to this method 
by either team. The reason is obvious. Itis a fair method in the 
sénse that neither of the teams һа more'advantage or disadvantage 
as compared with the other; their chances of winning. the toss “аге 
exactly the same. You know this fact'by insight which capitalizes 
on the symmetry of the situation-or the factthat both the head ог 
the tail are equally likely without ever having had any instruction in 
*the so-called mathematics of chance or the theory of probability. 


In order to know the meaning of the word Calculus, you had 
to look up the dictionary (if at all’ you bothered), but the word 
probability must be as familiar to you ав line and point were, before 
you had ever studied Geometry. To'convince you further about the 
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fact that the rudiments of the probability theory are already dor- 
mant in you, let us play a simple game. 


Letus take a jar and put some marbles into it. 25 ян 
take out a marble from the jar without looking into it. 8 


marble turns out to be: , you win ; ШЕҢ із гей, we win. Let us 
start with 8 SOR the jar. what ‘are your овог 
winning 7 Absolutely попе ! O.K. Let us not be so unfair to инж е 
us put 2 green marbles also into the jar. What are your с sedes 
of winning now ? Very slim ! Let us put in two more green Ше 9155 
into the јат. There are now 8 red and 4 green marbles in t es 
Whatare the chances. of your, winning now ? Better than Бе fore: 
Suppose we put:4 more:green : marbles into the jar so thatt jM 
are 8 red and 8 green marbles in the jar.. What. are your chances 0 

inning now ? Fifty-fifty ! If L now remove all the 8 red marbles 
Жоп the jar leaving the green ores in and then let you take out a 
marble, what would be your chances of winning? You аге sure to 
win, eh ! You have a cent-per-cent chance of winning ; do you not ? 
Except at the beginning of thegame (when you were sure to lose) 
and at the end (when you werevsure 10 win), there was гап. clement 
of uncertainty as to the outcome’ ofthe game. At every stage in 
between, either.a red or a green marble could Бауе been drawn ; 
even when there were 8 red and 2 green marbles, a green marble 
could have been the result of our draw ; уе! you were prepared to 
say that the chances of your winning were very slim. 


5. The situation under consideration is. hypothetical but, surely 
же make so many predictions, take. decisions and plan accordingly 
regarding so many situations in every sphere of life everyday, the 
outcomes of which are quite uncertain. For example, on a cloudy 
dày талар rainy Season, we pick Up our umbrella/raincoat while 
‘going Out even’ when we are not certain that it is going to rain. So 
many of us purchase-a lottery ticket’ ever when we аге по! sure of 
a prize: The weather-forecasters predict-temperatures, rainfall, hum- 
idity, storms: etc. Number зоѓ, likely:accidents ; frequency of likely 
crimes ; predictions aboutibirths and deaths, marriages and i divor- 
ces ; figures regarding employment, stocks, sales, income-tax, interest 
rates etc; during an}on-coming period + ikely. results :of.any type of 
election: are, all examples vof our. dealing, with «situations whose 
outcomes) are uncertain... Yet'wé predict, decide, plan and. go into 
action. The science that helps us: here isthe theory of probability. 
The theory of probability is the'science that enables -us to deal 
with uncertainty in'an effective way: It is а mathematical scicence 
ip;8s much:as it creates its: own. models of uncertainty, and works 
within Ив own laws... Of course, (о Бе useful, the models are created 
to approximate essential features of real j life situations. The results 


of theory sare. then, applied..to, actual. problems), with. satisfactory 
results. 


Going back to our game of marbles, we observe that we used 
such phrases as very slim, better, fifty-fifty chance, of a cent-per- 
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cent chance of winning, Thus it appears that “the ‘chance ог, próba- 
bility óf our winning is something which admits of comparison 
in magnitude. Naively, we assigned numerical values also for the 
purpose of comparison. to.,our chance- or. the. probability го our 
winning. We shall now try to build up the.,tools which will help 
us in the difficult task of assigning numerical values to.an abstract 
concept like probability, as scientifically as we may manage. 


11:11. Random Experiments and Sample Space 


Here is an interesting experiment. Take a tumbler. Bring а. 
jug, full of water. Со оп puring water from the jug into. the tumb- 
ler. бо оп till the jug is empty. No kidding. What happened T 
Water spilled all around the tumbler? But then, did you expect 
something else ? You knew already that if you kept on pouring. 
water, first the tumbler would get filled, and then the water would 
start spilling ! ) 


Now roll а die. What would show up? Assuming you аге 
not the Shakuni from the old: еріс Mahabharat, you? cannot really 
predict which of the six faces |, 2, ...... ,6 would show up. It might 
be a one or а two or any one of three, four; five and six., Tbe out- 
come of rolling the die is not certain; there is some randomness 
associated with it. This experiment is different from the earlier 
one in that its outcome i$ hot definite > it is random. You cannot 
say what the outcome is going to be. However, you сау say that 
it is going to һе опе of the six .outeomes mentioned. above: ^ 


Suppose thateachrlettemof tie ‘word HONEY “is written on 
a card. and the cards are shuffled. A card is then, drawn. at random, 
‘the letter on the card is noted, the сага is returned into the deck and 
the deck is shuffled again. We may keep. оп drawing one card in 
this fashion and go on nóting the letter written on itas many times 
as we please. Each time'we draw.a card, we do not ktiow which 
letter it is going to bear, but wé do know that if must be опе and 
only one element of the set (Н, О, N, E, Y) every time... к 
ы Let us consider, another. situation. Suppose. we. take. а fifty 
paisa.coin. It has two faces, one showing the national, emblem and 
the other showing its denomination. , Let. us. agree to call the former 
one head (Н) and the latter one tail (T). И we. toss,,either‘H’ 
ог “Т” would show up. These two are the possible outcomes, 
one would normally imagine, of our coin throwing. We may 
list them in a set a$ ІН, Т}. On course, the Jair-splitter may 
argue that’ the coin might stand on Ив edge (E), (As a matter 
of fact, ifa coin is specially made so that its thickness equals 
one-third “of its diameter, them "it will. havé ‘almost as much 
"éhance df standing on ап edge as it has of showing a head" ora tail) 
or roll away (В), or be lost (L) by being tossed out of sight. ‘Allow- 
Jing for these fuss-makers, , we; may list the.set of yall possible or 
-conceivable outcomes.of.our throw as (H, T, E, R, L). We may 
repeat out action of throwing the coin under the same conditions ! 
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as above as many times as we like ; the outcome is going to be always 
опе and only one element of the set we have listed aboye, though we 
do not know which one. 


Drawing of the card or tossing of the coin an explained above, 
are’ examples of What is known as a random experiment. The 
essential features of such an experiment are :' 


1. We agree upon the conditions under which the experiment 
is to be performed and that it can be repeated "under similar or 
fairly uniform conditions. 

2. We agree upon the possible outcomes of the experiment. 
Each time we perform the experiment, we do not know what the 
outcome might be (it depends upon chance!) but it must be one of 
the outcomes agreed upon. 

Throughout this chapter and the next, we shall use, the term 
experiment to mean random experiment unless otherwise stated. 


/ Definition. For any experiment E, let S bea set of outcomes, 
such that 1 j 


(1) each element of S denotes а Possible outcome of the’ experi- 
ment, and vu : 


(ii) whenever the experiment is repeated, the outcome is.one and 
only one element of S. 


Then S is called a sample space of the experiment. 
Every element of S is called a sample point, 
5 л Notation. We shall denote the sample space of an experiment 


the number of Sample points is finite or not. 
is called discrete if either it is finite or else it is countably infinite 
(ie, it is infinite but its elements are іп one-to-one correspondence 
with the set of natural numbers). In this text, we shall be dealing 


Remarks 1, We have used the preposition ‘a’ before the word 
sample space because it is possible to have more than one. sample 


Space for the Same experiment. In our Coin-tossing experiment, we 
have listed two distinct sample spaces {H, Т} and ІН, T, E, R, L}. 
іл а given situation, one sample space may. be preferable to 
pe хайш of usefulness, computational. case or- even intuitive 


- 2. The Words space and point here, Зөгийн 5 : 
physical ог geometrical Sense. It is ан altogether бөн meet 


ys pao 
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that just as we represent sets geometrically by Venn diagrams, we 
may have graphic representation of sample space too ! Remember, 


а sample space is after all.a set. + 


3. А sample space ‘represents the experiment into the possible 
outcomes. Thus, once a sample space is agreed upon, we can forget 
about the experiment, so far as our further work is concerned, 

4. Impossible outcomes may be included in à sample space. 
The point to remember is that all possible ones, must be included. 
See Experiment 7 further on. 

5. No set rules for selecting the sample points, can be laid 
down, Sample points are the undefined objects of the theory. 


Here are some examples : 


Experiment 1, A card drawn from a. pack of cards, for its 
suite (heart ЭР, diamond 'd';'club “с, ог spade 557). 


Sample space 1 S—(hy, d, с, s)^ 


Experiment 2. Drawing a ball, for its colour, from an urn 
containing three balls of different colours—red (r), blue (b) or green 
(2). ў "Iz хэ) 

Sample space : S={r, Б, 2). 
Experiment 3. Товвіпр а coin twice, for number qf. times an 
*H' turns up. 

Sample space: S={0, 1, 2 }. 

The points of the. sample. space 
may conveniently be тергезеп 
by the points (0, 0), (1,0) апа (2,0) on 
the X-axis. 

iment 4. From an urn соп- 
taining 3 тей balls, 2.blue- balls. and 2: 
green balls, drawing two balls:in succes- 
‘sion; for colour. ił 


Sample 5рйсе : 

S—frr, rb, rg, br, bb, bg, gr, gb; gh, | 
where rb, for example, means tbat the 
first ball drawn was red and the second 
one blue. Similarly for other symbols. 


Remarks 1. In a two (or more ^ 23 Буг he: 


than two) step»experiment ав above,ia oino 0 599g 
tree diagram as shown below, is a great L Fig. 11:1 
help in imagining all the possible out- ; : 
comes. 

2. Another sample space, and a more useful one at that, 
concerned with this experiment is obtained as follows. Label the 
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three red "balls Ж, Ra R,;the'two blue balls Bj, Bs and the 
two green ones Су, Gs: Suppóse that the first ball drawn is R, and 
that the second ball drawn is С, ; this outcome, ‘lef us denote it by 
(R5, G,). Similarly for other possible outcomes. The sample space 
15:572 (25 ; j с 


{Ry В), (Ri, R;), , (Ry, BD, (КВ), (Ri, G,), (Ri, Go), 
(Ra Ri), (Ra В}, (Re Bd, | (Rs, BJ, (Ray Gy), (Re, GJ. 
(Ra, Ri), (Ra, R3), (R;, RD, (Ra; B); (Ra, Gy), (Rs, G»), 
Bı, RD, (By R), (B, к), (858), (8, б), ^ Bu, GJ. 
(B, RJ), (В, Ra, (8. R), (В.В), (Bs, OD, (Ba, Ga) 
(Gi RD, (Gi R), (б, Ra), (G B), (Ga, Bs), (Ga, G2), 
(Gy, R), (Gy, 8); (Gp, В), (б. B), (Ga, B), (Gz, О}. 

The elements of this sample space are equally likely, whereas 


those of the earlier one are not. (See page 627 for equally likely 
outcomes.) , 


Experiment 5. From the urn of Experiment 4, drawing two 
balls simultaneously, for colour. 3s 244 


“9 Sample space: S—(rr, rb, rg; bb; bg, gg). 


Experiment 6. Rolling а red die (Like the Cubical, piece 
having 1 to 6 dots on its various faces, with which you play Snakes 
and Ladders, Ludo etc. Correct yourself if you are in the habit of 
calling-it a dice. Dice is the plural of die.) and a green die for the 
number of dots on the upper-most faces.’ VEMM ! 


, Sample space : {(m, n)::-1 @т= 6,1 Sn «6m апа n 
denoting respectively the number of dots on the uppermost. face of 
the red and green die, The sample space consists of 36 elements 
which could be conveniently represented geometrically by a double 
array of 36 points, with six rows and six columns. 


Experiment 7, Reading daily temperature-on a room thermo- 
meter in degrees centigrade. nem os 5 

Sample space : (x : x isa positive real number): BA 

You may argue that many ofthe values listed in the sample 
space above could never be obtained. This should not: worry us ; 
so Tong as all possible outcomes: are included іп һе” sample space, 
the impossible ones do not matter, nalsd-Swoe vs * 

Note that the sample space is тш їе here; 27 У 
2222. Experiment 8. Notin the number of times a coin Бао be 
СОО амы 


Sample space. (0, 1, 2, 3,..-...... 
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11172. Events 
М Our interest in the sample space lies mainly due to the fact 

that it enables us to describe events which can occur a$ а result of 
our experiment. Thus asa result of our coin-tossing experiment, 
the event of a head turning up. may. occur. It corresponds to the 
sample point H or the subset ІН) оғ the, sample space iH, T} As 
а result of a die-rolling experiment, the event of there being an even 
number of dots on the uppermost face may occur. It corresponds 
to the sample points 2, 4 and 6 or the subset (2, 4, 6} of the sample 
space (|, 2, 3, 4, 5, 6}. We define an event as follows : © 

Definition. Any subset of the sample space is called an event. 

In particular, the sample space S, being a subset of itself, is 
also an event. ¢ is for the same reason, an event. They are known 
respectively as thé surevand the impossible events: ! 

The singleton {54}, where Si € 8,15 also an event, for each i. 
These events corresponding to’ the lone sample points are called 
elementary or simple events. “In contrast to elementary events, 
events other than elementary, are сайей“соларовіке events, but wer 
shall hardly ever add the adjective. 7 

Example 1, In Experiment 3, the event,’ that the head turns 
up-at least once, is {1,2}. а, Ге э 85 39] 

Example 2. In Experiment 4,.the.event that, both the, balls 
have-the same colour, is (rr; bb, gg). «c > ‘ 

Example 3. In Expériment 6, the ‘event that the "sum/of the 
pee of-dots оп the two dice, is.less than, four. is, {(1,.1), (1, 2) 

DF $ HEREY Yeslavie ps то soins F ч 
EXERCISE 11 (a) 


aa we cw pd рше Vei ee ї{ргоЬёп 1 
1, 500 seeds аге sown and the number of { i ithi 
юу ha) emi т of seeds. sprouting within 


5 
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7. Three six-faced cubical dice are rolled and the sum of the 
numbers shown up is. added. Write а sample space for this 
“experiment. What is the event that this sum à 
(а) exceeds 12 ? (5):18 less than 6 ? 


8. What is the event that in the experiment’ of Exercise 1 above, 


the number of seeds Sprouting is 
(а) 1655 than 100 2^ ^ 577 (5) Hore than 507 

(с) not less than 10 and not more than 490 ? 

(d) zero ? (Be careful ! The answer is not 0 !) 

(е) less than 550 ? Cf) more than 6002. „ 


most face. List A and В. Most of the events А апа B occur 7 
112. ALGEBRA OF EVENTS 


Since, used in a probabilistic context, we. have called a subset 
of a sample Space an event, therefore, just like the algebra of Subsets 
of a set, we can develop the algebra of events that may happen as 
the result of a fandom experiment. Recall. that you talked: about 
intersection in the context of 
sets. | We shall do the same in case of events, Ұл 

„Suppose 8 is а Sample space апа Bı, Е, аге two events. E; 
are E, are said to be identical or equivalent (denoted as Е-Е,), 
Provided, E, occurs if and only ШЕ; occurs, 


Example 4. In drawing two cards from an ordinary pack of 
Playing cards, let E, be the event that both the cards are 


pis and let E, be the event that the face values of cards add up to 
2 not to 


ме Ке 83411:2-3: 4 SU куо үрүн be the event 
ес 0f dots on the uppermost face when the di ЮМ лын 


points of the Sample space which do tot correspond to E; "tore 


nowi as i: е wiggle (~) denoting 
OF opposite of E, е event conplem éntüry to 


ELEMENTS OF PROBABILITY ^ Se 


17 Other symbols used to denote “not E” are E; E and 5-Е, 5 
being the sample space. Thus we have the following : 

Definition. Ј/Е isa given event on the sample space S, then 
the complementary or opposite event NOT E” is the event given by 
the complement of E in S. : 

Since S~(S~A)=A for all'sübsets A of S, it is clear that if 
B=“Not A”, then A=‘‘Not В”. Hence the! relation of being 
opposite of an event is symmetric. у 


` Thus instead of saying A is the event opposite of В, we may say 
A and B are opppsite events. 4 t 


Example 5. In the. die-rolling; example above; define the 
eyentsBand Fas... ї 
E=at most 2 dots, and 
F=at least 3 dots, 
E=F and F=E, because 
E-(1, 2}; F={3, 4, 5, 6) and so 
UeME-F, ~ Е-Е. 


Consider now the following events in our die rolling experi- 


A={2; 4,6} (Ие, the outcome is even.) 

2 B={2, 3,5) 155 (iE, the outcome is a prime.) 

‚ C={2} (i.e; the outcome 18 еуеп ‘and also a prime.) 
595% à 2) 5,6) {i e., the outconie is either'even or a 


- _ You cannot fail to see that the events C and D are related to 


- the events A and B in a certain manner. C hts ^ i 
th А AND'B 35 such C is labelled as the event "A RI a" 
and is nothing but ANB. 2 qu woke Sent, AND В” 


Definition. /f A and B are two even. the 7 
the event “А AND B” is the event ANB seem rion ada i 


Similarly, since Гог the occurrence of D. 

T , \ І ; the-occurrence' of А 
ОВ В is enough, їе event D 9 “ = 
хой ширэн 5 Өгий n is called the event “А OR В” and is 


Definition. “If ARAB are two event 
1 9912, t Ц й i 
e edent “А OR B" is the event AUB (also denoted AB) ie 9" 
eA Notice that ‘or’ above is used in the ж; 4 
have either A, or B, or d E UR here асе sense; we may - 
DRA UR. xactly one 


г ань as mutually exclusive 


ue tie! р ing in one is to exclude i 
ара ыда се complement Д exclude it 
samplé points, they are mutually ae FA oe have по common 
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if AUB=S, then А and B: are known. as exhaustive events, 
Between the two of them, they exhaust -all the sample. points. 
‘Complementary events are exhaustive. (Why ?) 

4 Example . A card is drawn from, an ordinary. pack of 

playing cards. Events E; to E, are described below : 
°; Ер: the card drawn 8 a heart: 

“Бу: thecatd:drawn.is a diamond. 

E, : the card drawn is red. x 

‚Б, :ıthe, ëaãrd drawn is black. 

E, : the card drawn is a queen. 

| Ej? the-card:drawm is the queen of hearts; qn 

Then E, E,—E, ; E, and E, are mutually exclusive as well as 

exhaustive ; E; UE,— Бу. =й 


EXERCISE 11 (5). 


1. If A is the event that. exactly one of three tested radio-sets is 
defective and B is the event that all three of them are 
acceptable (і.е., not defective), what аге the events AU B and 

"AQB? 15 

2. One ticket counterfoil is drawn from a bowl for the purpose 
of giving-a lucky prize at a Fair. Suppose 105 tickets (num- 
bered,1 to.105) only:were 014. i Suppose В is the event that 
the ticket. counterfoil bears a number less than 53 and that F 
is the event that it bears an even number. Write down a 
suitable sample spáce and describe the events ~E, ЕПЕ and 
EUF. Я 


3, Two dice аге rolled, А is the event. that. the sum of. the 

! numbers кил, by the diceis 3. Bis the event that at least 
one of the dice shows up a 4. Are the events A and B 
(а) mutually exclusive 2, ы, 2. шилд 
(b) exhaustive ? "kg УМ үнэ 
Give arguments. in support.of your answer, 

24. "A number is chosen from among the ‘numbers’ 1 to 8, both 
inclusive. A is the event that a number greater than 318 
:&hosen.and В is the event.that.a number less than 3 15: chosen. 

асе and the.eyents ~ A ТВ, ANB, 

,(-А) Пв. and (—A)UB. Ате any of these evente 

„35, have just listed, mutually” exclusive: or éxhaus- 


ўа 


i 4 v х Su 29% + 
means of Venn diagrams the events. E~ E 
aE space. In case of ENE, ‘owe 
; Rass when, E and E are mutually exclusive.and whee they à 
not. Similarly, draw, two diagrams for EUR, one for the c 


L. 
| 


'ELEMENTS OF PROBABILITY 625 


when E and: F are exhaustive and.the other for the ‘case! when 
'they are not exhaustive...) ! : m 


6. Show that complementary events аге exhaustive but’ that the 
conyerse is not true. 
7, If Band F аге two events in a sample space S, then, show 
that : { { i 
(i) «(EU EF) (e E) YF). Ибаїт yb. ii 
Gi) =(ENF)=(~ BUE» т ш 
113,, PROBABILITY FUNCTION ОМ А SAMPLE SPACE 1 
. | Qurinterest шгай possible outcomes of ап experiment. is; not 
just for. the fun» of 'it. As stated earlier, we аге interested іп kno- 
wing which outcome. has greater chance of occurring and: which - one 
less.“ This ме do “Бу assigning to: each; outcome S of: the sample 
space, a number P(S).. Since our object 18/Л0: compare: only; the 
numbers ‘P(S) аге going: to: be: some. ratios and. for. reasons to be 
‘seen soon, we so arrange matters that the sum of the numbers 
assigned to all the outcomes is unity. We shall confine Ourselves to 


finite discrete sample spaces only in this section. Pet 


Let us go back to the discussion of our game of .marbles; “Let 
чив tabulate that discussion in the form of the table given below. То 
‘begin with, do not look at the last column. 


Table 111. j 19 


No. of red’ | '"mzNo. of ^ "| nstotal nüm- |” Chances of 
marbles in | green marbles | ber of marbles | | your winning 
the Jar in the jar . inihejar 


i Ч dnd 3 125 eit бай stot dogs ,vlesor do 

Let us now try to ássígn numerical values to our Chance -or 
probability of winning. Surely, you are goingjto express a “сеш-рег- 
cent" chance as 1. (Revise your topic of percentages іп Arithmetic 
if you disagree !) A “‘fifty-fifty” chance means 4: "Absolutely none" 


would, no doubt, have а numerical measure zero. Let us now 
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at the last column of the table. Тһе probability of winning is the 
ratio m/n. Іп the terminology we have built up, drawing a ball 
from the jar at every stage may be regarded as an experiment. Your 
winning is the event that a green ball is drawn. Assigning numeri- 


cal values to your chance of winning may be regarded as deter- - 1 


‘mining the probability of the event that-a вгееп Ба! 18: drawn: This 
intuitive approach to determining (һе probability of an event cannot 
be adopted universally, but one thing is-certain. Мо event can have 
а more than cent-per-cent chance of happening and hence we would 


also clear that the probability of an event cannot be less than zero. 


.. Let us have some more (and simpler yet) illustrations, We 
shall denote the probability (the chance of happening) of an event 
E bythesymbol P(E) The probability of an elementary event 

in’ à ‘sample (Space. rill ‘be: denoted by Р(80) ‘rather than by 

Experiment 9. А coin is tossed once, for head or tail. 

Sample space: S={H, TY! iil: 

We believe that the coin is unbiased or fair, i.e., it has as 
much tendency to turn up “Н as it has to turn up ‘T’. Therefore, 
we must һауе 

ЕТ 5 Р(Н)=Р(Т). 
dint Peu Pest (H ma T havein this. case a fifty-fifty 

“Occurring. j:We m igni 
n to each of UAR emay,t erefore, agree to assigning a value 
4 Thus P(H)=P(T)=3, 
0177 
Lil ®Ю(Н)+-Р(Т)=1. 


pos ‘iment 10. Suppose we write the letters of the words 
CAN on cards ‘and Pick upa card i: random (without апу bias 
towards any one !), and note the letter on it. | 


—— Sample space: S={C, A, N}. 


Obviously, each letter has the Same tae of ta - 
Because of this equal likelihood, we must have 97 Әсіпр selected. 


Tmo a P(C)- P(A)--P(N). 


If Q and R are respectively the е | 
Our intuition (and reason too !) as NS 4) ang SAN 
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Р(О)--2Р(С); 
апа P(R)—3P(C). s) 
Also, the event R is sure to happen so that fwe may assign a 
probability 1 to it, But if P(R)=1, then in view of (1), 
Р(С)-44. 
Hence we must have 
P(C)=P(A)=P(N)=}. 


Note that in this experiment also, the sum of the probabilities 
of the elementary events is 1. 


Another observation you might have made is that in all the 
above experiments, each outcome was as likely to occur аз any other d 
none had more chance of occurring than the rest. We formalize 
this observation by saying that in: each. experiment above, all the 
outcomes were equally likely. The observations made 80 far, 
initiate the following remark ; 


Remark, In both the experiments above, you may observe 
that, 


(i) the number assigned to a sample. point (called the pro- | 
bability of the corresponding elementary event) is always. non- 
negative, та MU ides 

(ii) the sum of the numbers assigned is 1, . id 


(iii) the numbers are assigned according to some tule, laid 
down by us, depending upon our knowledge about the outcomes 
(which was equal-likelihood). дїнг A hoes : 

These observations lead us.to the following ¿definition of the 
probability function on a finite discrete space. 

Definition. Let S—(S,, Sa, <<, Sn} be a finite discrete 
sample space. А probability function on S isa function on S that 
assigns to each SE 5, a non-negative real number Р(84), such that 

- (i) for each i, i 


js 0«Р(80«1, 

Gi), P(Ss)-h PCS.) beer + P(S4)—1. 

The number P(Si) assigned to 868, is also called the pro-: 
bability of the elementary event 150. 021,2, m) 

If all the outcomes are equallydikely, then “we shall сай the 
. Probability function the equiprobable (or natural) probability 
function, 

As in Experiments 9 and 10 above, it may happen in numerous 
other cases that each outcome is as likely to occur as any other. It, 

erefore, looks fair (natural) in such cases to assign equal proba- 


bilities to them. Thus ina Sample space with equally likely out- 
comes, we must have ізеі 
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P(S)—P(S), Si, 5:68, for ай i, j. 
Theorem. Let S—(S , Sa,.:.., Sn} be а sample space. If P is 
the equiprobable (natural) probability function on S, then 
P(S)= for all 1-1, 2, m. 


Proof. Since P is equiprobable on 8, 


opo $ 
P(S,)+-P(Se) 4-......P(Sa)— 1. 
TR SD илэр Visus. n. deca 
1L31. Probability of an Event. Just аз we йге interested 
in knowing the likelihood (greater ог less) of an “outcome 10 occur, 
as compared to that of others, so are we'in the comparison of the 
likelihood of events. However, having assigned the probabilities to 
the elementary events, the rules of the game, so to say, have already: 
been set up, and the matter of assigning probabilities to arbitrary 
events is strdightforward. с йг ccs d 
l Definition. Let S—(S,, Sa., Sn} be a sample space, and .P. 
a probability function. on. S. 141 АС, be an event, We define the 
probability of the event A, 10 be denoted by PCA, as follows : 
қ ABC Mb ; 1 (эй) 
(i) If A=, then Р(4)-0. зі 
(1) If Аз“, and A—(S,, Say, 88), then 
P(A) e (S) PISAH. PCS D. 
It follows in particular, that 
v hA WE ir mn 
WM 6. йо к ол P(S) SI 1 Ё 
1032: Probability “of an Event o the Assumption of 
Equilikely (or Equiprobable) Outcomes. ^ © 
Theorem. //8--(5,,5,/-44,84)88 the sample space, the 
outcomes being equally likely,-then"for--any ent ACS. having m 
chee up E à Э И ashes “GRIN adum, эр 
8, E 2) үеэ VASTUM % Vidot 
22 Proof. Since the outcomes are equally likely; апф there are 
n elements ^p se 10) eldkdo:gimps 2 по! i ч 


} 


;m vnb 
dotis nl 


f 1, 2,5 Ayamni 


1 
ЭСЭЭ Р(5)=-=, і= 
П pé KAS 071 Ф & 


2 Tte бу авиа, 


Зид, 3185 s 


4 А T 


Si, S. 
ошый 8701 5) о 


Р(А)=Р(5)-ЕР($)+—....-ЬР($Ы); uiti sw 
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1 1 1 
зэр 3 -энө 45-22 upto т terms, 


"Raar. CUBA) 0, , 


where п(А); апа n(S) denote the number’ of elements in A and S 
respectively. 


Example 7. Whatiis the probability Tof. throwing a number 
greater than 3, in a single throw of an unbiased die. 1 


Solution. The sample space of the experiment is 
S={1, 2, 3, 4, 5, 6). 
Let A be the event of throwing a number greater.than three. 


Then 
A714, 5, 6). 
Since the outcomes in S are equally likely, 
NMA) 3. 
P(A)= n(S) ЕТЕ Í 


Example 8. A Jetter of the English alphabet. is chosen а! 
random. Calculate the probability that the letter so chosen] 
(i) ts a vowel, 
(il) precedes m and is a vowel, 
^ (ii). follows m and is a vowel. 


Solution. The sample space of the experiment is 


019 Seí(a,b, c, dj, Х/у(2),0|(8)-526, 
(i) Let V be the event that the letter chosen is а vowel. 
Then Va, e, i, о, и}. 

Therefore, 
108) 57 
PW) m). 726 


(il) Let À be'the event that the letter precedes т and is а 
vowel > then 


f A= fa, e, i}: 
д і ЖА) 3 


PA) ас) - 25” 


(iii) Let В be the event “that [ithe letter follows m and is à 
vowel ; then 
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B={o, u} 
: "(В8) 2 1 
POS) 25 713^ Ans. 


Example 9. 4 red die and a*green die (both) are thrown. 
What is the probability that the sum of the numbers shown exceeds 
87 7 


Solution. The sample space S of the experiment. is given by 
S={(m, n): 1<m, п<56). The event A is given by 
A={(3, 6), (4, 5), (4,:6),:65, 4), (5, 5), 
(5, 6), (6, 3), (6, 4), (6, 5), (6, 6)}. 
10 5 
Р (4)= п (5) 736718 

Example 10. А bag contains 4 white, 5 blue and 6 red beads, 
‘similar except for colour. What is the probability that two beads 
drawn from the bag at random are both red ? 

Solution. There are 15 beads in all. Two. beads may be 
drawn іп !5C,—105. ways. The sample space has, therefore, 105 
elements. All these 105 outcomes ате obviously equally likely. Of 
the 6 red beads, two may be drawn in *C,—15 ways. The event A, 


therefore, consists of 15 sample points. On the assumption of 
equal likelihood, 


15 1 
НАР тет» 
Example 11. An event A ina sample space S={S\, Sq5-+---.Sn} 


consists of k sample points. What is the probability of the opposite 
event A? . ү : 
Since A=S~A, therefore, A contains n—k sample points. - 
Hence } 4 


P (A)= 00 р. ELIPA. 


Remarks 1, Note that P (A)--P (A)=1. 


2. The ratio Р (А): P (A) is often talked of as the odds that 
the event A will occur. In example. 5 above, the odds that A will 
occur are k/n : (n—k)/n or Е: n—k. This fact is also expressed by 
saying that the odds ате k to —k in favour of A. Also, the odds 
that А will not occur are (n— K)In : k/n ot n—k : k. This is expressed 
% saying Зу? the odds aren—k tok against A or that odds against 

are n—k : К. 


Example 12. What , are the odds in favour; of drawing a king 
from a standard deck of 52 cards ? 


— 
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Solution. Let A be the event that aking 18 drawn. On tlie 
assumption that every card has the same likelihood of being drawn, 
the sample space contains 52 equally likely sample points. The 
event А contains 4 of these. Hence : 4 


4 1 
ыч жие Ен 
1:5512 
EO milan reas: 


i bie 12 
The odds in favour of drawing а king аге 13:13 or 1:12. 


EXERCISE 11 (c) 


(Assume equally likely outcomes in all cases and do the first 
four exercises orally). 
1. А single die is thrown. What is the probability of getting 


(a) 55. (b) 2 or “4 i (c). an odd number. (4) a 
multiple of three. (A.LS.S.C.E., 1986) 


2. Two coins are tossed. What is the probability of getting : 
(а) two heads, (b) at least one head, (с) no head. 


3 The dial оҒ а spinner for a 
game is divided into 12 equal 
sections as shown. Assuming 
the pointer does not stop on a 
dividing line, find the pro- 
bability of spinning 


(a) a number greater than 2. 


(b) a number greater than ог 
equal to 4. i 


(с) the number 4. 


Fig. 112. 


4. А card is drawn at random from a well-shuffled deck of 52 
cards, Find the probability that it is neither an ace пога 
king. (D.B.S.S.C.E., 1989) 

5. In a single throw of two dice, what is the probability of 
obtaining a total of. 

(a) 9 or 11. (A.LS.S.C.E., 1989) 
(b) more than 10. (D.B.S.S.C.E., 1988) 


6. Adieis thrown twice. What is the probability of getting a 
sum greater than nine ? 
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7: A)bag contains 4 white balls, 3 black balls: and. 5 red balls, 
1 similar except for colour... Three balls, are drawn at random. 

What is the probabllity that +, 1 

(а) they are all white? (b) they аге all black ? ^ (c) none of 
them is black ? (4) only one of them 18 white? (e) at 
least one of them is white? (f) all; of them are of 
different colours ? 

8. Two cards, are drawn from a deck'of 54 playing cards, two 
ofthem being jokers. What is the probability that : 

(a) they are both spades? (b) they are both kings? (с) at 
‘Jéast one of them is a joker’? (d) one of them. is a queen 
and the other either a jack or a joker ? 

9.. Whatis the probability that a” family with two children bas 
$ one male ап4 one female child, assuming the probability of 
each boy and girl tobe 4? [Think carefully; the answer is 
not 1.1 ' 
10. What ате the odds against drawing à'face card’ (king, queen, 
jack) from a Standard deck of 52 cards ? 
11. The probability of the happening of ай event is p. What are 
‘the odds Нало 1 


"(a) іп its favour? . (b) against it ? 

12. Prove that if the odds in favour of an event А are 3: 8, then 
А тер 
“АЗИ 


114. ADDITION THEOREM - 


n _ Given an event A, another event that naturally arises is - А or 
. We have already seen that the probabilities „of these events are 
connected by the relation P(A)+P(A)=1. Suppose now two 
A A and B are given. Events AUB (от A+B) and ANB (or 
B) can be immediately thought of. A natural. question which 
poses itself is whether the probabilities of these new events connected 
M A and B ате, їп апу way, connected with. those of A and B. 
his question is answered in the affirmative in the following theorem 
called the generalized theorem of total probability or the 
generalized theorém of addition of probabilities. 515 / 
в ул Tp үн Ган j { darling i | 
24 Theorem, For any cvent А, B subsets of a sampli 
P (AUB)=P (4) + (BJP (40). TE ёш 
|. Proof. If AN Bd, ІРА В ane : 
Bay ы us Ф (18-4(с,, са, 4 oh Then A and 
ca 2. Aa, Bassas Суу Corenta; 641; 
aii B={6,, bopis., Drs Сі» Сон, Су}; Ч 
all the aj's being distinct from ай the bys, | 


cs and n Met 
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AM Brito - fid sag, біз Dine ibrs її; санааты 
pegi 
Now: P(A)- > Р + Р (e). i 
i=1 i=l , 4 
r 5 
р (B)= > Р (501 У Р (co), 
il (Cit 
P(A)+P(B)= 5 P (айз 5 шон > 27025 
i=] ізі буйг 
v» Р (c), 
М ізі iy 
=P (ai 2,02, 8, Бауэр Суу, pt st 


( > Р цг 


=P (AUB)+P (ANB), , 
2. P(AUB)=P (A) +P (B)—P (ANB). 
И AN B=, then let у : 
А={аь 5, ағ) Вей, by БД, oeisio? 
where tHe a/s'are distinct from the bys.” — 7 е 
5 А0810, а2-"--300: D1, by. WEN sbr}. 


io PODES Soi P(o)4- Y: Р (Ы), 


іі > ігі 
=P (A+B (B). s TT ығ of 
Since АГҮВ--9: therefore, Р (АПВ)= 0. 
Hence the above relation may again be written as Г 
Р (AUB)=P'(A)-+P (B)—P (AMB). 
This proves the theorem for all events A and В. 
Corollary 1. 1/ А and B are mutually exchisive events, then 
Р(АШВ)-Р (А)4-Р (B). © 


Proof. Recallthat A and B are said to be — мала j 
if ANB=¢. 
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Remark. Theabove corollary із known аб the. theorem of 
total probability or the theorem of addition of probabilities. 


Corollary 2. If A and Bare mutually exclusive and exhaus- 
tive, then 


Р (A)+P (B)=1. 
Proof. P(A)--P (B) —P (AUB), [° А and Bare mutually 
exclusive. ] 
=P (S), Г." А апа B are exhaustive.] 
=l; 
Remark. -The above coroliary is nothing but our relation 
Р(А)--Р (A)=1 
in a disguised form. Why ? 
Corollary 3. If Ai, А,,....., An are events ina sample space 
any two of which are mutually exclusive, then 
Р (AU AjU--—-.- UAn)=P (41) -P (4,)4----4-Р (An). 


Proof. Follows from the associativity of set union апа prin- 
ciple of mathematical induction 


Aliter. Note that the sample points constituting Ay,.-.... -А» 


are all distinct. Then use the definition of the probability of an 
event. 


Example 13. А card is drawn at random from a well shuffled 
pack of 52 cards. What is the probability of getting a two of hearts 
or. a two of diamonds ? 


Solution. Let 4 be the event of getting a two of hearts and B 
the event of getting atwo of diamonds. Then clearly, ANB=¢. 
The event “two of hearts or two of diamonds" is AUB. 


Avi: 1. 
Also, Р (А)= > ; P (B)= = 
P (AUB)=P (A)+P (B= yt LT. 


Example 14. A natural number is chosen at random from 
amongst the first 500. What is the Probability that the number so 
chosen is divisible by 3 or 5. 

Solution. Let S be the sample space. Then . 

S={1, 2, 3,....,5005. n (5)= 500. 
е А be the event that the number chosen is divisible by 3. 
then A={3, 6, 9,498), | л (A)=166, 
' Let B be the event that the number chosen is divisible by 5. 
Then B={5, 10, 15,....:.,500}, п (В)--100. ` 
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. Now 
166. 
Р (А)= 570 ^ 332, 
100. ; 
Р (B)= z00 2 2. 


Also, ANB={15, 30, 45,......,495}, n (АПВ)=33. 
33... 
Р(АПВ)== уу +066. 
Р (AUB)=P (А)--Р (B)—P (ANB), 


—'3324-2— 066, 
=`532—066, 
="466. 


Example 15. A batch of 15 radio tubes contains two defective 
tubes, which cannot be distinguished by looking merely. Two tubes 
are chosen at random from these 15. What is the probability. that at 
least one of these is defective ? 


Solution. The sample space contains 15С,--105 elements. 
The event A, viz. at least one selected tube is defectivé may be 
thought of as» complementary of the event B, viz. both tubes are 
acceptable. А 


Р (А)=Р (В), 
=1—P (В); 
вс, 
71105” 
US 
105" 
2.27, 
77105 
суусар 4 
32195 
Example 16. There are three events А, В, С, опе and only опе 


of which must accur. The odds аге 8 10:3 against A and 5 : 2 against 
В... What are the odds against С? 


Solution. Let S be the sample space. Then, 
1=P(S)=P(A)+P(B)+P(C). 


-1 


=1 


буулбау If P(A 


о 


ч еу: The probability that both А and B 
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3 — — —— 
PBO-I-4r-7- TRE aT 
Odds against C are 43 : 34. ie 
EXERCISE 11 (4) i 
Let A and B be events in a sample sapce S. Complete the 
following: A) { 


(с) If P(AUB)=0'8, P(ANB)=02, “Ё(А)--0:5, then P(B) 


—03;P(B)—02; Р(А(ҮВ)-01; then Р(АТГҮВ) 


25 : 


Hint: B>(AUA’)AB=(ANB)U(A'NB) 
-Let A. and Bıbe Maly exclusive events in a sample. space, 


“Such that P(A)=0'4, P(B)—0'3. Find the probability of 

(a); AUB, 3 anb) o As ice (e) BY 

(d) АВ”, (e) A'nB, (f) АПВ”. 

Tn a single throw of two dice, find the“ probability of not get- 
ting the same number on both the dice. (А.1.$.$.С E. 1986) 


[Hint : How about using P(A)=1—P(A)?] 


 Acard is drawn at random from a well-shuffled deck of 52 


cards. Find the probability of its being a spade or a king. 

(4.1.8.5.С.Е., 1984) 
À husband and wife appear in an interview for two vacancie 
їп {һе same post. The Probability. of husband's selection is 
1/3 and that of the wife's selection is 1/5. Find. the probabi- 
lity that only one of them will be selected. 

(D.B.S.S.C E., 1984) 
Two events А and B have probabilites 0:25 ара. 0:50 respecti- 
occur simultaneously 
is-014. “Find the probability that neither A nor В occurs, 

аа алт. 1980) 

The probability that-at least one of the events A'and В occurs 
is 06. If A and B occur Simultaneously with probability 0:2, 
then evaluate P(A)+P(B). (.LTJ.E.E.. 1987) 


[Surprised at the answer? Remember P(A)+P(B) i$'a $um of 
two real numbers and though each of them is less than one, 
the sum nevertheless may be greater than оле, Do not con- 
fuse it with P(A+B)]. + 
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8. n a class of 200 students, 125 take mathematics, 112 take 
Physics and 47 take both mathematics and Physics. If a 
student is selected at random from. this class, what is the 
probability that the student chosen takes mathematics or 
Physics ? 

9. Six people seat themselves at random around a circular table. 
What is the probability that a given. two of them are not to- 
gether ? 

10. А diminished decx of cards is formed from an ordinary deck 
of playing cards by removing all cards numbered less than 
nine (including aces). "What is the probability that а card 
drawn at.random from the diminished: deck is either. 


(а) га jack ога club; 
(b) either a face card or a spade, 


115. CONDITIONAL PROBABILITY AND " MULTIPLI- 
CATION THEOREM 


Suppose an. integer. is; chosen) at random ftom amongst the 
first 1000 natural numbers» A sample space for this experiment is 


8-41/2, 321, 000; (8) 1000.72 090: 9 о ee 
_ Let, A and B respectively be.the. events. that the selected inte- 
ger is divisible by 5 and 2. Then жа) бана b. fy SO 


А--(5, 10,15/1.2,21000); н(А)-200, 1 7 7 10 

B={2, 4, 6, “НО 5,1000) 543 n(B)=500, ни іш 
How to find ANB? Isn't that easy ? We might start picking from 
5, the elements which belong to both of A.and:B. "But зе. аге sure 
that you are going to suggest an improvement. It, is not-really 
necessary to test each element of S... Since an element, of. S cannot 
belong to ANB unless.it belongs to both of A.and.B, we, may. start 
with the elements of A and examine which ones of these arc іп B 
too (or start looking up the elements of B "ard see Wich Of them 
belong to A as well !). This reducés-ourlábóür. ^ 


In order to find P(AAB), we have to explore the samplé points 
which constitute AMB:: All of these are included in A. : We may 
forget about the points other than these. 50 we confine our atten- 
tion to points of A. That is, we may regard.A as our new sample 
Space and see which of the sample points “іп A‘ belong to В. 
АПВСА and the probability that a point of A chosen at random is 
also in B—n(A(YB)[n(A). Be warned that this is not the same as 
P(ANB)—the probability that a point of S selected at random is in 
A and on this assumption, we are calculating the probabitity of its 
being in Balso. In the latter case, no such assumption is made and 
we are simply calculating the probability that the element selected 
{тот 5 is in both A and B; no doubt this latter probability is 
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n(AMB)/n(S). The first probability is called the conditional probabi- 
lity of event B on the assumption that A has occurred and is dencted 
by P(B | A). It is related with P(A(1B) in the following manner : 


PEJ 4) MAD. | 


со АВ) iE 


IT (Буп ЕТСЕ » assuming § to be finite, 
|. FAQ B) 
54271271) 


ч 4 We formalize the above idea in the following definition ; 


Definition. Let'A and B bé two events of d sample space S, 
with probability function P. Then the conditional, probability of B, 
given that A has occurred, is denoted by P(B | A), and is given by 


гт Эн ЭЭ 
If P(A)=0, then P(B | A) ig not defined. 


Conditional ‘probabilities play another role also. It is a matter 
of common experience that-if two events A, B'say,' can occur as a 
result of a random experiment, then. the probability of; happening 
of one of them say B, in some Cases, is influenced by the occurrence 
or'noh-occurrence of A." The extreme cases аге (i) B always 
occurs if A does, and (11) B never Occurs if A does. То measure the 
extent to which the occurrence of one is influenced (or not influenc- 
ed at all !) by the occurrence of the Other, the concept. of condi- 
tional probability of one on the assumption of the other havin, 
ed is found to be useful. j 31 


гэр ur 17. Six cards—ace, king and queen of hearts; ace 


Solution. The sample space of the experiment is 
S-(H,H&HSD,D&CU, — 
‚На denoting the ace of hearts and во on. 


Let H be the event that a ‘heart’ is 4 ke du 
diea МЕНДЕ the ewntilut : drawn and K the event 


Р(Н)- 


I 


P(K)= 


l 


ә) a 


[~ edo elu 


P(HMK)= 
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РНК) 1/6 1 


PH), PIYE 3 

As stated earlier, our interest in conditional probabilities 
lies because they help us in calculating the probabilities of joint 
events ANB. The following theorem known'as the theorem of 
compound probability or the multiplication theorem of -probobilities 
justifies this claim. 


Theorem. (Multiplication theorem of Probabilities) Let A 
and B be any events of a sample space 8, with probability function Р 
such that Р(А)550 and Р(В)550. Then 
P(AN B)=P(B)P(A | В)--Р(4)Р(В | A). 
Proof. Since P(B)40, we have 1 


P(K | H)= 


P(A | В)= саца 
P(AMB)=P(B)P(A | B). 
Similarly, 


P(AMB)=P(A)P(B | A). 


Remark. In most cases, fit is easy to calculate P(B | A) 
directly. In such cases, the above theorem gives a formula for cal- 
culating Р(А(1В). зад 

Example 18. 4 card is drawn from 7 well shuffled pack, of 52 
cards and the outcome noted. Another va is now Zn fom the 
pack, without replacing the first. "What is the probability that the first 
card is a king and the second a queen of a different suit ? 

Solution. Let the events A and B be : 

A=first card is a king, > 126 : 
В--(һе весопа card is a queen of a different suit. 


Then AMB=the first card is a king and the “second а queen of a 
different suit. ; ) 1 


42:21 
P(A)— 7, ту" 


If we assume that A has occurred, then 51 cards are left which con- 
tain all the 4 queens and therefore three queens of suits different 
from that of the king drawn. 


Р(В | Ач 
P(ANB)=P(A)P(B | A). 
1 1 
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Example 19. Ап urn contains; 7 red and 4 blue balls. Two 
balls are drawn at random, without replacement. What is the probabi- 
lity that both the balls are red? 

5. Solution, Consider the events 
Athe first Бай is red, and 
MET. B=the second ball is red. 
Then ANB=both balls drawn are red. 
Then we know... | 


4 


AUOD y" 
RE IN 
Also, E(B | A)=—° = 25. tbe if A ободо ёа дее tert 


105705 
with 10 balls, 6 of which are red. 7 
P(AMB)=P(A)P(B | A); { 


77553. 
VER ТЕМЫ КЗ 
4 22211; i qi 
pug 


| EXERCISE п 77 7 
д. In gróup of 100 persons, 30" are lawyers, 70 afe liars and 


25 аге both, One ovt of these 100 persons is selected at ran- 
dom. The events and B ate respectively defined as 

A=selected person is a lawyer, 

B- selected person is a liar. = 
Calculate the: ifóllowing»probabilities i and-mention which of 
them, аба, are РСА | B), P(B |А)... : 

(а) Probability that the selected persón is 9 lawyer if he is 
^ known to be a liar. t Ё uoc 


(0) Probability that the selected Person is a liar if he is known 

t sto be a lawyer. IC i г 1 эх ЭЭ non d л үп 

ым! брави that the selected përson is both a lawyer and 
“рН, : ^ PROGR bath $ т 


2. Ina random experiment of selecting a number from amongst 
the first 10,000 natural numbers, calculate the _ probability that 
the selected numberis {HAN 


(а) divisible by 5. 


(b) divisible by 5 if itis known to be an even number. (Es 
the result surprising 2)” ou 8 


(с) divisible by 10. 
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10. 


11. 


(4) divisible by 10 if it is known to be divisible by 4. (Do 
not jump to conclusions ! The calculation might fail your 
intuition !). 

А bag contains 8 green and 10 white balls. Two balls are 

drawn. What is the probability that опе is green and the 

other is white 2 (D.B.S.S.C.E., 1988) 


A bag contains 5 green and 7 red balls. . Two balls are drawn. 
What is the probability that one is green and the other is red ? 
(A.I.S.S.C.E. 1984) 


Two cards are drawn from a well-shufiled pack of 52 cards, 
one after another without replacement. Find the probability 
that one of these is an ace and the other is a queen of the 
opposite shade. (D.B.S S.C Е, 1985) 
Two cards are drawn one after another from a pack of 52 
ordinary cards. Find the probability that the first card drawn 
is an ace and the second is an honour (Ace or King or Queen 
orJack)card. Thefirst card is not replaced while drawing 
the second. (Roorkee, 1983) 
A bag contains 19 tickets, numbered from 1 to 19. A ticket 
is drawn and then another ticket is drawn without replace- 
ment. Find the probability that both tickets will show even 
numbers. (А.1.8.8.С E., 1986) 
A vendor mixes 50 balls of second quality with 100 similar- 
looking balls of first quality. A child picks up two balls at 
random. What is the probability that 

(a) both the balls are of first quality 7 

(b) exactly one ball is of first quality ? 

A bag contains 5 white, 7 red and 8 black balls. If four balls 
are drawn one by one without replacement, what is the pro- 
bability that all are white ? (A.LS.S.C E , 1987) 
А bag contains 5 white and 3 black balls. 4 balls are drawn 


one at a time without replacement. Find the probability that 
the balls are alternately of different colours. 


(D B.S.S.C.E. 1989, A.I.S S.C.E. 1988) 
Prove that : 
(а) 0<P(A | B)&1. 
(b) 1f A and B are mutually exclusive, then P(A | B)=0. 
(c) If BCA, then P(A | B)—1. 


116. INDEPENDENT EVENTS 


die. 


Consider a random experiment of throwing a red and a green 
It is obvious that the occurrence of a certain number of dots 


он the red die has nothing to do with a similar event for the green 
ie. The two are quite independent of each other, so to say. But 


642 A TEXT-BOOK: OF MATHEMATICS 


suppose, the two. dice were tied to the two ends‘of a piece of- thread 
before being thrown... The-situation changes. This time the two 
events are not independent in as much as the uppermost face of 
one. die will have something to do in causing a particular face of the 
other die to be uppermost ; and the shorter the thread, the more is 
this influence or.dependence. There are ways in which the degree 
of this dependence can be measured; but at the moment we are 
interested in a very special case of dependence and that is the case 
of no-dependence or independence. Suppose that the happening or 
otherwise of an-event A has no inflence on the probability of the 
oceurrence of another event В іп the same sample space S. Then 
probability of B remains the.same whether or. not A Occurs, This 
means that probability of B is the same as. the probability of B on 
the assumption, that A has occurred or is sure to occur. This 
amounts to saying that 
P(B)=P(B | A). 
This suggests the following definition : 


Definition. Let A and B be two events of a sample’ space S, 
The event B is said to be independent of A if 


Р(А)»<0 and P(B)—P(B | A). 
Theorem. // A is independent. of В, and 1(4)50, then B is 
also independent of A. 
Proof. '. Ais independent of B, 
Р(В)50 and P(A)=P(A | B), 


ГОР р(д)= АПВ) 


: : Р(А| 4 

і.е, Р(В)= a » (given Р(А)»<0) 
i.e., Р(В)--Р(В | A), 

i.e., Bis independent of A. 


ис ЖҮ In sare both PA) and P(B) are positive, an event А 
5 independent of another event on the same sample space if and 
only if B is independent of А. о Ааш 

ў This symmetry enables us to talk about the two events being 
independent rather than one being independent ofthe other. The 


Theorem. If A and B are inde cndent events | di 
same sample space, then е EOE om, the 


| ` Р(АС\В)=Р(А)Р(В). 
‚ Proof: P (AAB)=P (A) P (B | A) 
i =P (A) P (В). 
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Remarks 1. Independent events have positive probability. 

2. Апу of the following three may Бе taken as a criterion 
(criteria is-the plural please !) of A-and B being independent : 

(i) P (A)— P (A | B). 

(ii) P (B) —P (B | A). 

(iii) P (ANB)=P (A) P (B). 

3. We may talk of more than two events being independent, 
as follows : 

Definition. The events Ai, Аҙ, sees » Аһ defined on the 
same sample space with probability function Р, are said to be 
independent if 

Р (AiNA)=P (A) P (АЛ, Ч 
Р (А6ГҮАуПАМ)--Р (A) P (A5 P (Ap), 
Р (ANAA DAS) P (А) Р (A) P (Аз), 
for all combinations of indices such that 1 & i < j < К< n. 

Thus if a set of events is independent, then any two of them 
are independent but the converse is not true as shown in Example 25 
further. on. | 

Example 20. A box contains five white balls апа seven ‘black 
balls. Two balls аге drawn in succession. "What is the probability 
that both are white if the first ball is replaced before the next one is 
drawn ? 

Soluticn. Let A be the event that a white ball is drawn on the. 
first draw. Then 


Let В be the event that a white ball is drawn on the second 
draw, We then wish to find the probability of ANB. 


Also, since the ball drawn has been replaced before the: second 
is drawn, the occurrence of B.is not affected. by the colour of the 
first ball drawn, j.e., whether or not the first ball is white, 


P B-f, and A, B ateindependent. 


Be УЧ 
Р (AnB)-P (A) Р (8)-:12:: 15 = 124 


Hence the probability that the two iballs.drawn ате both white 


25 
=i" Ans. 
Example 21. Find the probability of throwing at least опе 1 
in two throws with one die. s 
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„ Solution. Let A be the event. of throwing a 1 on. Ist. throw 
and B the event of throwing a ! on the 2nd throw. . Then 
add sal 
Р(А)---, P (В) < | 
Clearly, A and В are independent of each other, Hence A’ and B’ 
are also independent of each other. — - 


Now, if C be the event of throwing at least one 1 in two 
throws, then 7 У ‹ 


С= АОВ: 
C= ANB’: 
4 ДЕМИК ша 0825: 
Sine | P(A)-I-— —— ;P(B)— c. 


MP Pur DE os 
P (A'0B)—P (A^) . Р(В)===, огр (С)= 5 
Непсе P(C)=1—P. (c)-1—29..H- 


We now consider some historical examples of the same nature 
аз Example 2 above, but solve them by a different technique. 


Example22. (Problem of repeated birthdays) Assuming that 
each person present in a room can have as his birthday any of the 365 
days of the year and that all the days of the year are equally likely to 
be his birthday, what is the probability. that at least two of then 
Persons present in the room will have a common birthday ? 


Solution. We obserye first of all that the events A=at least 
two persons haye a common birthday, and B=no two persons have 
а common birthday, are complementary of each other so that 

Р (A)+P (В)=1. (8-3 1 
шз! ê Р(А)-41--Р (B). at te 
Let us name the persons in the room as P,; Py, +, and Ра, and 
let the events Ас be defined as follows : 
Ае-Р has a birthday’ different from PY pj Дн XP 
2«&J«n. 
Then BSAN As. An. 


The events Aa, Ag, <... » An are independent because of the 
"hypotheses and hence 


P (B)=P (Ay) ...... Р (An). 
222: Now Р, has a certain birthday, In order that P," шаў have 
birthday different from that of P,, his birthday should fall e eu of 
the remaining 364 days of the year and the Probability of this 
5 8 364 1 
із 5 1 ыг \ 


365 173687 
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күш 
Thus Р (A,)=1 365 


Similarly Р (А,), the probability of Р, having а birthday 


: aR e ы 
different from that of P, and P both, is 565 =1—565 апі 50 оп 80 


^ п-1 
forth, till we get Р (А4)-41--7465: 


Hence, P (B) P (A) N- ПР (Ag, ( 1—X га) 


Р (А)-41--Р (В), 


-i-( гн 1-25). TM ( i) 


Try to guess how many persons must be present in a тоот 50 
that the probability of at least two persons having a common birth- 
day may exceed 0'5. Now look at the following table giving п (the 
number of persons in the room) and P (A) (the probability of at least 
two of these л persons having a common birthday). 


n P (A) 

4 0016 

8 0074 
12 0'167 
16 0'284 
20 0411 
21 0:444 
22 0:476 
23 0:507 
24 0:538 
30 0 706 
60 07994 


How far was your guess from the correct answer 231 The 
following is another example where instuition fails us (or at least it 
failed the famous diarist Samuel Pepys !) 

Example 23. Tn the year 1693, Pepys expressed his wonderment 
in a letter to Sir Isaac Newton on the following oddity : 

Aman asserts that he will throw at least one six by throwing 6 
dice once. Another man asserts that he will throw at least two sixes 
by throwing 12 dice once. Yet another man asserts that he will throw 
at least three sixes by throwing 18 dice once. 
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It is surprising that the probabilities of the fulfilment of their 
Promises are not the same. 


Let us calculate first the probability of the first man’s assertion 
being proved true. 


The events R—“at least one six” and О--“по six”, are com- 
plementary. The probability of a particular die not showing a six 
is 6 no matter what the other dice show. Thus the events of the 
dice not showing à 6 are independent. The event no die shows a six 
As the intersection of the six events that the 6 individual dice do not 
show a six. Hence 


5 \е 31031 .. 
P(R)-1 -(2) = ues -0 665. 


Now let us consider the probability of the assertion of the 
second man being true. The probability of at least two sixes 
in 1 throw of 12 dice may be found by. considering the following 


events : 

A —at least 2 sixes 

B=exactly 1 six 

C=no six. 

A, B and C are pairwise mutually exclusive (і.е., any two of 
them are mutually exclusive) and exhaustive. 

Р (А)-ЕР (B)+P (C)=1. 

or Р (А)-41--Р (B)—P (C). 


1 
Now P =) 4 ‚ using arguments similar to those used 
in the previous case. 


For the event B, exactly one die is to show a six and the others 
are to show a non-six. 


This one die may be any one of the twelve dice. If we denote 
by By the event in which the Jth dice shows a six and the others do 
NOt, 5-1, 2, see 12, then 

257 B=U (B; : j=1, 2, .—., 12} ЖП) 


_ Now. if the ith die shows a six and exactly one. die is (о show 
а six, then for ji, the jth die cannot show a six. Therefore, B; and 
B; are mutually exclusive if ij. Thus in view of (1), 


Ор (B)= S P в). 40) 
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Let us calculate Р (Bj) for any j=1, 2, <... ; 12. Let Ci'be the 
event that the ith die Dj shows a six, i=l, 2, «ес: ‚ 12. Then C, is the 
event that Dj shows one of 1, 2, 3, 4 and 5. Hence P(Ci)=} апа 
Р (€,)=%. The event B; can be written as 

BEG GO eh С, ау Эхэн Са 

The ‘events of various dice showing a particular digit afe 

independent. 5740 


Непсе 
Р (В)--Р (Cy) Р (C)).....P (Су) P (СУ Р (Cag) P (Саз) 
SS Se TSG 586034 (=): 
=6 ee e] -% 6 
The equation (2) above now gives 
pond È 1 5 үш : 
( УБ 2) ет) „Б... 12 times, 


11 12 
CORO 
21336704211 
772176782336 ' 
--07619-20:665. 


Hence the probability of the assertion of the second man being 
true is lesser than that of the first. Itcan be shown similarly that 
the third man has still lesser probability, namely 0°597, of fulfilling 
his promise. 


Remark, In example 23 above, we considered compound 
events which were intersection or union of 6 or 12 other events. In 
such complicated situations, probability trees are very useful. We 
shall illustrate the idéa of а probability tree by-means of an 
example. : 


Example 24. А box contains 3 red and 2 green balls. . Two 
balls in succession аге drawn without replacement. What is the pro- 
bability. that (i) both balls are red ? (ii) first ball is green and the 
second red ? Ў 


Solution. “At the first draw, either a red (R) ога green (С) 
ball may be drawn and the probabilities of these 1wo events are 
respectively. 3/5 and 2/5. We graph this situation in the figure over- 
leaf by the first two branches of the tree starting at 0. The second 
ball drawn may again be red or green but the probability of its 
being red or green depends upon the:colour of the first ball drawn. 
Suppose the first ball drawn ^was red, which is’ depicted:by' the 
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upper branch starting at 0. The conditional probabilities of a red 
and a green ball on the assumption of first ball being red are 2/4 
and 2/4 because we are left with 4 balls 2 of which are red and 2 
of which are green. These events and the corresponding conditional 
probabilities are depicted by the two sub-branches starting at R in 
the figure overleaf. The top-most branch ORR of the figure re- 
presents the event that both the balls drawn are red. The probability 
of this event is obtained by multiplying the probabilities listed on 
this branch (as well you know by now, why!) and is thus 3/10. 

- The other part of the figure may now be interpreted in a similar 
light and the other required probability given by the branch OGR 
is also 3/10. 


Colour of Colour of Outcome Probability 
first ball ` second ball 
Ж ШЫ НИ зле. 
974 
Eri a RG 
DS SEQ Sr imu A 
or 


Fig. 11:3. 


1 Remarks l. The terminal points (the points from which no 
branch 18 going out) of the tree are really the sample points. But be 
careful. They are not equallylikely. Had we numbered the balls 
К, Rs, Ёс, G,, б, and started with a five-branch tree instead of 
two etc. the final sample points would have been equally likely and 
at every stage each branch will have tke same probability listed 
and we would have to count the number of sample points in the 


required event etc. and it would be more cum 
orsi Зен. bersome than the 


. .2. Instead of drawing your tree from left to right 
draw your tree top to bottom if you find that more сул elit SA 
‘Example 25. Consider the random ex; erimei 
nt of ti 
unbiased tetrahedral die (a four-faced. die like a маа 
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on a triangular base. A sample space for this experiment is {1, 2, 3, 4). 
Let the events А, В and С be defined ав: 


A={1, 2}, В={1, 3}, C={1, 4). 
Then A N В=А N C-B n С={1}=А N Bin C. 
Also, Р(А)--Р(В)--Р(С)-4 
P(A N В)=Р(А N С)--В(В N С) -1— P(A)P(B) 
=P(A)P(C)=P(B)P(C). 


Thus, P(A В)--Р(А)Р В), etc. 


This shows that A and B are independent ; А and С are inde- 
pendent and that B and C are independent. 


But since P(A (1 В NC)=P(1)=4P(A)P(B)P(C), therefore 
A, B and C are not independent. 


117, INDEPENDENT EXPERIMENTS 


Sometimes we may be interested in'events arising out of per- 
forming several experiments in some context. For some reason 
we may also be interested in repeating the same experiment over 
and over again. For example, you may want to keep on rolling a 
dice over and again till you geta sixin order to start the games 
like Ludo or Snakes and Ladders, Another example is that of firing 
a number of shots at a target. 


In real life situations, we may be interested in gaining some 
insight into the behaviour or characteristics of a large group of 
persons or objects. For this, studying the whole group may be 
impossible, not feasible, or very costly. We then settle for selecting 
а small sample and study it. From our findings about the sample, 
we draw conclusions about the whole group and also assign numeri- 
cal measure to our assertions being true. This, by the way, is all 
that Statistics is about, and this process cannot be carried out with- 
out an understanding of the principles of probability. Selecting a 
«sample amounts to picking up items from the group one by one. 
Choosing an item without any bias may be considered as a random 
experiment and we may have to repeat it. 


In а series of experiments, let 0 be any outcome of any 
experiment. Now two types of situations arise, Firstly, it is possible 
that the probability of this outcome is affected by the outcomes of 
the experiments carried out earlier ; secondly, it may not be affected 
by the outcomes of the earlier experiments, For example, if our 
experiment is tossing a fair coin, then the probability of a head in 
а particular toss remains}, no matter what the outcomes of the 
earlier tosses. On the other. hand, if our experiment is drawing a 
card from an ordinary well-shuffled pack without replacement, then 
the probability. of a. diamond in a particular draw is affected by the 
results of the earlier draws. Experiments of the first type are known 
as independent experiments. : 
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“Definition. Experiments in a series of experiments are said 
to be independent if the probability of any outcome of any one of 
these experiments remains unaffected by the outcomes of the carlier 
experiments in the series. 


Remark, Independent experiments need not be confused with 
independent events. When we were taking about -events, we had 
only one sample space and the events were subsets of this one 
sample space. In а series of experiments; each experiment has its 
own sample space and the various simple spaces need not be the 
same. However, our interest lies in series of experiments which are 
merely repetitions of one particular experiment, and have identical 
sample spaces. This would be done in the next chapter. There we 
shall see: howto calculate the probabilities of events associated with 
a series of independent experiments. This is a very fundamental and 
fruitful activity and depends solely on two principles learntin this 
chapter—the theorems of compound and total probability: 


EXERCISE 11 (/) 
1. Given two independent events A and B, such that P(A)— 014, 


ІР(В)--0:3, determine : 
(P(A ГҮ B) (ii) P(A’ (Y B) 
(ii) P(A U B) (iv) P(A’ (1 ВЭ. 


2. А professional magician claims to be a. mind-readcr. То test 
his claim, numbers 1 to 10 are written on cards. А spectator 
‘Selects one card and the magician reads his mind by telling the 
number. Another card is selected and the mind ri ad again. 
"Assuming that the magician is merely guessing and pronounc- 
inga number at random, what is'the probability that he 

"would pronounce the correct number both the times if the 
first card is 


(a) replaced before the second is drawn. 
(5) not replaced’ before the second is drawn. 


3. А school enters 3 students in various sport competitions, the 
probability of each winning a prize (there are to be 3 in all) 
being 071. Atsuming the events of their winning a prize to be 
independent, find the probability that 
(а) at least] gets'a prize 
(b) at least 2 get a prize 
(с) all three of them get a prize | 

:(4) none of them gets a-prize. 


4. Let A and B be two independent events such that the proba- 


bility of the occurrence of both of them simultaneously is 4 
and the probability: that neither of them will occur is $. Find 


the probabilities of ‘the occurrence of А and B. Are they 
unique ? 


ELEMENTS OF PROBABILITY 651 


10. 


11. 


12. 


[Hint: What is the event opposite to neither of A and B will 
happen ? Is it AUB? Now make use of addition (generalized) 
and multiplication theorems.] 


Three persons enter a railway compartment in which only two 
window seats are vacant. / They decide. to- occupy «these seats- 
by tossing a fair coin in the alphabetical order of their names. 
The first two to throw a head are to: occupy. the window seats. 
More than one round of tosses are agreed upon if necessary. 
Their names turn out to be Suresh, Naresh and Dinesh. “What 
are the probabilities of their occupying a window seat on the: 
basis of first round of tosses 7 


An. article manufactured by a company consists. of two. parts 
X and Y. In the process of manufacture of the part-X, 9 out 
of 100 parts may Бе» defective, Similarly, 5 out. of 1(0 are 
likely to be defective in the manufacture of the part Y. Cal- 
culate the probability that the assembled product will not be 
defective. (Roorkee Entrance, 1989) 


If four numbers taken at random are multiplied together, 
ae the probability that the last digit in the. product is 1, 3, 7 
or 9. ! 


[Hint : It is sufficient to consider the last digit, i.e. the unit's. 
digit. By numbers you must understand integers here, for 
otherwise the problem makes no sense; Сап алу of the numbers 
in the product be a multiple of 2 or 5 ?] 


The probabilities of the occurrence of л independent events are 
Py Pay---sPn. Show that the probability that at Icast one of 
them would occur is 


1—(1—р1)01—ра) Lp»). 


A problem in mathematics is given to three students whose 
chances of solving it are 1/2, 1/3, 1/4. What is the probability 
that the problem will be solved 7 (A.1 S.S.C.E., 1985). 


Given the probability that А can solve a. problem is 2/3 and 
the probability that B can solve the same problem is 3/5, find 
the probability that (i) at least’ one of A апа В will be able 
to solve the problem, (ij) none of the two will. beable to 
solve the problem. (Roorkee Entrance, 1980): 


The probabilities of A; B, C solving a problem are 1/3, 2/7 
and 3/8 respectively. If all the three try to solve the problem 
simultaneously, find the probability that exactly one of them 
will solve it. (D.B.S.S.C.E., 1987). 


А bag contains 3 red and 5 black balls, апа а second bag 
contains 6 red and 4 Маск balls. А Бай is drawn from each 
bag. Find the probability that one is-réd and the other is- 
black. (4.1.8.8:С.Б., 1986) 
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A purse contains 2 silver and 3 copper coins. А second 
purse contains 4 silver and 3 copper coins. If a coin is 
pulled out at random from one of the two purses, what is the 
probability that it is a silver coin ? (D B.S.S.C.E., 1986) 


Three groups of children contain. respectively three girls and 
one boy, two girls and two boys, one girl and three boys. One 
child is selected at random from each group. What is the 
chance that the three ‘selected consist of one girl and two 
boys? (Roorkee Entrance, 1985) 


A one-man jury has probability p of making a correct decision. 
Another jury consists of three members, two of whom make 
а correct decision independently with a probability p each. 
The third member flips a coin to make decision. Majority 
eges is declared. Show that each jury is as well as the 
other. 


Eight coins are thrown simultaneously. Find the probability 
of getting at least 6 heads. - 
5 (4.15 S.C.E. 1985, D.B S.S.C.E. 1987) 


[Hint. Use the technique of Example 23.] 

Ten coins аге tossed simultaneously. Find the probability of 

getting at least seven heads. (D.B.S.S.C.E. 1985) 
TEST YOUR UNDERSTANDING XI 

In each of the following problems, tick the correct alternative. 


This test contains 12 multiple choice items, each having four 
responses only one of which is the correct опе. If you start 
making the responses at random, the probability of your 
getting all correct responses is 


эв i 

(а) ge (b) iz 
1 1 

(0) 18 (4) ar: 


In problem 1, the probability of your’ getting ай responses 
wrong 18 1 


аа ® Б. 
а (б (3) 


OR erva that. the probability of all responses right is less than 


1 and that of 6 responses wrong is less than ‘05. 


-What lesson does it teach you? Donot guess; think: hard 


rather.) 


— 


Р 
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3. On a sample space, consisting of 4 elements, the maximum 
number of distinct events that can be defined, 18: 
(a) 4 (b) 8 
(c) 16 (d) 32. қ 
4. А bag contains 2 red and 1 black ball. Two balls are taken 
out at random. A sample space for this random experiment 
(a): may contain 3 but not 6 elements 
(b) may contain 6 but not 3 elements 
(c) can contain neither 3 nor 6 elements 
(d) may contain 3 as also 6 elements. 
5, Ап NCC cadet fires at a target like the one shown in the 
adjoining figure. Which is a 4 
possible set of probabilities of | | 
hitting the bull’s eye (inner-most 
disk) and the two circular rings ? 


(a) 021, 0°35, 0°45, 
(b) 015, 040, 0°55. 
(с) 0:15, 045, 0:41, 
(4) 025, 035, 0°40. 


[Hint. What two properties 
must every probability function 
satisfy 71 Fig. 114. 

6. The probability, that a randomly selected natural number will 
have a 1 in the unit's place when squared, is equal to 
(a) 02 (5) 04 
(c) 0:04 (4) none of these. 

[Hint : It is enough to consider one digit numbers.] 

7. The letters of the word TEACH are written on cards, the cards. 
are mixed and then reatranged. The probability that the 
a now spell CHEAT is. 

1 


(а) "i (D 159. 


1 1 
ЙЫ و‎ 
© © (4) 3 
8. The letters of the word STATES are scrambled and rearranged. 
The probability of the rearranged word being TASTES, is 
1 1 
(а) эу (®) 560: 
1 


(с) igo (4) попе of these. 
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10. 


11. 


12. 


13. 


14 


15. 
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[Careful ! There аге 2 S’s and 2T’s. You had better use the 

multiplication theorem even if you used combinatorial methods 

in the previous problem.] 

If P(A | B) > P(A), then 

(а) Р(В| A) € P(B) (b) P(B | A) - P(B) 

(c) P(B | А) < P(B) (4) none of (a), (6) and (c). 

A positive integer is selected at random, Let A be the event 

that it is divisible by 5 and let B be the event that it has a zero 

at the unit's place. The event A U В! is 

(а) the impossible event (b) the sure event 

(c) the event that the number has a non-zero digit at the 
unit's place 

(d) A' OB. 

The probability that one NCC cadet hits a target is 07 and 

that of another hitting the target is 0:8. They both fire at the 

target simulianeouly. The probability of the target being hit 

is , 


(а) 15 (b 015 

(c) 09! (d) none of these 

(Did you discard one answer outright ?) 

The probabilities of Ramesh and Shyam hitting a target are 
06 and 0:3 respectively. The reward for hitting the target 
is Rs. 90... Both of them shoot at the target but only one of 
them hits the target. It is unknown as to who hit the target. 
In a ‘fair distribution of reward, the share of Ramesh would 
be 

(a) Rs. 45 (5) Rs. 60 

(c) Rs. 70 (d) Rs. 90. 

If the events A and В be mutually ‘exclusive, then P. (A+B) 
will be-equal to 

() P (A)+P (В) (ii), Р (A)—P (В) 


(iii) P (A). P(B) (iv) Р(АУ/Р.В) (MNR, 1978) 


A. determinant is chosen at random from the set of all deter- 
minants of order 2 with elements 0 or 1 only. The probability 
that the value of the determinant chosen is positive is 


1 3 1 
(a) v (b) Ж 
ORE 
(c) 16 (d) 1. 


А box contains 100 tickets numbered |, 2,...,100. Two tickets 
are chosen at random. It is given that the maximum number 
on the two chosen tickets is not more than 10. The minimum 
number on them is 5 with probability 


/ 
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16. 


17. 


18. 


(a) 5с,/ 100, (b) 5c / me 


Cs 
(с) 6с, / es (4) 3e, / 10... 
y 132. ШЕР. and 1-20 are the probabilities of three 
mutually exclusive events, then the set of all values of pis 
(а) 8) (Б) [3,3] 
(с) Ji af (а) 3.3 


[Hint. Events need not be exhaustive. Use O probability 
<1] 


An urn contains a few white and a few black balls. The 
probability of the first drawn ball from the urn being white is 
P. А ball is drawn from the urn and without being observed 
for colour is put into a bag. Another ball is now drawn from 
the urn. The probability of this second ball being white 

(8) isp 

(5) is greater than р 

(с) is less than p 

(d) cannot be determined from the given data. 

[Hint. How does it matter where the balls are 1] 

The term reliability is used for the probability that a device 
does not fail. A mechanical device D has two components 


which work independently. The reliabilities of these сошро- 
nents are 0792 and 0°95 respectively. 


(i) If D сап work only when both its components work, for 
example a two-battery torch, the reliability of 


ECT E ТОН 


(а) 792-- 95, (b) 792х 95, 
(с) 708х 05, (d) 708--05. 


Fig. 1155, 


ii) If D can work even if one of its Components is. func- 
tional, e.g., a two-engine aeroplane or a bus with double 
tyres, then the reliability of D is 
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(a) '92++`95, у. (b) :924-95—:92x:95, 
(с) '92 х 95, (d) 792:-954-:92х795. 
REVIEW EXERCISE ХІ / 

If S—(S1, е,» Sn} is the sample space of-a certain random 
experiment, then distinguish between S, and {Si}, I&i«n. 
Prove that the events A, B on the same sample space are 
complementary if and only if they are both (i) mutually 
exclusive and (ii) exhaustive. 
Prove that. ; edt 

P(ANB)<P(A) <P(AUB). 
The odds in favour of a certain event are as 118 to от. What 
18 the probability of its happening ? 
Deduce the relation P(A)=1—P(A) from the addition theorem 
of probabilities, — ' 


Interpret the adjoining diagram. Also, answer the following. 
questions : 


NUMBER ӨМ GREEN BIE 


0 1 Be ipa surg E Creu 
"NUMBER ON RED DIE 


Fig. 116. 
(а) What is the event АСВ? 
(b) What are P(A), P(B), Р(А(1В) and P(AUB) ? 
Now verify the generalized addition theorem and the multipli 


U cation theorem of probabilities for the events A and B. 
Verify the following law by using Venn diagrams : 


a” 
“slipped хам into the bag. A slip is drawn at random now. 


" 
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P(AUBÛC)=P(AJFP(B) P(E) Pan DPANC | 
(BNC) +P(ANBNC). 


In the light of the above law, comment on ‘the following 
problem : 


Among. 10. friends, 8:aré-tinkers, 6 dre drinkers and 2 are 
thinkers. What is-the-probability that one Vengo at. random 
will be a tinker, a thinker anda "arinker (е 1007" › 


Are the following’ events independent or not $i i 


(а) А coin is tossed and a dice is rolled, А А is. the: ‘event that 
the coin shows head and B is the event. цэх the dige 
shows a 6. ол айг 


(b Froma рер containing 6 blue marbles and 4 red marbles, 
two marbles are drawn in Bis the cie A is the event that 
the first marble is blue and B is the event that the second 
marble is red. p 38: 1 


(с) In the random рээ хэй of rolling m die anda 
green die, A is the event that the red die shows an even 
number, В is the’event that the green, ‘die shows an even 
number and C is the event that the sum. 9r the шивсэн, 
оп the die i is even. ie од mT not 


sontains: dre fait but the third 
of. which has» а Headion both sides. A coin is selected at 
random, and tossed twice. > of getting 


(a) tail both times ? 0) head both times Ч 


(0) Урын цай ‘Once a tail, y Draw atre. diagram to 
ES Cony ou. answer h фер! actually. MAKE 
is pro SE $ 


pa кір БК fi an i: nokers to each pipe- 
ап Ae uses. ten times as 
be matches as a pid. ite а ег с Assuming that no 
devices other than the.matches were used in ‘lighting the cigars 
and the cigarettes, ке js the probability that w'spent match, 
picked at random, after the party is over; Was’ used өн, а 
cigarette-smoker ? 


"i m 


r 
(Hint. ‘Find the ratio. of matches used by the two types of 
persons.].. d 


A bag. contains 100 slips numbered from 0 to 99. тһе TOES: 
on the slips are replaced by the sum of their digits, and slips. 
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au is the акы the number оп this ‘slip being 0: 


n au is the probability of Betting exactly 0 heads in 100: 
E throws of a coin ? 


: Hint. Do not jump to conclusions. The ei isfar from 

If, Use the technique of Example 23... It would be quite: 

к “tet date and instructive Ло calculate ар Probabilities of “1 
head in 2 throws’, f heads i in4 throws’, ‚ “3 heads in 6 throws’, 

“4 heads in 8: throws’, 5 най in 10 ‘throws’, and so on. 


Correct to 2 decimal palees, the respective values are 0:5, 0°38, 
1641 034; 0-27, 025 ес нс]? tee 


Ч 


13. Соқты briefly on the following айсы: 


“@ 41, 0,2,3, aand (4, 1, 2, 3) are sample spaces of, different. 
random experiments. ould i Чї» 3 


% nat random реге һаз infinitely many sample: 
pSpaces, 

(©) On the $a mple 8 ас a, b, e at the most. 6 events, viz., 

1. ӨМ, oe {a, b. 4, с}, and (5, c) may be defined 


(d) Doctor (to the нэн You are suffering from а 
serious ig 25. j ког the patients suffering from this. 
азе, mot worry. ] treated nine patients 


ing. Ж... thle disease and they have а! ей; you 
js. € tenth. 


(e The Chieftain of a big tiben y wi es, to. increase the: 
у: уйл ae of 1 s in the ‘tri Or fhis reason, he 


Ter? 10 has a: 
а rich 


14. Ina family there are three children, Зо is T ability 


ily has. (i) по male child, (ii) at’ е male 
ild, assuming that the chances of a child being s ile or a 


fete are equal ? Br. нн و‎ 


5: 0104 A row. Mi den athe pr 
Ё EUN res шї). AFE E 
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16. 


17. 


18. 


19. 


20. 


Three six-faced dice are tossed together. Find the probability 
of obtaining a sum of 15 of all’ he three numbers on the dice. 
(Roorkee, 1983) 


In acarton containing 60 eggs, 48 are fresh and 12 are a day 
olds: If two eggs are picked up one by one at random, what 
is the probability that 


(a) both are fresh ? 
(b) both are a day old? ? 


(с) the first is fresh and the ‘second a day old ? 


Consider an electric wire to which 12 bulbs are attached here 
and there, Тһе bulbs on. the wire Jight if and only if all of 
them are good (1.6... not fused). If the bulbs have been selected 
at random from a box of 100 bulbs containing 10 fused bulbs, 
what is the probability that the bulbs on the wire will light ? 


A manufacturer supplies plates in boxes of 100, А shopkeeper 
Pm 5 pp each b EA If any of these is card 
he rejects the box. Jn the other event, he buys the box. If a 
particular box contains 10 chipped plates, what is the proba- 
bility that the shopkeeper will purchase it? ; 


Explain the fallacy in the so-called ‘paradoxes уші eov 


(а) Ona particular day, Моћат Варап and East Bengal аге 
playing-& football’ match. A Бе the event that the 
Mohan Bagan wins and B the event that the East Bengal 
wins. The events are, well-defined no matter against 
whom these teams are playing. But if they are playing 
Hon вх each other, А, B are mutually exclusive but ше 


Ы ын Тебе т, де y d мин sip independent by but DN 


mutually exclusive. How can pen? Two events 
are; either mutually! qun ur ог Jon 6 4 аге 
either independent ог they аге 


(P) Anunbiased die is thrown 4 times. an sucossion.. The 
| probability of no ang six io aay throw in (=) à 


yi 


А Hence the probability of JAM AI pit оез cs 


| ! QC х Lae) -40:518 approximately.) y feai Эд 


bé o robability. of. i asis án 
Ы gir hg the pio probability теша atileast cae 
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six in four throws is 4(1/6)=2/3=0'6—much greater than 
0:518. (In any case, since the probability is greater than 

3, it should be advantageous to bet on throwing a six at 
least once in 4 throws of a die.) ir 
(c) The. probability. of. getting a six on both dice inia single 

ing id 

throw with a pair of dice is (=) =z De Mere decided 
that it should be advantageous to bet on at least one six 
doublet (i.e. both dice showiñg a six) among 24 throws 


with a pair of dice (442) . It did not turn out to 


2 
be true. Since the Probability ог getting a six on both 
dice їй one throw is zl that of hot Betting a six on both 


? 36 

"dice in one throw is 35 : Since the successive throws a 

әй? 1 i 8 199 3. 13 1 ис 
six doublet in any of ithe 24 throws is (2) + Hence the 
probability of getting at least one six doublet in 24 throws 

With a pairof dice is ^^ ^ ^ БАЙ ахи 

j gush о (35 үн” HEC 

m ЕТІЛ br С) 770491 approximately; ‹: 


plow ү: E] 2 


2% м8 афа. 


0 бэл э үй» i d 
21.: Prove that the solution óf the following problem depends on 
‘Fermat's last theorem : ' FO ыы с 
алара UN a [XM 07 tH mph sil Оол ten 
sı: А bag contain. x white and y black balls. - Another bag con- 
‘tains an equal number of balls but only.z of them are black. 
, Let A be the event that n (23) balls drawn from the first 
277 bag with replacement are either ай white or ай “black. Let B 
» Бе the event that the same number of balls drawn from the 
і second ‘bag,’ also with “replacement; are black. © What are 
` possible values of л, x, у and z so that P(A)=P(B) ?: 


22. А pait of dice is'thrown'n'times. The probabilily of obtaining 
at least one double six is.1-—(32.)".‘Refer-to Ex. 20 above. 
Find the least value of n, зо that this may be ao 0:5. 


277 Can you now say for how many throws should’ De 
7^ ‘settled in order to уйа? s BOWS Should De Mere have 
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[Hint. Use log tables or a calculator to calculate the proba- 


bility for various values of n. Notice that since 35» 1, (2 y 


goes on decreasing as п goes on increasing? What value of n 
; would you start with in view of Ex. 20 above 7] 


SUMMARY эн 
Thejphenomenon chance can be assigned numerical values, | 


Sample Space : S={all possible distinct outcomes of a random 
experiment.} 


Probability Function Pion 5={5 Sa, i... ‚ Sa} satisfies the conditions 
(0 OSP (5,)<1,5,65, and Y 

(йу Р(5:)--(Р5,)4-......44-Р(55)-41, 

Equally Likely Outcomes : 


PS)? (S)... P (5.)=-1-, where 


Event: А subset of the sample space S. 
Algebra of events : 
~A or A’: or A; €; not A: 
ГАВ оғ АПВ e both of A and B 
| A-B'orAUB e ‘at least one of А and B. 


‘Special events 2 
Апа B are mutually exclusive <> АПВ-ф 
<> P(AMB)=0. 
А апа В are exhaustive 4 AUB-S { 
t vit e P(AUB)-1: 
Probability of Events ; 
If AS, Sy, Sa}, 
Then P (A)=P (S:)+P (8,)--......-- P (8), and 
P (4)=0, by definition. ; 
‘Addition Theorems : 


@ P (AUB)=P өн à» if А and B are mutually exclusive, 
u * GD P(AUB)=P (A)+P (В)-Р (А (В), in general. 
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Conditional Probability : 


PB] Aye ОПА) р (Ау, 
Multiplication Theorem : 

P (ANB)=P (B) P (A | B)=P (A) P (B | A) 
Independent Events : i : қ 

A and B ate independent « P (A | B)=P (A) 
а e P | AJP (B) 

© P (ABJÈP (A) P (В). 
HISTORICAL NOTE 


You must have realized by now that the probability theory, the 
study of the chance phenomenon, is not only'a subject with great 
fascination and intrinsic value of its own but that it is also a subject 
which has great application value in-almost all fields of human 
enquiry. It is really surprising that despite the fact that the chance 
phenomena have been present in man's environment quitè sihce the 
beginning, except for Stray references in the 15th and the 16th 
century the study of probability theory did not start before half 
the 17th century had passed. We owe it to the French nobleman 
Chevalier de Mere, that the foundations of the subject were laid, 
though not by the nobleman himself. He made his fortune in gam- 
bling by betting on at least one six with four dice and lost it fast 
enough by betting on atleast ote six-doublet in 24 throws with a 
pair of dice. He was completely surprised by „this unexpected hap- 
Pening and wrote to his mathematician friend Pascal (1623—1662) 
demanding an explanation of the seemingly contradiction’ between 
his reasoning and observation, Pascal уе this uzzle (and some 

БАН Ч 


The first published work on the subjeot, published dn 1654, is 
“De Ratiociniis in Ludo Aleae"—On Reasoning in Gam AY of Dice, 
icio 19 


Cha 1 ( appeared post- 
humously in 1663.1 The next landmark was “Arg ёсганаг? of 
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Jacob Bernoulli (1654—1705), also published posthumously by his 
nephew Nicholas Bernoulli in 1713. Ars Conjectandi—The Art of 
Conjecture—was followed by “Тһе Doctrine of Chances" of de 
Moivre (1667—1754) іп 1718 ~I 1812 Laplace (1749—1827) 
published his great works “Theorie Analytique des Probabilities” 
and “Essai Philosophique sur les Probabilities", of which the later 
was a popular exposition of the subject meant for the general 
educated public, and an English translation of which—A Philoso- 
phical Essay on Probabilitles—was brought out by Dover in 1951. 


Till 1780, the theme song of the-subject was—how to adjust 
‘stakes so as to be sure of winning in the long run, but important 
developments took place in the works of Russian mathematicians 
Chebycheff (1821—1894) and A. Markov (1856—1922). In the 20th 
century, the probability theory has been axiomatized (i.e., you talk 
of a probability function satisfying certain conditions to be called 
the probability axioms rather than define the probability empirically, 
(based on experience) or as the limiting case of relative frequency). 
The first systematic studies in this direction were made by E. Borel, 
H. Steinhaus, P. Levy and A. Kolmogorov. The first published 
"work on these lines was a monograph by Kolmogorov, available in 
English as Foundations of Theory of Probability, Chelsea, 1950, 


OO 


JAKOB BERNOULLI (1654-1705) 


Also known as James, Jacques, Jacob and Johann, the Swiss mathematician. 
Jakob Bernoulli was born, and died too, at Basel. 


Bernoulli's Ars Conjectandi, is the first treatise on the theory of: probability, 
Cardan's and Huygens’ Ludo Aleae's being introductory booklets only. It 
contains the first adequate proof of the binomial theorem for positive integral. 
Powers, 


Bernoulli was fascinated the most by curves and calculus. He was the first 
to point out that a function need not be derivable at a maximum or a minimum 
Point. He found the equations of the curves: Catenary (the form assumed by a. 
uniform flexible chain hanging freely under gravity ; equivalently the locus of the 
focus of a жалда rolling on a straight line), tractrix (a curve whose form 18- 
supposed to be ideal for a bearing which Supports a revolving shaft exerting a 
Jot of thrust parallel to the axis of rotation), and isochrone (a curve along which. 
а pendulum would swing in the same Period no matter what the amplitude), 
Bernoulli was, however, most Partial to logarithmic spiral. He discovered many. 
of its interesting properties and left instructions to the effect that this curve be. 
inscribed on his tombstone, It is to Bernoulli that we owe the adjective integral’ 
in Integral calculus. 
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121. DISCRETE RANDOM VARIABLES к в 


Have you heard of a dust devil? It is not а devil ша if 
devils exist !). 1118 really a moving Column of desert sand caused 
by natural phenomena." We shall now introduce to you a mathe- 
matical analogue of.a dust devil, viz., a random variable (caused by 
chance phenomena). Analogue, in as much as.it is no more a 
variable than a dust devil is a devil ; though it has something to do 
with random just as a; dust devil has something to do with dust. 


The sample spaces of random experiments are sets whose 
elements are outcomes of the experiments. These elements and 
their descriptions or notations appear in 50 many varieties as there 
can be, depending upon our interest, expression and even whim. 
They could be numbers ог letters or eyen symbols, Let us consider 
the random experiment of tossing a fair coin twice. A PPS space 
that we can consider is [HH, HT, TH, TT]. 


Now the way of specifying the Suomea by HH, НТ etc. 15. 
optional. We have listed:them as НН, etc. because that: is: self-ex- 
planatory. We could have denoted the first of these outcomes by 1, 
the ‘second by 2 etc. and thus have the sample space (1, 2, 3, 4}. On 
the other hand, depending upon our interest in the outcome of the 
experiment, we could have done this job of assigning numbers to the 
outcomes in a more meaningful way than the arbitrary manner used 
above. We could count the number of heads in the outcome, say, 
and replace the outcomes by numbers in the’ following т more mean- 
ingful мау: un А “мш : 

HHe2, ( 2 i 

HTe!, 

THe], ! ms 

TTe0. у 

sni The agency which associated a numerical value to each out- 
come (or transformed the. sample space 5 to {2, 1, 0)) is roughly a 
random variable as the term is understood. Since this agency is the 
function fon S defined’as 
ы шинээ /(тн)= 3 and f(TT)=0, 


(665) 
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our random variable is a certain function from S onto {0, 1, 2} or 
into R—the set of real numbers. To this extent, it is not a variable 
as understood by you in your calculus or algebra course ; it is 
random to the éxtent that its, yalues ate determined Бу the, sample 
points which happen (0 be the outcomes of a random experiment. 
Formally, а t - 


Definition (Random Variable). А real-valued function, 
whose domain is the sample space of a random experiment, is called a 
random variable. LIHA 


Remarks 1. Clearly, one can define more than one random 
variable Оп a given sample space. See e.g. Illustration 3, 


:2. Random variables are also known as chance or stochastic 
variables. (Stochastic is the Greek word for chance). 


‚ 3. Random variables may be also defined on a sample space 
consisting of numbers. For example see illustration 3. 


‚4. Just as a sequence, which strictly speaking is a function 
on the set of natural numbers, is normally specified and identified 
by the values it takes, similarly we shall often commit the crime of 
identifying the random variable with its range or the values that it 
assumes. Thus in case of tossing a coin, instead of Saying that the 
random variable X is the function which associates 1 with head and 
0 with tail (so: that strictly; X —((H, 1), (T, 0)), we may say X'is the 
number of heads obtained (so that X=0 or 1). 


E 5. Itis usual to denote a random variable by Х, If X is.a 
кк variable оп 8 and. ;65; then Х(84) is called the value of X 
at Si. 4 1 


In this text, we shall be interested in random variables which 
take on. only à finite number of values. Random variables defined 
on discrete sample spaces, automatically satisfy this condition. What 
should we call such random variables ? See the definition below to 
check on your guess, 


Definition. A random variable is said to be discrete, if its 
domain is a discrete sample space. 


“io Mastratioù 1. “Lot a single die be thrown. Let X have the 
value lyif 4, 5 or 6 turf'up, and: the value 0 otherwise. 


~~ “Xis a random variable, with values 1 and 0. Is X discrete.? 
__llustration 2.1 ‘Leta rod aida green die be thrown, Let X 

be the sum of the digits (number of dots) on the faces. Then X is 

erate Variable, and its possible values are 2, 3, 4, 5, 6, 7, 8, 9, 
Ae ен 


GANT тиимэ” 


л 
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E 5 » gis ау» 


= . з LI *. . . * 
| 77178 9 қөз "A Tea 
pum $4 ХУМС CY 
E: | 6 7 8 S uad Ad 
2. hj . . . ЕД . 21 
2 
44 539157 197 87 9710 
2 
ied hy ысық Ды PANE, WEA} 
VUL : 
а ug. 4 4116. Bi) Be, 29 
e + LI . . » . . 35 
куб су» Bae d 
ы . . . . . . 
2,549 4 565 7 
is ug ft дїр SE SGH ! 3E 
0 х 


DIGIT OY GREEN DIE ! Li 


The.above figure shows the samplé space (multitude of the 
dots) of the experiment. The numbers noted below the sample points 
(dots) indicate the values of the random variable. It is again “ап 
example of a discrete random variable. . i rios 5 

Illustration 3. Let a single honest die be thrown and’ the 
number on thé uppermost face be noted. Then S={l, 2, 3, 4, 5, 6). 
The identity function on S is a random variable on S which assumes 
thé values 1, 2,..4, 6: Апошег ratidom variable X on S may bë 
defined as 

X =0 if the number shown is six, 

Х--1 otherwise. 

In this case X (1)--Х (2)--Х (3)=X (4)-Х (5)-41 and X(6)=0: 
X now assumes two values 0 and 1. 


1211. Probability Distributions ~~ 


Observe that.a random variable transforms a sample space S 
into a set T of real numbers. The sample space S here is the domain 
and the set T is the range of the random variable in question, This 
enables us to treat the outcomes of our random experiment as сег- 
tain numbers and replace the original space by a new sample space 
consisting of numbers. For example, SC (HH, HT, TH, TT} was 
replaced by (2, 1, 0); г: Thus‘instead of regarding HH, НТ etc; às the 
out-comes, we could consider 2, 1 etc; as the outcomes; Thus. the! 
new sample points are numbers instead of being symbols like HH etc. 
Also note that S and T do not always contain the same number of 
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elements (as surely is the case here because both НТ. and TH were 
replaced by 1) due to the fact that more than one outcomes may be 
replaced by the same real number (i.e., random variable need not be 
an injective function). Now our interest in the sample space goes 
only as far as it helps us'in assigning probabilities to certain events 
that may occur as a result of our random experiment. So long as 
this assignation of probabilities is not affected, we may modify our 
sample space as we please. The original sample space (discrete) has 
a certain probability function defined on it and the sample points 
have certain probabilities assigned to them the sum of which is 1. 
If the random variable assumes a-distinct value for each sample 
point of the original space, the same probability function will 
clearly work in the case of (16 new sample Space consisting of the 
real numbers, but if this is not the case, the probabilities of the new 
sample points will have a different. story. to tell (which is all the 
more interesting for its brevity and complexity !). We shall be 
interested in finding out the probabilities which the new sample 
points have. This is the same as determining the probabilities with 
which various values of the random variable occur. Thus in the above 
example, all of HH, HT, TH and TT occur with a probability 1. 
Now 0 and 2 in the new sample space have. the probability 2 each 
corresponding to the sample points TT and HH respectively of S. 
However, 1 replaces the event (HT, TH) on S, the probability of 
which being. the sum of the probabilities of HT and TH is 1. Thus 
the probabilities of the various values 2, 1 and 0 of the random 
variable X have been determined as 4, land 2 respectively. This 
distribution of the total probability 1 to: the various values of the 
random variable is known. as. determining. the probability distribution 
of, the random variable X. We may. now forget about the original 
sample space S as we forgot the random experiment causing .S- once 
we had S. We may forget even the random variable X, if we 
remember the following table : 


ў, For ай ‘practical. purposes, the above table, so f. i 
particular experiment is concerned, is quite enough, эг атм 
s. i бату»: о? Гах-аг 1 

52 SAP nisinos i f not 


— P 
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Through the above table, HH > 2 
we have’ assigned: to: each value : 5р) 
of the random variable, another 
real number (called, 148 proba- ` 


bility) in this way—if x is a ^" ; 

particular value of the random 8 P МШ? 

variable X on S, which is the . 

imageofthe'subset A of 8 (2,2 -2-7- y 

if X(A)—x) then we assign to x, ІН ; 

the number P (A). Recall that A 

being a subset оҒ 5 is an event, : 3 

and Р (А) is (һе probability of. T I GN d A у 

this event. A. .. Thus .since.X (HT) 1 GU K eol Ж E 

=X (TH)=1, 80.1 was.assigned. the number 4 wh.icli was the-pro«: 

bability of the event (НТ, ТН} on S. балтыр tuos 
Consider now illustration 2 above. Тїегогр ша! Sample space 

V audi on LA 


has:36 elements, having probability * each: The random. variable 


X in that illustration, turns this sample space into T—(2, x ж.а 12) 
which is actually the range of X. Now ? corresponds to one mp le. 
point viz. (1; 1) of S only." "The ‘probability of 2 is the same as that. 
of (1, 1) in S and hence 2 is assigned the probability, ра in the new 
ѕатрте%расё Т. "The points (1, 2), and 0,1) of $ give rise to 3 of. 
Т. Thus.3 is assigned Pe({(1, 2); (2, 10-Р (1, WH (2, p= x 


the probability of the event (1, 2), (2, 1)} of S)... Similarly the 
ponte of T arising from the па i 5) 0, 27 ti i аанай on. 


5, has the probability Р (1, 3)--Р (2, 2)--Р (3, 1)= Similarly for 
the other values in the table below 3 39 7 


The second row lists the probabilities with which the various 
values of the random variable (listed іп the first row) occur. In 
other words, the probability that a value of the random variable 
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“selected at random will be 2 ГЕРАР ae » 12 respectively) is 
(ж I p gg respectively. Does it not give rise toa 


function f say, such that (= SOA etc? ^ We are now 
ready to define a probability distribution, 


Definition (Probability Distribution). . Let X be a random 
variable on a sample space 8. Let T=X (S) be the range of X and Tet 
P be the probability function on S. Define a. function. f from. into 
the closed interval 10, 1, as follows. For each x€ T, Jet 


2. Дә) EP (50, where the summation is taken over all those 6; 
ES for which X (S;) =x, is called the probability distribution (or 
or 


вфе» function оғ probability density function) ‘of thie 
random variable Х. зэх АБ s 


Remarks Л... For.x € X, f() is the probability that X assumes. 
the value x. Thus J()=P (X=x). Hence f(x) is the probability 
of ‘an event defined оп 8. Accordingly, 0« f()« T. Hence the 
range of fis a subset of [0, 11.” ^ 2 

г Once you have determined the probability distribution, it. 
/ % ihe times a good check (nex alay: !).to see: 
whether or Not the new probabilities ad up to 1. 1 

с? The probability distribution (or simply the distribution) of 
a random дэнж X is often given as a list Fei istinct: numerical 
27 of Хам er with the associated probabilities. The list may 

n. herj y or vertically. | « gi for i 
rc acne © tell, Ore эв pina аы 
AFL ә EA YT : 

‘Exam рел1. Let E be the e iment of drawing a ball from 
an urn containing two red 2624) "blue | ball, i pin A Ha colour. — 

^ Solution, The Sample space of the experiment is 

З=Н sla) siro 
and on the basis of balls being similar, except for colour, we 
may4et3- o — тҮ - 
| 1 

| ! | | POT Ost 

‚Мот let X represent the number of red ъа B drawn in the 
above pao en X js a ra Эрхий th mn 0 апа 
1. 1л fact, Х(5)-50 le зуһеп a blue bal is'drawa so that the 
number of ted balls drawn is zero) дад RI RO th 
co TM ОНЫ function of X is defined Бу. 

AI ОС--0)-5р (9). Y obpr оч 
PARETIT TO cgley & fy RF 


nt 


Зай» 
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AAP (K=1=P ()5 2- 


This may be represented in a tabular form as follows’: 


і 
эч 


Note that 1.2. The graph below displays the same 
information more elegantly. Ву thé way, what is the graph of 


the probability function here ? Is it the two bars or the two dots 
or both 7 3 


f(x) | 2 


We can also draw a probability histogram of (һе distfibution. 
For this, the X-values are plotted on the x-axis and the f(X)-values 


\ / 
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on the Y-axis. With each X-value as the сепіге, а vertical rectangle 
with area equal to the f(X)-value is drawn. The adjoining diagram 
shows the probability histogram of the distribution in the above 
example. 1 {ела ту: 

Example 2. А housewife bought five eggs, among which two 
were bad. Find the probability distribution of the random variable X, 
which represents the number of bad eggs, if 2 eggs are taken at 
random. pig і TEN 

Solution, Let X be the number of bad. eggs. Then X takes | 
the values 0, 1,2. If f is the probability distribution of the random 
‘variable X here, then 


СЕ СИИ 
(о: ‘using ‘multiplication theorem ro-($)x(2-)-5- 
Н $ 5 4 ) 07 
‘Which way is it easier 2) 
A Ne Ea RS 6 3. 


(Or, using addition and multiplication theorems, since 1 bad egg 
could be had in 2 mutually exclusive ways viz. ‘first bad and second 


8004” or ‘first good and second bad’, we have /(1)-- (5 ) х (+) 
($i). 


Sil fa eoa eg. 


WFAA, ad) bns xa» bnt гэн сэр өз 73 1 
What did you calculate, (65) ог (+)x(+) ог 
$e (5 2) 7 Do not do the last if you wish to check whether 
all the probabilities add up to 1..).. 


.. Expressing the probability d 
table, we have сера = 
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3 3 1 
Note that 16 Ts + io^ 1. 


(Graph the distribution yourself ! Also draw the probability 
histogram.) 
EXERCISE 12 (a) 


1. Let X represent the number of successes in a single throw of a 
die, where success means getting an even number. Express the 
probability distribution of the random variable X in the 
tabular form and sketch its graph. 


2. Find the probability distribution f of the random variable 
oe where Y represents the number of ‘sixes’ in two tosses of 
a die. 


2. Two cards are drawn successively Y with replacement from 
a well shuffled pack of 52 cards. If X represents the 
oy of aces drawn, find the probability "distribution f 
of X. 


4, Two defective bulbs are mixed, by mistake, ina lot of six 
bulbs, purchased by a customer. If X represents the number 
of defective bulbs in any sample of two bulbs from this lot of 
six, find the probability distribution of X. 


5. A student is asked to write down the derivative of one 
trigonometric function and one polynomial function. The 
probability of his giving the correct derivative for the two is 
p and q respectively. If the random variable X assumes the 
value number, of correct derivatives, then determine the proba- 
bility distribution f of x. 

6. From an ordinary deck of playing cards, cards are drawn: one 
by one until either а diamond or a black card 18 drawn. 
ue the probability distribution of the number of cards 
rawn. : 
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. (Let us play a game again. You throw a die and we are to 
give you two rupees for each dot on the uppermost face of the die. 
If you threw the die, say N times, what do you expect to gain and 
what is the expected average amount per game 7 Each face of the 
die has the probability % of being the uppermost face in every 
throw. Thus out of N times, we expect each face to show up N/6 
times (in actual fact, the number will be roughly N/6 for large N.) 
Our sample space is (1, 2, -----, 6). 


Define a random variable X as the number of rupees yo 
on the various throws of the die. Thus when the ОЧ шон Ён 2i i 
dedico , 6, X has the value 2, 4, ........., 12 respectively, ie., ЫГ 


X(1)—2, Х(2)-44, 2; Х(6)=12. 
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Hence if fis the probability distribution of X, then 
f (=P (X=2)=P (De 


f? (X-4)-P 2)— 


f (=P (Х=12)=Р =: 


Tabulating these values, we get 


Now let us calculate the amount you expect to get when the die is 
thrown N times. Since we expect the die to show up a 41” к. 


times, these Ч throws will bring you rupees 2х1. Similarly, the 


: М throws which result in a 527, would bring you Rs. 233 апа 


80 ол... 
` Your total expected gain in rupees is 
NA CN N N N 
276 040g +6. сд 125 P 


130051 QA GO E ал 1 
an( 2.544.146. 618-6 H0. S412. v) 


| This is the amount expected’ in N thtows. Therefore, ‘the 
average amount expected per throw is 
ү Үч К 1 DN 1 d 1 

i 2H. g t6. g te 6110. g +12: с" 
which is the sum of the various values of the random variable 
multiplied by the corresponding probabilities. This is an example 
of how the gamblers calculate their expected gains and make bets. 
As we told you in the previous chapter, determination of gains (or 
108868) was the motivating force for the development of the subject 
till towards the end of the previous centuty; ‘The idea of mathe- 
matical expectation is nevertheless equally important in. every field 


N 
v t8 sg +10. 
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where the subject finds application! We now make this idea 
precise. 


Definition (Expected Value) Let X be a finite random 
variable taking the values Xp Хау еее » Xn. For each і--1, 2, n. ‚п, 
let pp=p (X=). Then the expected value of the random variable 
X (or the probability distribution of X), denoted by E (X) or X, is 
defined as 


E (X) — pin E pix,-4----- paxn, 


n 
-Х род. 
i=1 


Remarks 1. The terms mathematical expectation or 
expectation or mean are also used for the expected value. 


2. The formula for the mean of a probability distribution is 


similar to that for the mean of a frequency distribution, viz., 
ft . Уу. Here Zp,—1. 


3. Like the mean of à frequency distribution, the mean of a 
probability distribution or of a random variable need not neces- 
sarily be a value of the variable. . See Example 5. 2 


4. Ifgisa function of X, the expected value of g(x) is 
defined as 


E (&00)— Y р(х, 
i 


‘where as before, pi=P (X=). x 
Example 3. Compute E (x) for the probability distribution 


` Solution. Ву definition, 


EG) `$ жр, 


i 
=1 (0:4)--2 (03)--3 (0:2)--4 (0:1), 
—44-64-64-4 
=2°0. Ans, 
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“1: Example 4. Тһе probability distribution of the, random varia- 
ble X, defined on the sample space (1, 2, 3} as X(m)—n—1 for 
=1, 2, 3, is given below. 


Find E (ХЭ). i 
Solution. во Y pae 
ізі 


h do gal qu L эя 
ueste oer X 


NER 
=F Ans. 

Example 5. Ram and Shyam: are playing with a' die." They 
stake Re 1.00 each. Тһе one who throws the higher number wins, and 
takes the total amount. If the number thrown by both is the same 
(i.e., in case of draw), they take back their stakes. Ram starts and 
throws a 2. What is the expectation at this stage. ? 


Solution. Jf Ram wins, he gets Rs. 2.00. He invested 
Ке. 1.00. Hence his gain is Re. 1.00. In case ofa draw, he gets 
back his money and his gain in rupees is zero. In case Shyam, wins, 
Ram suffers a loss of Re. 1. This can be expressed. as a gain of —1 
in rupees. Thus the values of the random variable in question, viz. 
Ram's gain in rupees, ате 1, 0 and —1. Ram wins if Shyam throws 
1; there is a draw if Shyam throws 2 and Ram loses if. Shyam 
throws 3, 4, 5 or 6. The probabilities of these events are 4, $ and 
§ respectively. Thus the probability distribution of Ram’s gain is 


шоог 
C dur 


Hee ^ Ego (Deo (en (4)--5. 
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Thus Ram expects to lose halfa rupee: Note that this value'is 
the expected average amount of loss or the best estimate of the ave- 
rage amount, of loss in the long run. ў 


Example 6. A and В play а вате with a coin. A stakes 
Re 1.00 and throws the coin 4 times. If he throws four heads, he gets 
his stake and also Rs. 3.00 from В. If he throws only three heads and 
they are consecutive, he gets his stake and also Rs. 2.00 from B. 
If he throws only 2 heads and they are consecutive, he gets his stake 
and also Re 1.00 from В. In ellother cases B takes the stake money. 
Is the game fair Y (A game is said to be fair if the expectation of each 
player is zero.) 


Solution. Consider the sample space S={HHHH, HHHT, 
ТННН, HHTT, THAT, TTHH,----othersj. S has 24 elements. Let 
X be the random variable giving 4’s gain in rupees. Jf A throws 4 
heads, we have the sample point HHHH and А gains Rs, 3. Thus 
X(HHHH)=3. Other values of X can be calculated similarly. The 
following table summarizes the situation’: 


Since out of a total of 116 sdmple points, exactly 1,2, 3 and 10 
róduce thé values 3, 2, 1 and —1 of X respectively, so, the proba- 
Віну distribution of Xis " ) ама ы Ар 


АҺ Жал ХАЙ млрд 21 
Ней Р 16 82:58 1546 po ue. 


t 5 rat wally) 7) 1 r 
Since A's gains and losses are B's losses and gains respectively, 
and A does not except to lose or gain anything, B's expectation is 
also 0. Hence the game is fair. PIENO : 
i \ 909 ER із TOSTI 
Example 7. 4 travel ‘agency is faking a one-week tour to а 
hill station. lt offers the passengers insurance promising them Rs. 
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15,00000 in case of mishap during the trip. If the probability of a 
mishap is *01, find a fair premium for this policy, 


Solution. Let X be the random variable payment (in rupees) 
per customer by the company. Then the probability distribution of 
is: 


(Probability) F(X) 
Hence Е(Х)-0х099--15000х0:01, 


=150, 


Thus the company’s expected payment per customer is 
Rs. 150.00. This may be viewed аз а Jair premium because on the 
basis of such a premium, the company neither makes a profit nor does 
it lose anything in the long rün. In actual practice, the premium would 


(Payment) X 


ed at a higher rate making allowance for incidental expenses ` 


and profit by the campany. 


~~ The expected value of a random variable gives us the best esti- 
mate of the average value of the random variable if the experiment 
is repeated a large number of times ; it tells nothing whatever about 
the way the various values are spread out, А measure of the dis- 
persion of the various values is the variance of the random variable 
which we define as follows : 

Definition (Variance). Let X be а discrete random variable. 
Let Ху, 3s, ха be the possible values af x, and X the mean of X. 
For each i=1, 2, «ын, n, let рц =P(X=x1). Then the positive 


number 
n 
У-у Pi 
feo] 
is called the variance of X and is denoted by Var (X) or сё. 
The number \/Var (X) is called the Standard deviation of X. 
"Remark. 233 EL(X — X). 


Theorem. If oa and X denote respectiyel en was 4 
mean of a random variable X, then ‘pectively variance an 


o E(X3)— Хз, 
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Proof, o= > р(х X), 
i 


-> р(хд-2Хэс4-ХЭ), 
7 
=> pi хё—2 Y Ук, 
i 7 7 
—E(X2)J—2X 92255 by 
i 


i 


—EQ)-2X. XX, © “Ха, 
Ч 
=Б(Х?)—Х*. 


The above formula may be more convenient in most of the 
cases for calculating the variance of a random variable. 


Example 8. Find the mean and the variance for the probability 
distribution 


Solution. By definition, 
4 


X= us 
is] 
-(-3)0:2)--(--1)(04)--0(0:3)--4(011), 
----06--0:4--0--04, 
=—06 
“Now the Variance is 


Sint р 


1-1 а: v 
Tabulating the values 
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oxa= 344 Ans, 
Aliter As before, Х--06. Now, 


2: exi-E(X3) — X5, . 

=3'8—0'36, | 

=3°44 Ans. 

EXERCISE 12 (5) 

A collection of eleven shirt pieces has four defective pieces. A 
Customer buys three of them without inspection. Determine 
the probability distribution of the number X of defective pieces - 
which the customer. may get. + 


Calculate the expected value, 
deviation for each of the followi 


1. 


the variance and the standard 
ng probability distributions : 


RANDOM VARIABLES AND PROBABILITY DISTRIBUTIONS 681 


(a) 


гуд ада 
where p4-q#1. 


П 


Calculate ECX?) for the parts (b) and (c) in question 1 above. 
An honest die is thrown. What’ is the! expected value of the 
number on the uppermost face? What is its variance ? What 
is its standard deviation ? ` ГОЦ "2h 

By paying Re 1.00, a man gets to throw three honest dice. 
For each six he gets Rs. 2.00. What does he expect, to lose or 
to win? п TRI 8 

A man pits three coins in his pocket one by one deciding at 
random as to whether it is to- bea 25. раіѕагсоїп or a 50 paisa 
coin, What is the expected totol value of- the coins he puts in 
his pocket ? | 1 à i 


The following table shows the profits of an ice cream vendor 
on certain types of days and the probabilities of such days : 


Profit "o. Typeofday -o u Probability... 
Rs:50 - sunny us 0:5 

Rs 30 cloudy : 03. 

Rs 5 rainy í :02: 


What is his expected profit? УУлас 1з the variance of his 
profit 7 0 
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8. For the probability distribution given below, find К, E(X) and 
oz. 


ТЕТ eTe | 


9. The roulette of a casino has 18 white, 18 red and 2 black slots. 
You can bet any amount on any colour. If the winning slot 
shows your colour, you get your stake plus an equal amount. 
Otherwise you 1086 your stake. Show that the expected profit 
of a hundred rupee bet on white is —5.26 in rupees. What 
does the negative sign show ? 


(Hint. Your gain (in rupees) is 100 on a white and —100 on 
the other two colours. What are the probabilities of the various 
colours? All bets in casinos are so fixed that the expected 
ша 3 Players is always negative. That is why the casinos 
thrive. 


10. А botanist is asked which of the three botanical names are 
associated with three given plants. The botanist does not 
know which plant has which name, but lest he be considered 
ignorant, he assigns the names to the plant at random. 
Obtain the probability distribution of the number of correct 
names. Also find the expected number of correct matches. 


(Hint. Which of the values from 0 to 318 not assumed by 
the random variable in question ?] 


173. BINOMIAL DISTRIBUTION 
So far, we did not put any restriction on the. number of ele- 


ments in a sample space as long as they remained finite. 


‘We shall now consider rather: special random experiments 


"Whose sample spaces contain exactly two elements. Such experiments 


are abundant. Asa matter of fact, whenever we are interested in 


P 
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could be denoted by a 1 and not this outcome by 0, giving us the 2- 
elementic sample space (1, 0). Such a random experiment is called a 
Binomial trial (because of the two outcomes) or Bernoullian trial 
in honour of Jacob Bernoulli who studied series of such trials under 
certain conditions in his book Ars Conjectendi at length, leading him 
to the discovery of one of the most important and beautiful theorems 
inthe theory of probability (which unfortunately is beyond the 
scope of this book !). 


We shall now consider the conditions under which Bernoulli 
studied a series of trials. In the first place, since а Bernoullian trial 
is a random experiment, we may repeat it a. number of times, thus 
getting a series of such trials. For example we could toss a fair coin 
n times (or toss n fair coins once) and note whether a head appears ; 
we could draw a card at random from a deck n times and see whether 
it is the Jack of diamonds. Оп the series of trials. in question, we 
impose two conditions, 


1. Trials are independent. As you know, this means that the 
probability of the desired) event viz. the occurrence of the outcome 
of our interest is not affected by the results of the other ttials in the 
series. Drawing a card and noting whether it is the Jack of 
diamonds will give us a series of independent trials if we replace the - 
card drawn, shuffle the pack well and then draw the next. card. 
However, if the drawings were being made without replacement, the 
corresponding series would not be independent. 


2. The probability of occurrence of the desired event is constant 
i.e., remains the same at each trial... For example, if the card drawn 
from а pack is replaced and pack shuffled well, the probability of 
theJack of diamonds remains 1/52 each time. That, in every series 
of independent trials, the probability of the occurrence of the desired 
event need not be the same follows from tlie example that follows. 
Let the trial consist of drawing a bead from a jar containing beads 
of several colours and noting whether the bead is white. We may 
suppose there are 20 jars containing 100 beads each but that the 
number of white beads in each differs from the others. We drawa 
bead successively from each jar. This series of 20 trials is inde- 
pendent because if a particular jar contains m white beads, the pro- 
bability of a bead drawn from this jar being white (m/100) remains 
unaffected no matter what the colours of the beads drawn from the 
other jars ате. Clearly, the probability of a white bead differs from ` 
jarto jar. One quite effective way of ensuring the condition of 
constant probability is to repeat the trial under identically the same 
conditions. 


We shall be interested in series of independent Bernoullian 
trials in which the probability of the desired event remains constant 
throughout. It is customary to call the happening ofthe desired 
event a success and the other outcome as the failure. However, these 
words have little to do with their ordinary meaning. Suppose we 
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‘were subjecting a student toa series of tests of uniform difficulty 
‘and were noting whether he fails in the tests. Assuming that his 
ability to answer the questions in the tests is not affected by the other 
tests, а ‘success’ in the cotitest. of these Bernoullian trials would 
‘mean that he fails. We shall use the letters S and F respectively Гог 
the words success and failure. , 

As agreed, suppose we repeat a binomial trial times. Let the 
„constant probability of success at each trial be p. The probability of 
‘failure is then g—1—p because F and S are mutually exclusive and 
‘exhaustive events. Each time we repeat the trial, we may havea 
Success or we may have a failure. A very natural question that arises 
‘at this 'sfage is MO : 

1701) How many successes do we expect ? 


Clearly, the minimum number of successes is 0. Оп the other 
hand we may have a success every time yielding n as the number of 
successes, This prom ts Us (о introduce a random variable x, taking 
the n-+-1 values 0, 1, 2,...... л on the sample space of the experiment 
consisting of repeating these л trials and noting the number of 
івиссезѕеѕ, A better question than (1) above would Бе: 
4, (2) What are the probabilities of the various values 0, 1,445: п, 
Of the random variable viz., number of successes 7 


The following theorem answers this question. 


„у. Theorem. in а series of n. Bernoullian. trials, with probability 
, Of success р in cach trial, the probability that the number successes is 
exactly ris given by. 1 1 

їй л "Ср! (1p). 

“| Proof. In order (о һауе r successes, in a. series of n trials, 


“же must have a success in ғ of the trials and a failure in the remain- 
ing (n—r) trials... One scheme in which this happens, is : 


SS. DOT N: PRESS: F 
“------- сэ» 
x x 
r times n—r times 


dicun SIME de Gale аав independent and probability of i 
! се іп 1 у of success is 
13 sch trial, the probability of the scheme of successes and failure 
9vedsaos 


EA 
3^ ж 2 1 
2 ДЯ р put n—r times) 


Obviously, there are other schemes in whi 
Q2 95 ly, the other which г successes and 
n—r failures may occur ; but the probability of each such scheme is 


TUTO гт ғысы 2-2 
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a product ofn factors, r of which are p and n—r of which are 1—p 
in some order. Because of the commutativity of multiplication of 
real numbers, this product can be written. as р" (1—р)"'. The 
probability of 7 successes is obtained by adding the probabilities of 
allihese schemes. The crux of the matter is now to determine the 
number of these schemes: and that is easy. We may think of n dots 
inarow;each dot is to be replaced either by an S or by an Fin 
such a manner that there are exactly r S's. This amounts to choos- 
ing r dots out of n (to be replaced by an S). The number of different 
waysin which we can do this is "C,. Hence there are "Cr schemes 
yielding exactly r successes. The probability of each scheme being 
р" (1—р)®%", the required probability is "Cr. р" (1--ру 


We may now determine the probability distribution of the 
random variable x, vtz. the number of successes in a series of n 
independent binomial trials with a constant probability of success 
at each trial. 


Definition. Given a positive integer n, and a real number p, 
0 <р < 1, the function Р defined by : 


Р(х)="Сер®(1 =", х5-0, 1,2, n 


is called the Binomial Distribution or Binomial Probability 
Distribution. f 


Remarks 1. The various probabilities P(x) are the terms in 
the binomial expansion of (g--p)"; where g=1—p. Hence the name. 


2. nandpare called the parameters of the Binomial distri- 
bution because they completely determine the distribution and for 
different values ofn and p, different Binomial distributions are 
obtained. A Binomial distribution with parameters 7 and p will be 


denoted by B (п, p). 


3, It is usual to. denote "Cep*(1 —p)"—* by the symbol 
b(x; n, p». Do not be afraid of the symbol. Read it as the probability 
of x successes in а series of n binomial trials with a constant proba- 
bility p of success at each trial. If you take 10 different sets of values 
of x, nand р, and repeat the above sentence for these values, you 
would start feeling quite easy with the symbol. { 


4. Since the Binomial distribution occurs. frequently in 
practical situations, tables giving the values of B(x; л, p) for values 
of p from 001 to 0:50 in intervals of `01 aud. for п=2, 3,4... 49 
are available. For some of these values of p and zt, bo; n, р) correct 
upto 4 decimal „places, has been tabulated in Appendix I at the end 
of the book. For use of these tables, see examples 10 and 11. Tables 
giving numerical values of some binomial coefficients are given in 
Appendix II. Using these tables may saye you of lengthy calculations 
in some. cases. You may use slide rule, log tables or pocket cal- 
culators for values of b(x: n, p) not listed in the tables. 47: 
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К Example 9. 4 fair coin is tossed six times. What is the pro- 
bability of obtaining four or more heads ? 
А Solution, Tossing a fair coin isa Bernoulli trial, with p=1/2. 
There are six trials, 
The Binomial probability distribution with parameters 6 and 
1/2, is given by : | 
Р(5)-44С (1 /2)#(1/2)8-#, 
=C, (1/2), 


1 

- “Се. 
хо » 5, 6. 
PGx24)—P (4)-ЕР (5)--Р (6) 


É [анс °C, ] 
1 
2g (55640 


ши А 
SEO 344 approximately. 


Example 10. Prove that 3 

: b (x in, p)=b (n—x 3m, 1—р). 

Solution, We are required to show that the probability of x 
successes in a series of n independent binomial trials with constant 
probability of successat a trial p isthe same asthat of n—x successes 
їп а similar series with probability of success as 1--р at ‘a trial, By 
definition, 

b (x ; n, р)="Сьр(1— руп, 
Cy Su (1—p)n- D TE 
=b (n—x;n, 1—p). 

This relation enables us to use the tables for values of р>05 

evên though the tables do not list values of р2>0:5. 


Example 11... (The Tea-tasting Lady). А certain lady claims 
that in most of the cases, she can tell by tasting the tea, whether milk. 
Was put into the cup and then tea-water poured, or first the tea-water 
Was poured into the сир and then milk added, To test her claim, an 
experiment is performed. 9 pairs of cups of tea are Prepared, each 
раї" containing one сир of the two types mentioned, She is made to 
taste the 9 pairs and required to classify them according to the two 


lady is really Skilled in the art she claims, p—the probability of her 
Correct prediction must be high. Let us assume Р--09. The probability 
that lady's. claim is proved (іе, she tells 8 or 9 pairs correctly), is 
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b (8;9,0:9)--b (9; 9, 0:9) (n=9, р=0`9; 
x=8, 9 resp.) 
=b (9—8 ; 9, OD+6 (9—9 ; 9, 01) | (see example 10) 
=b (1; 9, 0:1)4-b (0; 9,01). 
Solution. We shall now bx tables in appendix I to calculate 
the above value. Take b(l; 011); Here. Х--1, n=9, p—0'l. 
Tables list the values of n and x зарсан below п and х respectively. 
Locate n=9 in the first column. Against this 9, there are 10 values 
of x from 0 to9 in the second column ; pick up х=1. We shall 
now look at the row of numbers corresponding to this x=1. Look 
at the values of p in the top row. They аге 01, ‘05,.....-, 50. Our 
interest is in p—0'10. This is the third value in the top row. 
Consider the column headed by this 0:10 and see where it meets the 
row we have fixed earlier (corresponding to n=9 and x—1). The 
figure at the intersection is 0°3874. This is the required value 
Similarly, 


b(0 ; 9, 0°1)==0`3874. 
Hence the probability of the lady's claim being true is 077748, 
On the other hand if the lady were just guessing, so that 
p=0'5, the required probability is 
b(8 ; 9, 0:5)4-8(9 ; 9, 05) 
--0:0176--0:0020 (using tables) 
=0°0196, 
which is rather small. 
12:311, The Mean and the Variance of Binomial Distribution 
Theorem. For Binomial probability distribution В(п, p) 
given by 
P(X—x) —"C,P^(I—py"*, x=0, 1, 2,.....‚п 
(i) E(X)=np, (ii) Var (Х)=пр(1—р). 
Proof. (i) Let g=1—p. Then 
Pe=P(X=x)="Ceptg"™. 


By definition, 


E(X)= > Хра; 
х=0 
—[0." Cop*g^-? 4-2 C, pg" 4-2." Cs p*997 J- ...... 
A +r.”Crp"g"™"-+......+np"], 
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pa E PUN E. 
mu GSN Ер DODERS V A 
| А 26р" 


—=лр(д+Е рул!) 
‚ "mp, because q+-p=1 


25 f 


ЫН @, Now 


253 яв 222 | 


But »3 xtpe - [0-1 TONES Ce Да г 


xe0 
Hr? nC pgn p i.. np"], 
=m pfi. qi Fam paraha 02 р" 


--1)! г : 
Tee өн p" 1gn-4- N = npn 1 


Жа RO 2 Ха-2) алта 


pip brat! on ia йош 
(0050 social uy SOS 57 E. 1H-apln — L)pq"^* 
2 "аА р?" bess 
А НЭЭ pt ЭС лур], 
—np(q-- p) --np(n— Dpiq--py*, J 
=np+n(n—1)p*, 


Үс а ви. 


Var (X)= х x*pe—(E(x))?, 
х=0 
SOE npt np its 
24 * snp(1—)p. 
Remark. Var(X) may be written as npg; where g=1—p. 


Corollary. If the mean and variance of a binomial 
with parameters n and р be и and аз Rape. then Ош 
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Example 12. What аге the mean and variance of a binomial 
probability distribution with parameters 16 and 0'5 ? 


Solution. Меап--лр--16Х:5-48. 
Variance—npq—8 X524. 


Example 13. The mean and variance of a binomial distribution 
“аге 16 and 4 in some order. What is the probability of success ata 
given trial ? 


Solution. Ifthe parameters of the given distribution are n 
and р, then we know that the mean is np and the variance is про. 
Since 0 <р <1 (why) ? and p--q—1, therefore,0 < 4 < 1. This 
means that npg < np. Hence the variance is smaller than the mean. 
"Therefore, the mean must Бе 16 and the variance 4. Hence 


pd йыл БЕ. 
dover E 0:25. 
р=0'75. 


EXERCISE 12 (с) 
1. .A coin is tossed six times., What is the probability of getting 


at least two heads 7 22 (4,1.8.5,С.Е. 1984) 
2. А die is thrown six times. What is the probability of 
(4) no six ? Gi) more than four sixes ? 
= Е “(DBS SCE. 1984) 
3. Find the probability of having at least one tail in four throws 
with a coin. (M.N.R. 1983) 


[It is sufficient to compute. just.a single probability. Which 
one? Two were sufficient for Exercise 1 aboye.] 


4. The probability that “an event A happens in one trial of an 
experiment is 04. Three ‘independent: trials of the experiment 
are performed. Find the probability that the event A happens 
at least once. Ї à (1.1.Т.7.Е.Е. 1980) 

175. «What: is the probability of throwing 4 double sixes in 400 
throws of2dice? 2 - ) 


56, «Determine the binomial distributions (i.e. find the probabilities 
of all values of the variable) whose parameters are given 
below: — 2 $ 
(a) n=6, р=1/3; use tables to write the probability of 

various terms. 


(p) n=4, p—1/6 ; leave the probabilities in fractions. 
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7. On the ауегаре, а marksman firing at а target, hits the bull’s 
eye once in three shots. If he shoots six times, what are the 
chances that he hits the bull’s eye 
(a) twice ? (a) four times ? (c) not ағай? 

8. Six coins are tossed 64 times. Show that the theoretical 
frequencies of 0 head, I-head,..... , 6 heads, are given Бу: 


fone Гы» [э [э] 
IU [т ә а | 


Y [Theoretical frequencies are obtained by multiplying the pro- 
bability with the total number of tosses.] 

9. A pocket full of change is dumped on a table. If there are 

22 coins altogether, find the Probability of at least two heads 

showing. 

[Would you calculate P(2)--P(3)--.—....--P(22) ? If yes, think 

hard ; your labours may be reduced rewardingly.] 

If 3% of the electric bulbs, manufactured by a company are 

defective, find the probability that in a sample of 100 bulbs 

(i) 0, (i) 3,7. чи (нусу) 

bulbs will be defective. 


11. А coin is tossed л times. What is the chance that the head will 

" present itself ап odd number of times ? G-LT-J.E.E. 1970) 

222, vad the binomial distribution whose mean is 3 and variance 
3-482... 

13. The Крра cost ofa new detergent powder is Rs, 500.00. 
It is believed that 10,000 persons will notice the advertisement 
and 10% of them will buy a bageach. Calculate the mean 

number of persons buying the detergent. If profit per bag of 
j the detergent be Rs. 2,00, is advisable to advertise 7 


(Eline. Compare the difference between expected gain, i.e., 
profit, and advertisement cost.] 


14. Sketch à graph of (һе binomial distribution for n=4) p= 1/4. 
Calculate их (mean) and ag (standard deviation), ¥ 


15 A student calculated: the mean of a binomial distribution to be 
" 12 and its statidard deviation as 4, Any comment? 


TEST YOUR UNDERSTANDING Хи 


In each of the following questions, tíck'tlié eo : 
1./ беба аз fl q Санг correct response: 


= 
Р 
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(а) is a probability function on (1,2,......, 5j. because X f(x) 
=1, (b) is not a probability function because one value of f(x) 
is —ve, (с) is nota probability function because one value of 1463) 
is 0, (d) is not a probability function because two values of Хх) 
аге equal, А 


2. The expectation of a player in a certain game is Rs. 5°00. 
This means that if he plays 


(а) one game, he will win Rs. 5:00, (b) n games, he will win 
Rs. T 700, п=2, 3, 4, —.., (c) a large number of games, he will 
win Ев. 5'00, (d) a large number of games, he will win Rs. 500 per 
game on an average. 


3. For the binomial distribution B(100, 0*1), 
(а) E(X)=1 and ох--3, ; i 
(b) Е(Х)=10 and ox +9, 
(с) E(X)=1 and ох--9, 
(4) E(X)=10 and ox=3, 


4. The standard deviation of a binomial distribution is 3. Its 
mean сап Ве: | t 4 


(a) 4ъшпої2,‚ 77 (5) 2put not 4, 
(c) 8 but not 10, (d) 10 but not 8. 


5. ІР is the probability function of B(n,p) and p+q=1 
then P(x-+1) is equal to AP(x) where A is, 10727 


extr, 
(b) zo , 
о ак, 
71327 


(Here is something to reduce your labours; once you haye 
calculated P(1), PQ)—P(1) ХА; P(3)=P(2) ХА and so on. But if 
you make a mistake somewhere, all the following terms will be 
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wrong too; You had better check a term here and there by direct 
calculation.) 


6. Let P. be the probability function of В(2М--1, D). If 
P(X<M) denotes the probability that X takes a value less than ог 
equal to M etc. then: | 

(а) Р(Х<М)<Р(Х>М) <}, 

(b) PXEM)=P(X>M)=4, 

(c) P(X<M)>P(X>M)>3, 

(d) P(X&<M)<P(X<M) <}. 


{Hint. Various probabilities are the sums of certain terms in 
the expansion of (34-43)? "7.] 


7. 99 seeds are sown. Independently of others, the pro- 
bability of each seed germinating is 3. The probability that at least 
75 seeds would germinate is (а) more than $ and equal to 3, (b) 
less than $ and equal to 2, (с) less than 4 but not 1, (d) more than 
j but not 1. 5 

CHOR-SEPOY (Azfa) : А game popular іп rural India is 
played like this. Barring two players, the Chor and the 52роу, others 
. sit in a circle cupping their hands on-a knée: The Chor has a small 

pebble in his hand and goes round the circle putting his hand in the 
cupped hands of the various players one by one. He leaves the 
` pebble in somebody's hand. All the players close their hand after 
the Chor’s visit. The sepoy watches from a distance but cannot see 
who has got the pebble. He makes a ‘guess by pointing toward 
somebody at random. Let.x denote the number of correct guesses 
when the game is played n times by 7 players in all. Suppose every 
time a correct guess is made, the Sepoy gets Rs. 2, and every time 
the guess goes wrong, he loses a rupee, Denote by Y the random 
variable Sepoy's gain in-rupees, 
8 Тһе probability of r correct guesses is :- 

(a) "C«1/7)* (6/7)^7*, ғ 

(b) "C/D" (6/T7)n-*, 

(е) 7.1/5)" (4/5*-*, 

(d) “С, (1/5) (4/5). 


9. The probability distribution of x is : 


(а) B(5, 0 2), (b) B(n, 0:5), қ 
(c) Bn, 02), (d) B5; n, 1/5). қ 
10. The set of values assumed by Y is: = 
(а) (1,2, 5, 4, 5), (5) (0, 1, 2, 3, 4, 5), 
stet бу еды aueia ио (9051,0), 


111. For the game to be fair, instead | 
БЕ buses ТООН be i of Вз. 2, the reward for a 


OPPO O O E O OPP E ee ee иччү 
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(а) Rel, (5) Rs. 3, 
(с) Rs. 4, (d) Rs. 5. 
REVIEW EXERCISE XII 


1. Both of the bags A and B contain a pair of red and a pair of 
green socks. One sock is taken from each bag at random. 
The socks are interchanged. before being put back into the 
respective bags. Determine the probability distribution of the 
number of red socks in bag A. | 

2. Five points are marked on the x-axis (any line for that 
matter) at intervals of 1-cm. Two points are chosen at 
random. Determine the probability distribution of the dis- 
tance between the points. Show that the expected distance 
between the two points is 2 cm. 


5. Acard is drawn at random from a standard pack of 52 playing 
cards and the score noted. If ace has one point, picture cards 
10 each, and other cards according to their denomination, 
then show that the mean and variance of the score аге respec- 


1 T 1 
tively 2:6 EES and 9 1169: 


4. Calculate the expected value and variance of the following 
probability distribution (known as the uniform or the rectan- 
gular probability distribution) : 


5. Acoinis tossed until a tail shows. Determine the »proba- 
bility distribution of Х--(һе number of tosses. 5 Ха 
discrete random variable ? Verify that the sum of all the 
probabilities of various values of X equals 1. 

6. If X is a random variable and a isa fixed real number, then 
prove that : ; 

(а) Е(аХ)--аЕ(Х). (b) E(X+a)=E(X)+a. 
(c) E(X—E(X))=0. ! 

7. Prove that if X is a random variable with mean и and standard 
deviation c, then the mean and variance of the random varia- 
ble (Х--д)/в are 0 and | respectively. $ 1 

8. Would it be correct to apply binomial distribution to calculate 
the probability that it will rain for at least 15 days їп July 
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9 


. Assume that the pro’ 


A TEXT-BOOK OF MATHEMATICS 


next year if each day of July this year is treated aSa trial and 

record kept of the rainy days (so that probability оҒа day in 

July being rainy may be calculated)? _. 

obability that parents having black eyes 
will havea child“with "brown ‘eyes is 025. Calculate the 
‘probability of at least '3:children having brown yes if there 

„Зате 6 children in a-family, the parents having black eyes. 


10. X is the random variable number of failures preceding the first 


success in a series ofn Bernoullian trials with probability p 
for success, Show that : od iw 2 


“Р(Х=х)=(1-<р°р,х=0, 1, 2! en. 


11. The constant probability of success in a series of | Bernoullian 


trials is 0:5. How many trials in the least should be per- 
formed so as to make the probability of at least one success 
more than 07757: : ! 


12. The Host. Four friends wish to have a party, the host to 


13 


14 


15 


which is to be decided by toss as follows. All the friends toss 
a fair coin simultaneously, more than once if need be, till 
one of them gets an outcome different from all the others, be 
it head or tail. This odd man out is to play the host. What is 
the probability..that-they.would beable to decide the host’ in 
the first round:of the tosses.?. What will be this: probability if 
there were n friends ? 2 { 


‚ Random Walk. A is waiting for B who is late. After a while, 
A gets restless and starts moving about along the footpath 
taking each step at random either in the Eastern direction or 
in the Western. What is the Probability that after having 
taken 10 steps, he would be (i) back at the Starting point ? 
(ii) exactly two steps away from where he started? (More 
complicated problems of this nature form the hard core of the 
most ure studies regarding the motion of molecules in 
88866, 


, (Hint. In order to finish at the Starting point, how many 
Steps must he move to the East and West in any order? How 
many to the East and West in order to finish two Steps to the 
ri£ht (left) of the original position?) ^ : 


| Find out what is Galton’s quincunx (board) ана ‘what does it 
have to do with Binomial distributions. 
. Verify that the sum of all the Probabilities for a Binomial 
distribution turns out to be 1, ! 
T! SUMMARY 
Random Variable. А real-yalued function whose domain is the sample 


space of a random experiment, - 


(7 


1 4 DISCRETE RANDOM VARIABLE 
Definition, A random variable with finite (or countable) range, 
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2. Probability Distribution. (X is a random variable with domain S and range : 
T). A function f from T into (0, 1], such that ror all x € Т, 


Дх= X PS); 
SES 
where S, Є S and X (5,)=х. 


. — A function which assigns probabilities to all values of a random 
variable, р 


3. Expected Value. X-E(X)-Zipix, 
4, Variance. Var (X)9 o, -E(X— X) =z pX, - 3 


a | 
-ЕОО)-Х3 * %. 


Binomial Probability Distribution 1 
1. Probability function f, Дх) "С.р" denoted û 
Бар ,n, pt q—1. 1 1 Y 


2. Parameters. (i) л, the nümbBer. of. trials, and | (i) p, the constant pro- 
bability of success at atrial, | d m 


(n, p) 
(x $ n, p), х=0, 1, 2, 


3. Expected value and variance. Б(Х)--лр; сЗ 3 
HISTORICAL NOTE | 


Though the terminology probability distribution is not very 
old, yet the roots of the ipo ану distribution studied 
in this chapter date back to Jacob Вегпош (1654-1705). Two of 
the most used. probability distributions i 4 oday dealings are 
the Poisson and the norimal distributions. Both ofthese are approxi- 
mations of the binomial distribution under certain conditions and 
both originate in the works. of De Moivre (11 -1754). His famous 
book Doctrine of Chances contains: the proof of the validity of the 
approximations. As a matter of fact, De Moivre obtained the Normal 
functionas a means of giving an approximate evaluation of the 
binomial distribution for large values of л. Poisson distribution is 
obtained from the binomial distribution ‘by letting n become very 
large p very small but keeping np a fixed finite quantity... It should 
be noted that infinite and. limiting processes were 'at that time in 
their crudest forms and:the required theory was put on a sound basis 
later. This makes the efforts of these authors particularly worth the 
mention. 


сс 


RONALD A. FISHER (1890-1962) . 

"Sir Ronald A, Fisher was one of the mosi 

century who made important contributions to 

Вай а great impact on improvement of agricultural: production: ай Over the: 
world. It demonstrates how statistics could be 
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CHAPTER 13. 


Correlation and Regression 


131. INTRODUCTION 


Do you have a friend who is both lazy and fat ? Do you have: 
a sister who is both beautiful and intelligent ? Do you notice how 
your study hours change as the number of days to your approaching 
examinations decreases? Do you think as the number of your days. 
in class XII increases, so does the number of pages of your class- 
notes ? Do you think as the supply of a particular vegetable 
increases, its price falls ? Wouldn't it be nice if your parents’ salary 
increased so that you could buy more clothes and more toys ? Such 
questions are of common occurrence in our daily life. Eere, we 
are concerned with two (or more) characteristics of the item under 
observation, e.g., laziness and weight of a friend ; brain and beauty 
of a sister; number of your study hours and days left. for your 
examination to begin, and so on. Not only that, consciously or 
otherwise, we also try to assess the pattern of change and possible 
relationships in the. two. characteristics. Іп this chapter, we shall 
consider such questions. We shall study objects only for two nume- 
rical characteristics like weight and height. Thus our data would 
consist of pairs of real numbers, giving. us two variables. The ob- 
ject of this chapter is to learn techniques that would enable us to: 
discover whether there exists some kind of relationship between the 
two variables, what is the strength of this relationship in case it is 
linear, and how to estimate the values of one variable from those of 
the other. 


132. BIVARIATE FREQUENCY DISTRIBUTIONS 


When we talked about things like mean basic salary of a group 
of employees, or the variance of marks of a collection of students, 
our data were concerned with one numeric characteristic of our units 
of observation. We shall now consider data which are concerned 


with two numeric characteristics. 


Illustrations 1. Ages and number of fast friends of five 
girls are given below : 
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Name Age Number of friends 
(years) 

Anupama 21 2 

Nishi 20 3 

Deepti 19 3 

Paruic.ioso noil Ung (OE 2 

Shilpi | - 20 1 


2. Doses of a medicine given and the time it takes in taking 
eeffect on three patients are given below : 


Patient Dose (mg) ^" — "Time (sec) 
© Jyoti“ ! 9 3it nor 

Жақа» пет oci Ии Read 6 

Kusum 210 Я 8 


Notice that each girl їл the first illustration provides a pair of 
numbers’; one, when we record the age, and the other, when we 
record the number of friends. ‘This clearly calls for two variables— 
age and number ‘of friends. Similarly, in the second illustration, 
each patient provides two numbers, one: corresponding to the dose 
and the other corresponding to the reaction-time. For this reason, 
data such as above are:called bivariate data; A way, more mean- 
ingful than the above, of expressing these data “і5 (0 use ordered 
pairs. This brings to fore the important fact that each unit of obser- 
vation generates two numbers and is being observed with: respect Чо 
two numeric variables. Thus the data regarding the five girls could 
be written as (21, 2), (20; 3). (19, 3), (21, 2) and (20, 1). Here the 
first co-ordinate gives the values of the variable “авс” and the second 
those of the variable ‘number of fast friends”, y 


Suppose we һауе some bivariate data arising. out of N units of 
observation. Let us denote the two variables by. Х and. Y.. Then 
our observations can be recorded as (Ху, Y), (X, Үу),...., (Ха, Үл): 


The first co-ordinates refer to the variable X and the second. to the 
variable Y. As in case of our da 


data. Hopefully, not all the pairs (Xi, Үг) are different. If a certain 
рап 1s repeated m times, we сап call т the frequency of this pair. 
Listing only the distinct pairs together with their "frequencies would 
condense the datà somewhat. However, such a presentation would 
only.serve the limited purpose which frequency: distributions:-of one 
variable do. In fact, in so doing we -miss the very “айт” bivariate 
data are meant to serve. The two variables in question. may vary 
independently of each other in different ways We would like to 
classify our data iin such a way as to be able to study such be- 
haviour. Notice that the number of distinct values of X may be 
different from that of y. For example, in the data consisting of the 
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two pairs (2, 4) and (2, 13), X takes only one distinct value viz. 2, 
but Y assumes two valuesviz. 4 and’ 13. Thus it would serve a 
better purpose if we classified our data collectively but also accord- 
ing to the two variables separately... We,shall.now explain how- this 
two-way classification is effected. | ! 


Suppose among the № pairs. (Xs, Ya), (Xs Ys) л (Хи, Yx), 
there are only m distinct values of X. Without loss of generality, we 
may denote them Бу Ху, Xy =, X»... Similarly suppose that among 
the N y:coordinates- only z-are distinct. Denote these n distinct 
values by Yi; Yo, ---, Yn. We shall now count how “many times a 
value X; occurs. with a value Yg. .In other -words, “we shall count 
how many times the pair (Ху, Y3), is encountered in tbe given N 
pairs. Іі usual to denote the number of times it occurs by fis. 
Thus, we shall denote the frequency of the pair (Xi, ҮЛ by fu. “Тһе 
function which assigns the frequencies f is 10 the pairs (Xi, Y3) із 
known as a bivariate frequency distribution. - 
1321. Two-way Frequency Tables | ! 

In case of univariate data, frequency tables involved two rows 
or two columns, one listing the variablesvalues and the other the 
corresponding frequencies: Now--we-have--two--variables. - What 
shall we do ?, One possibleway could be йо make two separate 
tables, one corresponding to cach variable. . However, ‘that would 
be a very inadequate way. Тһе two banks of a river do not form 
the river. A riveris much more than its'banks. So is the case with 
bivariate data; Bivariate’ data are much more than two ‘sets of 
univariate data. “Меге, we are interested in discovering апу inter- 
relations and intefactions that’ exist between the two variables. 
Most of the scientific discoveries are made by discovering: relation- 
ships that exist between two variables: "Most of ‘our decision-mak- 
ing in daily life is done on the basis of such relationships. Separate 
tables would contribute nothing towards this goal. “То achieve this 
goal we represent bivariate data in a cross-table. known as a two- 
way frequency (also contingency/coxrelation) table. The rows 
are used to represent one variable and the columns are used for the 
other. The various variable values are written іп а row on top of 
the table for one variable, and.in.a column to. the left of it for the 
other. The frequencies corresponding to a pair of values are written 
in the сей at the intersection of relevant row and column. For 
example, let X and Y denote respectively the marks of 50 boys in 
English and Mathematics, the. maximum marks being 5 іп each 
subject. "Then each of X and Y varies from Osto 5. These values 
are shown in Table.13'] below. sisi 7 i у евз 


с The actual data observed ате listed'in the Бойу of the table 
enclosed by bold lines- The entry 5 in the first cell of the second 
row (equivalently second cell of the first column) refers to the values 
X-:0and Ү=1. АП students getting 0 marks in English and 1 in 
Mathematics were put in this сей. There were’ five such students 
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Table 131: 
Marks of fifty: students in English (X) and 
Mathematics (¥) 


of observations was obtained five times. The entry 9 in the table 
shows that the frequency of the pair (3, 2) is 9, or that 9 students 
obtained 3, marks in English and 2 in Mathematics. A dash indi- 
cates zero frequency... In general, the entry at the intersection of 
the column X= X; and the row =Y; is the frequency of the pair 
(Xi, Ys) and is denoted by fu. 


obtained 5 marks in English, (And don’t you pooh-pooh! The 
ET was on spellings and the Mathematics-test’ on tables of 
o 21). ! 


1322. Marginal Distributions 


You would notice that the Table 13:1 also Shows row-totals: 
and column-totals, which individually add upto 50. What do these 
totals represent ? Consider the total 6 of the first column obtained 


Mathematics, To sum up, no matter what are their marks in. 
Mathematics, 6 students have obtained zero ‘marks in English. 
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Similarly, the column-total 5 shows that irrespective of their marks 
in Mathematics, 5'students have obtained 1 mark in English. This 
means that if we consider the column-totals, we shall obtain the 
univariate frequency distribution of X, the marks obtained in 
English. Similarly, the row-totals provide the univariate frequency 
distribution of Y, the marks obtained in Mathematics. These uni- 
variate distributions obtained by considering the marginal totals are 
known as the marginal frequency distributions of X and Y 
associata with the bivariate frequency distribution given by Table 
13:1 above. 


Suppose that we have a bivariate frequency | distribution of 
X and Y with X taking the m distinct values Ху, Ха, «+, Xm and Y 
taking the 7 distinct values Ya Yo. ce , Ya with fi as the 
frequency of the pair of values (Xi, Yj). To obtain the marginal 
distribution of X, we shall hold the value of Xfixedat X; say, and 
sum up the frequencies of the pair (Ха, Y) letting Y range over all 
its values. Thus frequency of Хү is the sum, of the frequencies of 
the pairs (Ху, Ү;), (Ха, VO ET ‚ (Xis Yn), which happens ‘to. be 
precisely the marginal total of the first column (See Table 132). 


Y 


n 
Totals 
f x 24 
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n 
Thus the frequency of X, is fa tfi beet fii, 23 fi. In general, 
ізі 


п 
the frequency of X is Ул 2 The generic name 
y ital 3 
given to these frequencies would be fx, 
Similarly, the frequency of y; (the sum of all the frequecies in 
n 


the jth row) is л УРЛРЭЙЛТЭ AT Bede frequencies are listed 
i 1-1 
in the column ‘Totals fx’ above. 


n 
‘Remarks 1. D Ха denotes the number of observations for 
à : = 


m 
which X=X; no matter what their Y-value, У Jij is the number of 
i=1 
observations having the Y-value equal to Y; no matter what their 
X-value, - 


2. The Sum of all the Tow-totals is equal to the total number 
of « observations, Also, the column-totals ad up to the total number 


E „п т m n 
of observations. ^ Thus 2(X)- У (УУ) the total 
| J-l isl i=1 j=] 


number of observations. | 


j Example 1. The marginal distributions of X and Y inthe 
AE frequency distribution of table 13°1 are respectively the 
ollowing : t бэр, : 4 


EE 
? (Marks іп Engkshy 
TEE EE ра 
(number ( 


Х 
ашар) 
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ү, 
т 1 
(тагкв in Mathematics) a 
7 Y 
(number oí students) 


The first of these is effectively the frequency distribution of 
marks is English alone and the second that of marks in Mathematics 
alone. 


1323. Conditional Frequency Distributions 


ў ‘Let us once again consider the bivariate frequency distribution 
of Table 13:1. For a given value of Y, say Y=3, the frequencies with 
which the various X-values occur are giyen in the following table : 


Under the condition Y=3, the average or the mean value of X is, 
therefore, 


5 fxX 
fx 


н -(144-7.2--6.3--1.4--1.5)/16 
1 У 1. 


Yg 


=42/16=2°625. 


. Thus when Y=3, the average value X of X is 2625. This 
gives us a pair (X, Y) viz. (2625, 3). Similarly, we can calculate 


. the average value X of X cor i h 
These are listed below : жан жатр reed nett eb AG 


The value 5 of Y being redundant, has been skipped. 


Es The above distributi 
^ distribution ; Istributio 


UR ^ n iind год the given bivariate 
E Rown as the conditional distribution of X on Y.. Th 
с : t у е 
onditioning variable here is Y. There is of course another condi- 
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tional distribution (that of Y оп X), associated with the given 
bivariate distribution in which X happens to be the conditioning 
variable. For each value of X, we find the average value of Y. For 
example, when X is 3, the relevant distribution to determine the 
average value Y of Y is 


х--3, ж--2:0--0.1--9,2-- 6.3+1.4+0.5 


Thescabes 24049+6+1+0 


40 5 
зэ =? 2 approx. 
Similarly, calculating the- other average values of Y, we get the 


following conditional distribution where X is the conditioning 
variable $ 


: Remark. We could have ignored the values with zero 
frequencies. ^ - : 5 

. ;. Example 2, Determine the. conditional distributions for the 
following bivariate frequency distribution where X is-the ‘measurement 


of a claw to the nearest тт and ¥ that of the body-l 
nearest mm of 555 crabs, TENEO the 


Solution, Corresponding to the value X—4, there are two 
values 5 and 6 of Y having a non-zero frei uency. Th $ 
value of Y forX—4is 7 | ёр ТР. * лээн 


1X542x6 17. 

Se ae in 
Similarly, the average value of Y for X—5 is 
‚ 1x5+6x6+5x7_ 106 em 
РЕСЕ 39:18: га 
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Table 133. 


Claw-measurements and body lengths of a 
certain group of crabs 


Calculating similarly the other average values of Y, we get the 
following conditional distribution of Y on X 


(approx. value) 


| Look at the above table carefully ! You cannot fail to see that 
| as the X-values increase so do the average Y-values. This fact was'not 
at all visible from the given table. 


The other conditional distribution is given below : 


Again we find that as Y increases so does the. average val 
X. Do you think that on an average, the bigger the. КЛЕТ 
| greater the body-length, and conversely too ? э 
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Example 3. Ten students obtained the following marks out of 
10 in the first two tests in Physics : 


Compute the relevant conditional distributions. 


ion. Here we have very limited data and по value-pairs 
are een There is no need to fake a table. When the %-score 
is 5, one Y-score is 7 and the other 6. The average Y-score for 
X=5 is, therefore, 65. For X=6, there is only one Ү and this 
Y-value 6, is, therefore, also the average value of Y. Computing the 
other Y-values, we have 


What is the trend ? As X increases, what happens to the average 
value of Y ? 


The conditional distribution of X on Y is given below : 


‚ What do we notice now? As Y increases, there seems to be a 
tendency for the average value of X to decrease, though not strictly. 
If we divide the data into lower Y-values (0, 1, 2and 3) and higher 
Y-values (6 and 7), then we could say that the lower Y-group has 
higher X-values and the higher Y-group has lower X-values, 


Remark. It would be a good idea to have a little practice in 
arranging a given bivariate data in the form of a 2x2 table. Try 
‘the data of Example 3. Take the given pairs (7, 7), (6, 6), (5, 7), -- 
one by one and go on putting a tally mark for each in the relevant 

cell of the required table. Compare with Table 13:4. Now count 
the tally marks їп each cell and replace them with number (or dash 
in case there is no tally mark in a cell); 71 He v 
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Table 134. 


Scores in two tests of ten students 


EM 


7 


Have you been wondering why we aretalking about marginal 
and conditional distributions associated with a bivariate distribu- 
tion? The purpose of the marginal distributions is obvious. In 
case we are interested in studying just one variable or the two vari- 
ables separately with complete disregard to the other, then the 
marginal distributions are precisely what we need. However, we 
generally collect bivariate data wiih an interest in two characteristics 
simultaneously. To be precise, our interest lies in one or more of 
the following questions : 


1. Are the two characteristics (or variables representing them) 
related? If yes, 


(0) What kind of relation exists between them? In 
particular, is it linear? If yes, 


(b) Can the degree of this relation or association be 
determined quantitatively ? у 


2. Is it possible to know the values of one variable from a 
knowledge of those of the other? If not, is it possible to 
have even a rough estimate for the values of one variable 
from those of the other ? 


In the next section, we shall explore the answers to the first 
- question. In other words, we shall first see how to examine whether 
there exists a linear co-relation between the two variables, and how 


х 
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to measure its strength or degree if it does. The conditional distr- 
butions arise in our attempts to answer the second question. 


In any statistical study, there is a population in the background 
which, more often than not, is somewhat vague. We wish to know 
more about it than we do. It may not be possible or desirable to 
study the whole of it. We, therefore, select a few items from the 
population at random without any bias, This limited collection of 
items from the population is called a random sample. From the study 
of this sample, we draw suitable conclusions about the whole 
population and also try to determine quantitatively, how true these 
conclusions might be. 


It so happens that most of the time, we are studying samples 
rather than the whole population at large. Sometimes, both the 
variate values are random. For example, іп a study of a school, we 
may select fifty students at random and record their weights and 
heights. Having ascertained that there does exist some relation 
between weights and heights, we may be interested in knowing what 
might be the weight of a student of a particular height. Now several 
students in the population would be having this particular height ; 
but their weights would be somewhat different and not unique. The 
relationship between weights and heights can hardly be so perfect as. 
a functional relationship of the type 


area of a circle=x(radius)*, 


where you are sure that given the radius г, the area must be nr?» 

ere the same height may give us different weights. In fact, if some- 
body said that all students of a particular height have the same 
weight, we would laugh (and think such a person a nut or a screw 
loose in the brain 1), yet we would believe that taller students would 
generally be heavier. ‘Thus even though we agree there is a relation 
between heights and weights, perfect mathematical relation between 
the heights and weights would be to stretch the hypothesis of a 
relationship a bit too far. Wherever natural phenomena. or human 
behaviour 18 concerned, the relationship between various characteris- 
tics are of the height-weight type rather than radius-arca t уре. It 
may not be possible to predict the value exactly, but we may sort of 
"average out. Given a particular height, we may consider the average 
weight of those students in our sample who have this height. Then 
we may say (and believe it too !) that a student of this height selected 
at random from this school would be expected 10 have this average 
weight. You can see now the role of conditional distributions in the 

uestion of determining the values of one variable on the basis of 
those ofa co-related variable. We emphasize once again that the 
relationships here do not mean functional relations of the type 
pat (x) or x=g(y), and that the values determined need not be the 
exact values; they are estimated or expected values in the sense of 
"average or representative values... This is the technique of regression 
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(estimation) and forms the subject matter of the last section is this 
chapter. 


EXERCISE 13 (a) 
[Get all answers correct upto two places of decimal.] 


1. Give five examples of bivariate data. 
Tabulate the following bivariate data in the form of a bivariate 
frequency table : 
(1, 3), (4, 3), (2,2), (3, 4), (4, 3), (2, 2), (1, D, (3, 3), (3, 3), 
(4, 3), (1, 3) (1, 2), (1, 3), (2, 1), (3, 1). 


3, Obtain the two marginal distributions of the data in Example 2. 


4. The following table gives the scores X of 30 employees ofa 
dress designing company in an aptitude test and the number of 
dresses Y designed by them іп а week. Compute the two 
marginal distributions of X and Y. What type of data about 
the company do these distributions provide ? 


5. Obtain the two conditional distributions associated with the 
bivariate frequency distribution of exercise 
(a) 2 above. (b) 4 above. 
6. Тһе following data give the number of stories (X) written by 
15 authors over the number of months (Y) : 
(4, 2), (6, 6), (7, 7), (8, 8), (9, 8), (10, 12), (12, 10), (13, 11), 
(16, 12), (L7, 11), (17. 15), (16, 16), (13, 12), (10, 10), (15, 11) 
(a) Arrange the data in a bivariate table. 
(b) Compute the two marginal distributions. 
(c) Obtain the two conditional distributions. 
(d) Plot the data points (preferably on graph paper) putting a 
dot for each point. 
(е) Do the dots show a pattern? Can you draw a straight 
line close to most of the dots? Is it the only such line? 
If not, draw another. Can you say which is better in the 
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sense of being as close to the dots as possible ? What mean- 
ing do you assign to close here 7 


7. Find the means X, Y, and standard deviations ox, oy of the 
marginal distributions of Exercise 6 above. Consider the 


variable 
Х-Х 
X—— 
ox 
Ү-Ү 
апа у= су 


Plot the dots (x, y) for the values of (X, Y) in the above exer- 
cise. Does the shape of the pattern change ? 
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We have seen that bivariate data may indicate some kind of 
relationship between the two variables, X and Y say, in question. 
This relationship may not be expressible by means of a mathematical 
formula. Yet there might be evidence of some rough pattern of 
related changes in the two variables. This relationship may be one 
of the following types : 


..l. Cause and effect type: Неге change in the value of one 
variable causes a change in that of the other. For example, increase 
* in the supply ofa commodity may cause its price to fall. 


2. Common-cause type : Here toth variables change simulta- 
neously due to some other agency. For example, both grey hair 
and weight of a person may increase because he is aging. Daily 
"consumption of salads may increase with a Corresponding decrease 
inthat of bread because someone may be dieting. "Variables like 
-age and dieting here are known as lurking variables. 


i 3. Spurious type: Sometimes a Telationship may be there 

just by chance. For example the one in bad omens and mishaps ; or 
that between fish caught on a school day by a boy and the number 
-of absentees in his class on that day. 


It seems that the first stage in studying relationship between 
the two variables at hand is to use common sense and logical reason- 
ing to determine whether a relationship could be spurious. Spurious 
relationships need not be bothered about, In {һе Other event, if 
there is reason to believe that the two variables X and Y under 
consideration are mutually related, they are said to be correlated. 
When X and Y vary directly, ie., when they increase together (de- 
crease together), the correlation is called positive. When X and 
Y vary inversely, i.e., when an increase in the one is countered by a 
decrease in the other and conversely, the correlation is called nega- 
tive. In the event of no relationship, the variables are Said to be 
uncorrelated, 
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In what follows, what causes the correlation would not be our 
concern ; we shall be interested in determining whether the correlation 
exists and if it does, what is the degree of this correlation. 


1331. Scatter Diagram 


The question as to whether correlation exists, can be answered 
rather easily. Since our observations are ordered pairs of real 
numbers, they can be plotted as points (called dots and denoted as 
such) in the cartesian plane. This graph of the data is called the 
scatter diagram or the correlation chart of the data. It gives 
а visual impression of correlation, if there exists any. In саз? of 
correlation, it also gives an indication of the type of relationship 
that exists. To begin with, it makes easy the job of finding whether 
the correlation is positive or negative. Condensation of dots in the 
first and the third quadrants shows a positive correlation. Why ? 
Similarly, if most of the dots cluster in the second or fourth quad- 
rant, the correlation is negative. The dots of the scatter diagram 
show a pattern in case of correlation. If the tendency of the dots is 
to cluster around a straight line, the relationship is called linear. 
If the dots lie on a line or a curve, the correlation is perfect. If the 


D 


HEIGHT 


PROPORTIONATE 
EXPENDITURE ON FOO! 


а 


INCOME XK P INCOME X 
(a) (5) 


< 
< 
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5 و‎ 
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Fig, 131. 


condensation of dots is around a smooth curve with a few waves, 
the relationship is called curvilinear, In case of no correlation, 
the dots scatter here and there without any pattern. Fig. 13:1 (а) 
to (b) show the various behaviours mentioned above : 


Figure 13'1 (a), drawn on the basis of records for heights and 
incomes ofa group of persons in a factory, shows no correlation. 
Figures 13:1 (6), (c), (d) and (e) show a linear relationship. The cor- 
relation is negative for 131 (b) because as X increases, Y decreases. 
This shows that as income increases, the proportionate expenditure 
on food decreases. Correlation shown in Figure 13:1 (c) is positive 
because X and Y increase (decrease) together. Increase in height is 
marked by an increase in weight too. Figure 131 (4) is the scatter 
diagram of diameters and circumferences of a set of circles. It gives 
perfect correlation, all the dots lying on a straight line. Such a 
correlation can be described by a functional relation ‘which is linear. 
Figure 1311 (е) depicts expenditure on advertisement and increase in 
sales, The sales increase with expenditure on advertisements upto 
a certain level, after which increase in sales is much less as compared 
to expenditure on advertisement. Figure 13:1 ( f) indicates negative 
correlation and shows that as production increases (upto a certain 
stage) the cost per unit of production decreases. 


1332. Correlation Coefficient —Measure of Linear 
Relationship 


Scatter diagrams indicate at a glance whether there exisis a 
Correlation. However, they are not аз useful in determining the 
degree or the strength of the association. In case the relationship 
islinear, a numerical measure of Correlation is provided by Karl 
Pearson's coefficient of correlation r, which їз defined as follows : 


з) 


М ох ox 
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Here X, Y denote the mean values of X and Y respectively ; ox, 
ву denote the standard deviations of X and Y respectively ; and 
'N denotes the number of paired observations (X, Y). 


If you are wondering why г above measures linear correlation, 
here is the explanation. Notice first of all that the relative position 
‘of dots remains unaltered no matter where you fix the origin. So 
we measure the two variables from their respective means ; this 
reduces our computation as the mean values of both X— X and 
Ү% are zero. Division by ox, ov makes the two variables inde- 
pendent of units of measurement. Thus X might be being measured 
іп ст and Y in f, but u-(X—X)/ox and у=(Ү -Ү)|вү are pure 
numbers. Algebraic manipulations involving both variables simul- 
taneously become possible now. Hence the use of the standard 
units и and у. Next we use the key idea of relationship being linear. 
Suppose there is positive linear correlation as in Fig. 1372, Notice 
that most of the dots would lie in the first and the third quadrant 


(шу) 


Fig. 1372. 


when measured in standard units. (Origin is (X, V) and other values 
are scattered around. it on both sides.) Now for a point (и, v) іп 
either of these quadrants, uv is positive. Also, because of the 
greater condensation of dots in these quadrants, itis reasonable to 
expect и and y assume numerically bigger values for dots in these 
quadrants than for the dots in the second and the fourth quadrant 
(where uv is negative). Therefore, any measure of positive linear 
correlation should result in a positive. Zu», sum being extended to 
all the dots, Since by and large, the more the number of dots, the 
greater would be the value of иу, we divide the sum by N, the total 
number of dots, to neutralize this effect. Hence the expression 
Zuv/N, or Pearson’s ғ, For negative linear correlation, the majority 
of dots lie in the second and the fourth quadrant, each dot producing 
a negative uy term (See Fig. 13:3. In this case the dots in the second 
and fourth quadrants dominate those in the first and the third. 


714 A TEXT-BOOK OF MATHEMATICS 


Хау/М should be negative in this case. АП said and done, Pearson's 
ris а very satisfactory measure of linear correlation. 


Fig. 13:3. 


Remarks 1. The word coefficient indicates that r isa pure 
number, 


2. Many authors use the Greek Letter р instead of r for the 
correlation coefficient, 


3. As we shall show, |r] « 1 so that — I<r<l. The value 

17-0 indicates no linear correlation. r= +1 indicate perfect linear 
relationship. If r=1, X and Y Vary directly, correlation is positive, 
and all points of the scatter diagram lie on а Straight line as in 
Fig.13'l (d). When p= — 1, X and Y vary inversely ; correlation is 
negative and all points of the scatter diagram again lie on a straignt 
The values of r between —1 апа 0, and 

‹ indicate various degrees of coorelation. 
Higher (respectively lower) numerical yalues indicate high (respecti- 
vely low) correlation. Thus e.g. the values —'9 and 29 of r are 
indicatiye of a very close association. A value like —2 ог "2 indicates 
very weak linear correlation, A Positive sign of r indicates positive, 


4. Since N, ox, and ey are all positive, t i i 
aed ane NX C3 p €, the sign ofr is the 
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5. Weemphasize once again 
that Pearson’s correlation coefficient 
measures linear correlation only. 
Thus in cases like Fig 13'1 (е), r 
may turn out to be zero. Another 
situation where ғ is not а propi 
measure of association is, where the 
dots break into two distinct clusters 
like Fig 134. 

6. The formula given above 
for r is generally not very con- 
venient for actual calculations. For 
the purpose of calculations, the 


following variants of r may be more Fig. 13:4. 
useful : 
Sxv 0); 
а f dansbaar i ERT xa 
0) 4 8хх V Syy 


where Sxy-Z(X- X)(Y- Y), 
Sx (XX), 
and — Syy-2X(Y— Y). 
4 KEY 


EXY——w 


(b) r= I me ORE ss 8Y]] 


+ XXE! 
Ex'y' S 


(c) “eS хүл EF} 


where Х'=Х—а, Y'--Y —b, a and b being suitable real numbers. 


7. Incase the values of the variables are repeated, we can 
modify the above formulae easily, Using fx, fy and Жу for the 
frequencies of X, Y and (X, Y) respectively, we һауе the following 
formulae for г: 


зуд xy EXEAT. 


ZÁAyX'Y'— EREDE | 
шиг 
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where X’=(X—a)/h; Y'—(Y—b)k; a and b being provisional 
means for X and Y respectively and Л, К respectively are the equal 
class intervals (or common factors) for. X and Y. 

8. The correlation coefficient r should be used with caution. 
A high (numerically) value of r does not necessarily mean that one 
variable causes change in the other, It is because of novices using 7 
2 this manner that persons like Bengamin Disraeli make remarks 

ike ^ 
There are three kinds of lies : lies, damned lies, and statistics. 


Example 4. Calculate the correlation coefficient for the biy- 
-ariate data which consist of the pairs (3, 6), (0, 7), (4,6) and (5, 1). 


Solution. The following table gives the desired computations. 


з--0 74 approximately. 


Example 5. Ту: following table gives the marks (per cent) of ° 
15 students at class X and class YII examinations. Dio» a el 


x 70| 79 
(Marks 86) 
- Pak 
87 


i 30 
“| Marks за 
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diagram to see if there exists a correlation between the marks at the: 
two examinations and calculate Pearson’s coefficient of correlation. 


Solution. Let X and Y denote the marks at class X and 
XII examinations respecticely. Here N=15. The scatter diagram 
below shows that there is strong positive correlation. Thus it is 
meaningful to calculate Pearson’s r in order to judge the strength of 


Y 
90 


80 
70 
60 
50 
40 
30 
20 
10 


10 20 30 40 50 60 70 80 90 


PERCENTAGE OF MARKS AT CLASS ХІІ EXAMINATION! 


PERCENTAGE OF MARKS AT CLASS X EXAMINATION 


the correlation. Measuring both X and Y from 60, we get the 
table as shown on next page. Using the data from that table. 
We have ZX'——39, “2Х2--7715, ZY'— —15,  XY"-—7451 
and ХХГҮ”--7349, Also, №15. Using formula (с) in remark 6, 
sxy CX AY ) 


Le ж-о prow 


—39)(—15 
572 1349 С ӘЗ). 


2 А“ уе ier] 


7349x15—39 X15 
— [715 x15—1521)07451x 15—225)] ° 
=0°9715 
=(0°97 approximately. 
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~ 1333. Coefficient of Correlation for Continuous Variables 


ў When the two variables being studied for correlation are conti- 
uous, then the data, quite Often, are given in the form ofa 2x2 
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contingency (or correlation) table rather than as pairs of real num- 
bers. For the purpose of illustration, suppose X and Y denote the 
heights and weights of a group of 70 students. The data are given 
as shown on page 718. 


Youare already familiar with frequency tables of bivari 
discrete data. The-only difference here v "d осо ево 
to whole classes rather than discrete values, Thus 25 in the above 
table relates to the class 90—100 so far as heights (in cm) are con- 
cerned and to the class 25—30 (іп kg) so faras the weights are 
concerned. This means there are 25 students whose heights vary 
from 90 cm to 100 cm, with their weights varying from 25 kg to 30 
kg. The meanings of marginal totals сап similarly be modified 
Thus e.g., the marginal total 42 indicates that there are 42 children 
whose heights vary from 90 cm to 100 cm whatever their weights 
(25 kg to 30 kg or 30 kg to 35 kg). 


As before, we can compute the marginal distributions of X 
апа Y. These are given below : 


Replacing the class-intervals by the respective mid-values, the 
distributions reduce to discrete frequency distributions, and you 
know how to deal with them. For purpose of illustration, let us 
consider the data of 70 students given above, Replacing the class 
intervals by their mid-values, the frequency distributions of X and 
Y reduce to the following : 
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The contingency table may be arranged as 


25 is the number of students whose X-value is 95 and whose 
Y-value is 27'S. Іп other words, the frequency of the pair (95, 27:5) 
is 25. We can similarly consider the frequencies of other pairs of 
values of X and Y. The other f;y's are 19, 17 and 9. The correla- 
tion coefficient can be calculated by using any one of the formulae 
given in remark 7 earlier. 

Example 6 Calculate the coefficient cf correlation between 
the marks obtained by 80 students in the terminal (X) and annual (Y) 
examination in a certain course, if the following table provides the 
data for the marks obtained. 


81- 


о 


Solution. Let 
$ X'—(X—55:5)/10, Ү”-(Ү--55:5)/10. 


CORRELATION AND REGRESSION 7, 
21 


18| 3(3)1 


2(3)3- 


at 
22 
J 
о 

о 

3 


2o 
УГ! 


—1(0)10. 


—1(—1)10. 


—3(—2)5= 


MID-VALUE 255 
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The various calculations needed are arranged as in the table 
(page 721). The top entries in the various cells of the table are the ў 
frequencies fry. Thus 4 is the frequency corresponding to the values 
X’=—3, Y’=—3. The contribution (-3).(-3).4% the sum | 
Xf, ХҮҮ! by this cell containing 4 is written just below 4 in this | 
сей, Тһе column headed by fy gives the row-totals of the cell 
frequencies corresponding to a fixed value of Y’. Thus the second 
value 19 in this column is the sum of the frequencies in the second 
(тоу which correspond to the fixed value —2 of Ү' and various values 
of X’. The column fy Y' lists the Products of fy and Y’, e.g., 
since 4 in the fy—column is the frequency corresponding to the 
„value —3 of Y', the first entry in the column fy Y' is 4 (—3)=—12. 

The column fyY’ may now be obtained as the product ( fyY’)(Y’) 
etc. The column f „у Х'Ү’ beside the fyY'? column lists the sum of 
the f syX’Y'—entries in various rows. Thus the second entry 64 in 
this column is the sum of the entries 30, 12 and 22 in the cells of 
the second row. The rows fe, /«Х’, fsX'* and /«Х/Ұ” may be 
interpreted similarly. It is not necessary to compute both of the 
faX'Y' —column and the fevX'Y' —row. But it provides a good 
check, for though the various entries in the fayX’Y’ —row and the 
favX'Y’ —column are different, they total up to the same figure. 
Now using the formula, we have 


2 fey Y' —(ZfX'EfyY)N к 
ОХ 2— (fax PINES VY’ АУЫЛЫ 


2 162 (AIO 
= 199—0 59)2/80195--(— 412/80} 


___162—302375_ | 

-4875)(173°9875)]# 

-13Г : В i 
--131:7625/168 4716, р 
-03801. 1% 


Thus there is us | itive liae: 
, ong positive linear correlation bet 
. performance at the terminal and. the annual exàminations Tho 


who fared well at the termina 
E Siu UN uiu à nal, also fared well at the annual 


-Example 7. Show that Док 


Also show that when | r | =1, then WP iege eam PS 


all the dots lie опа Straight line. 


Solution. Assuming th: i 
мын use uk E PE dies qu ve consist of N pairs (X, Үд, 
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N 
> (Xi—X\(¥i-Y) 
ко i=l 
N 


| E 3 | | 


1-1 i=l 


Writing U; for X;—X and V for Y;—Y, we get 
N 


UM 


ізі ісі 


rs 


Now Schwarz inequality for real numbers says that if (01, as, 
әз. An} and (Бү, Da, хөн, ба) are two n-tubls of real numbers, 


then 
= fie n 2 п п 
8-)4-18-) 
i=l i=l ізгі 
where equality holds if and only if for some real number К, we have 


bi=kai i=], 2, <... FA 
Letting n—N, а= 10, bi=V: іп Schwarz inequality. w777 


(Zw «ey ) | ET 
and (Хөх | (xw ЇР ) (2) 


Vi=kU;, for each i=l, 2, ,N. 
n oi i each side in (1) and (2), and 


ositive or negative, we get 


if and only if for some ken д; 
Taking the positive sq! 
observing that the ZU(V« may be p 


Yos «| Ie yw | , 


ісі i-i 
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N N N 
Suv (Хе Ух ) if and only.if V.— 


ізі i=1 1-41 


kU; for each i and some k € R. 


N N 
Division by the positive number 4 (5 Sve | 


now gives 


and 


50У; | 
ЕО УА 15 1; 


equality holding if and only if V;—KU. for each i and some К. 
us 


ігі «4, 
equality holding if and only if Vi=kU; for each i and some К. 
Thus in general —1 Sr «1. Also, |r| =1 if and only if 
Vi=kUi, but that is precisely the condition that the points (Us, V) 
should lie on the line Y—KX. 


EXERCISE 13 (5) 
[Calculate all answers correct to two decimal places.] 


1. In each of the following pairs of the attributes, if you expect 
a linear correlation then. say ‘+’, or ‘—’ according as you 

think it to be positive or negative. Indicate no correlation by 

а ‘0’. 

(a) Rainfall and attendance at a Test match. 

(с) е of a common building and its strength. 


(4) Amount of har 
(upto a reasonable level !). 
(е) Amount of unemployment and wage rates. 


(f) Cost of life insurance and age of an adult at which it is 
bought. 4 2 
(g) Beauty and brain. 
2. The following table gives а comparison between weights in 
kilogrammes of ten boys and their marks іп а test, Draw 
а scatter diagram. Is there ап evidence of linear correlation ? 


ШЕЛШГИЕЛ Ter es rs [ss [7 10516: [e|] 
bes [meos] 15 [e [o 25 ШИЕ 


-mance at examination 
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3. The following table gives maximum temperature in degrees 
centigrade on seven days and the number of bottles of cold 
drinks sold at a shop on these days. Draw а scatter diagram 
and state the type of correlation if there exists any. 


пееш Гата [ss er [зв [se [| 
БЕТІ ЕЛ ЕЛЕЛЕЛЕНЕЛЕ 


4. A spiral spring is loaded with weights and extensions caused 
аге noted. Тһе table below gives the recorded data.’ Draw a 
scatter diagram and state the type of correlation if there exists 
any. 


Гавана” s [as [ono] ores] 
Barson ner | o 00 ова зое |тоо 


5. A stone is falling from rest. The distances covered are 
recorded. : The following table gives the data... Draw a scatter 
diagram and comment on the correlation if there exists any. 


[Time inseconas) (008 [ fas [- 2 [2s [ a[ss | 
SS еее 


Еог A of the problems from 2 to 5 above, guess tbe value 
of Pearson's correlation coefficient. Calculate actually and 
compare your results. How is the thickness of the band of 
dots related to the degree of r. What kind of correlation do 
you expect between these two ? — . 

7.: Given the data, EX—75, ХҮ--25, 2X! —92/25, ХҮ?--582:25 
and ZXY —11875 for 100 pairs of data points (X, Y), calculate 
the correlation coefficient. 


8. Calculate the Karl Pearson's coefficient of correlation 
between the marks iu ein and Chemistry obtained by 7 


students : 


; (D.B.S.S.C.E., 1987) 
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9. Calculate the correlation coefficient between the price and 
consumption for the following data : 


(D.B.S.S.C.E., 1986 C) 
10. Calculate the Karl Pearson's coefficient of correlation between 
X and Y for the following data : 


(А.1.8.8.С.Е., 1985), (D.B.S.S C.E., 1984) 


1L Calculate the coefficient of correlation between X and Y бог! 


the following data : 


(4.1.8.5.С.Е. 1984) 
12. А certain coral reef fish is capable of changing its sex. An 
experiment was made on 11 groups of this fish. A certain 
number (X) of male fish were removed and the number (Y) of 
female fish changing sex was recorded. Plot the data of these 
experiments given below in a scatter diagram. Does there 
seem to be a linear correlation? Calculate Pearson’s ғ and 
compare with your conjecture. 


: TE 
2 


43. Two judges give the fol 


lowing scores to various competitors in 
a debating competition : 


RR NIE Sete‏ و ورو ھن а‏ ر 
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By Judge A 
reen 2а 


What have you to say about the competence of the judges 
where evaluating a debating competition is concerned ? Cal- 


culate r and verify your judgement (of the judgement of the 
judges). 


14. Find the coefficient of correlation between the ages (in years) 
and the sum (in rupees) donated by 170 persons for a charity 
cause, as given by the table below : 


15. ‘Find the coefficient of correlation between -Х and Y given by 
the following table : 


800-1000 
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134. LINEAR REGRESSION 


Do you like stories ? You are about to hear one. But first a 
question. Do you think intelligent parents have intelligent sons ? 
fat parents, fat sons ? tall parents, tall sons ? Wella certain British 
scientist, Sir Francis Galton, got to thinking about such questions. 
He made extensive studies as to how mental and physical traits are 
passed on to children from parents, from generation to generation. 
One of his studies concerned the height of sons (he treated daughters 
as sons by multiplying their heights with 1:08) of tall (short) 

' parents, 

From several groups of people, Galton collected data on the 
mean height (X) of mother and father, and height (Y) of sons. He 
arranged his data for each group as a continuous bivariate distri- 
bution, and for each class corresponding to the mean height 
of parents, he computed the average height of sons. In other words, 
he compiled the conditional distribution of Y on X, where Y 
and X respectively denote now the mid-values of the various classes 
of Y (height of sons) and X (mean height of parents). Repre- 
senting the parents’ heights on the X-axis and those of sons on (һе 
Y-axis, he drew the scatter diagram of this distribution for each 
group. And there! every group showed a linear pattern of dots. 
dais type of value, of Pearson's r would you expect, high or 

ow 

If tall parents had sons as tall and short parents sons as short, 
X and Y would have been nearly equal. This means that the 
various dots in Galton’s data in this case would have been quite 
close to the line Y=X. . However, the lines close to Galton’s dots 
were a little tilted towards the x-axis. But this meant that in 


Y Y 


(a) (9) 
Fig. 135. 


general, short parents had sons a bit taller, and the tall parent 
Sons a bit less tall than themselves. In other words, the iem 
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sons showed a tendency to regress (revert) toward the mean height. 
This is where the word regression comes from. 


Galton used the lines close to the dots to represent his data. 
Even though the dots did not exactly lie on the lines, they were 
close enough ‘to be treated as such. The greater the size of the 
group, the nearer the dots to the line. Thus it was to be expected 
that if data were collected from all the parents all over, the dois 
would almost lie on these lines. Such lines were called by Galton 
the lines of regression. These lines served another important pur- 
pose in addition to the general conclusion drawn above regarding 
the regression of heights towards the mean height. For a given 
mean height of parents, one could find from this line, the appro- 
ximate height. of their sons. One merely had to read the corres- 
ponding Y value from the line for a given value of Х, Thus lines 
of regression: were used to estimate or predici the heights of sons 
from the heights of the parents. { 


It must be obvious, that the story does notend with Galton's 
experiments on the stature of sons. The technique used by Galton 
can be used easily in numerous other situations ; in fact anywhere, 
where Pearson's r shows a strong linear relationship. Notice that 
by itself, ғ only gives an indication of linear relationship ; it does not 
tell you how to use this relation in order to determine one variable 
from the other. This determination is effected by means of regres- 
sion techniques like Galton's. For given values of one variable, we 
can estimate or predict the cortesponding values of the other by 
using a line of regression similar to that of Galton. The only 
puzzling piece perhaps is the choice of a line from amongst the 
several which closely fit the dots. Very well ! we shall not play the 
Auntie cat who kept away from the lion the art of climbing a tree. 
Let us tell you how to fit a line to a given scatter diagram so as to be 
able to use it as a regression line in order to estimate or predict 
the values of one variable from those of the other. 


1341. The Principle of Least Squares 


As has been mentioned time and again, our limited data 
generally concern a sample, On the busis of this sample, we wish to 
draw conclusions regarding the whole population of which the 
sample isa part. In case of bivariate data, our interest, often, 
is in discovering what values of one variable are to be expected for 
certain given values of the other. For example, we may wish to 
know how the yield (Y) of an agricultural product, say rice, changes 
when we apply varying amounts (X) of a certain fertilizer, keeping 
other conditions fixed. Thus we control the variable X giving it 
certain fixed values Хү, Xas- Xn, and observe the resulting yields 
Yis Yo, Yn. Notice that Xy, Ха, >, Xn need not be distinct, 


` Тһе first step in the process of estimation is to plot the scatter 
diagram of the data. and sce if the dots form a linear pattern. Іп 
case they do, we would like to find that linear relation which best 
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approximates the situation. (Remember, unless (here is perfect 
correlation, there does not exist a functional relation as such bet- 
ween X and Y |). In other words, the idea is to fit a line to the data 
as best as we can, and to predict the values of Y corresponding to 
given values of X from the equation of this line. 


Suppose that the equation of the line 1 of best fit, or the pre: 
diction line, or the line which we wish to use as the line to predict 
the values of Y for given values of X, is Y=mX-+e. Then for 
X-—X we shall predict the value of Y аз mXi-+-c. But the actual 
observed value is Ys, Thus 


(observed value of Y)— (predicted value of Ү)=Ү‹—(тХ‹-+Ес). 
Notice that this is the error we shall be committing in predicting 
Y corresponding to X; from the line / anid it is given by the vertical 
distance of the dot (Xi, Yi) from the line 7. Clearly, the line / 
should be such as to minimize the total error. Now denoting the 
observed value by O; and the predicted value by P;, the difference 


0, Y) 


Y= (mX с) 


DESEE LEE A 


‚ Fig, 13:6, 


Ог--Р, is positive for dots above the line and negative for points 
below it. Hence if we take the simple sum ХО;-Р;) of these 
deviations, some of the positive errors will cancel out some of the 
negative errors and we shall have no indication of the amount of 
total error from the value of the sum. This difficulty can be 
surmounted by taking the absolute values | O;—P; | instead of 
(O;—P:), but then algebraic manipulations become difficult. The 
relief comes from the principle of least. squares, According to this 
principle, that line for which the sum 8--2106--Р 8 of the deviations 
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of observed values O; from the predicted values Р; is a minimum, 
is taken as the line of best fit and is used to predict the values of Y 
from those of X. 


1342. Line of Regression of Y on X 


In the above discussion, the variable X which is controlled by 
the experimenter, is known as the conditioning or the causa! (n^t 
casual, please !) or the input or the predictor or the independe с 
variable. Y is known as the response or the output or the depor- 
dent variable. Theline/is known as the line of regression of 
Y on X. The equation of this line involves the two parameters 
m and c. For different values of m and c, the sum S(—2(0,— P4?) 
would be different. Hence mand care to beso chosen that S is 
minimum. There are simple techniques to find m and c for which 
S has the least value, but unfortunately, the required mathematical 
tools areas yet unknown to you. For reasons you will learn in 
higher classes, the values of т and c are obtained by solving the two 
linear equations (1) and (2) below. These equations are known as the 
normal equations.* 


Z(Yi—mX,—c)—0 8481) 
=X Y¥i—mXi—c)=0 (2) 
Simple algebraic manipulations on (1) and (2) yield j 
m=Sxy/Sxx, 


c—Y —(Sxv/Sxx)X. 
Recall that Sxy- (X — X) (Y—Y), 
Sxx=2(X—X)*, 
Syy=2(Y—Y)*. 
Hence the required line of best fit is 


0 __ Sxy 57 Әке ) 
ү-35 х+(ӯ zx) 
or y-y- $E (x2), 
хх 


Remark. The line of regression of Ү on X passes through 
(X, Y) 
13:43 Coefficient of Regression of Y on X 


The slope Sxx/Sxx of the line of regression of Y on X is 
known as thé coefficient of regression of Y on X, and is also 
denoted by бух. Being the slope (of the regression line), it measures 
change in the value of Y corresponding to a unit change in the value 
of X. To be precise, change X to X+1 in the equation of the 


“То obtain (1) differentiate S, i.e., Х(Ү, —mX,— с)? with respect to c, treating 
X, Y, and m as constant. То get (2), differentiate S w.r. to т, treating X, 
Y, and c as constant. 
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regression line. This gives the new value of Y as m (Х-ҒІ)--с or 
тХ--с--т. The Original value was mX+c. Thus a change of one 
unit in the value of X, causes a changeof m units in the value of Ү, 
Thus the regression coefficient of Y on X is an indicator of change in 
the Y-value due to a unit change in the X-value, 


We can use any of the formulae given below to calculate the 
regression coefficient byy. 


byx —Sxv/Sxy. xl) 
2 XX-X)(v- y) NS 
“ ХХ-хр 


-.СОУ(Х, Y) 249) 


сх? 3 


where + хХ—х) (Y—Y) is the covariance of Х and Ү. Also, 
since 
2 Sxy 
ыг У(8хх8уү)? 
4 “ба Syy) 
х: 


r 


byx ” 5 


22 у ( i) 4) 
= (5) 


сх 


For the purpose of calculation, the following expressions for 
byx may be the most convenient ; 


ҮХҮ-МХҮ 
ИШ SINR pe 


IXY! EX'Ey! 
2 447) 
1 , 
` ха O 
pace X'=(X—a)/h, Ү'=(Ү —b)/h for suitable freal numbers а, b 
nd A. 


^" Remarks. 1. In view of (5), the line of regression of Yon X 
. Can be written as 


Y-Y--9*. (x x). 
ox 


2. Бух has the same sign as ғ, (Why 2) 
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Example 8, The following table gives the dosage (X) of a 
certain medicine (in mg) and the number (Ү) of hours the patient is 
relieved of pain. Find the line of regression of Y on X. What is the 
expected duration of relief for a dosage of (а) 5 mg, (b) 65 mg? 
Also find the regression coefficient of Y on X. 


ШАЛЫН ЕЕ Ы. 


(duration of 
relief) 10 


Selution. Here the predictor variable is X, the dosage. Y, 
the number of hours of relief, is the variable to be predicted. The 
dot-pattern in the scatter diagram shows linear correlation. Hence 
we fit a least square line to the data. The necessary computations 


are shown in the table below : 


cS: 
i 9 
-2 


-4 16 8 


Hence the line of regression of Y on Х is 
8 


Ү-Ү--2-(Х-Х) 
Sxx 
59 
or Sorel oe (X—5) 
or Y=2°46 x —12:304-13 


=2°46-+ +0°70. 41) 
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(a) When the dosage X is 5 mg, the predicted value of Y is 
` (2°46 54-077) h, or 13 hours. 


(b) When the dosage is 65 mg, the estimated number of 
hours of relief is 2 46x 654-07, or 16:69. 


, Also, the required regression coefficient is Sxv/Sxx, 2:46 appro- 
ximately. 


Remarks, |. Notice that when the dosage is 5 mg, the esti- 
mated number of hours of relief is 13, whereas the abserved number 
of hours of relief is 14. This should not upset you, In fact it isa 
reminder to you that the relationships we are talking about here are 
not functional relations or formulas, they are only ESTIMATES in the 
sense that if we repeated our experiments a large number of times, or 
had a very large sample, then the observed values would be nearer to 
the estimated value 13 than to the observed value 14. As а matter of 
fact, 14 is a value obtained as an outcome of one experiment or a 
sample of size 1. This small sample cannot give us a correct pic- 
ture of the whole population. 


2. Another interesting point that this example shows us is 
that regression lines can be used to predict values for those values 
of the input variable also which were not a part of our experiment 
or sample but which fall within the range of values given to the input 
variable. Thus even though we experimented with some values of 
X ranging from 3 to 8, 6:5 was not such a value. Yet we are able 
to have a valid guess about the number of relief-hours such a dosage 
should provide. However, a word of caution is needed here. The 
value 6:5 was very much a value within the range of values included 
in our experiment and we could use the regression line successfully 
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to obtain in estimated value of Y for Х--6:5. Had we taken a value 
like 20, the predicted value might have been far from the actual 
values, For example, Suppose the dot pattern had been like the one 
shown Fig. 13°7. It appears that the duration of relief increases with 
ап increase in dosage in the range 3 mg to 8 mg, and 8 is nearly the 
optimum dosage. A further increase results in over-medication per- 
haps and duration of relief steadily decreases in the range 8 mg to 
12 mg, after which the medicine really has an adverse effect. Thus a 
dosage like 20 mg would be very injurious to the patient whereas 
were we to use the regression line fitted to the data in the range 
3mgto8 mg, we shali predict a very long duration (50 hours 
nearly) of relief. Тһе moral is that regression lines may be used to 
interpolate (predict within the given range) but NEVER to extrapo- 
late (predict outside the given range). 


3. - There is another. pit-fall in addition to extrapolating. You 
might feel like using the regression line obtained above to predict 
the dosage required, if you wish to provide relief for a certain 
duration, say whole night, or nine hours. Now nine hours is well 
within the range of durations of our experiment. Yet it would not 
be judicious to use this line for predicting the dosage from the 
durations of relief. Do not forget that this line was obtained Бу” 
minimizing the errors (the vertical distances) in the predicted and 
the observed values of Y. If we wish to predict X, then we shall 
have to minimize the errors im observed values of X and the 
estimated values of X. There errors are given „Ьу the horiozntal 
distances of the dots from the line of best fit. When the coefficient 
of correlation is not very high so that the dots are scattered in a 
not-very-thin-band, the lines fitted to the data by minimizing the 
sums of squares of horizontal and vertical distances may be quite 
different as Example 10 shows. 


1344. Line of Regression of X on Ү 


The line fitted to the data Бу minimizing the sum of squares 
of X-errors (і.е., the horizontal distances) instead of Y-errors is 
known as the line of regression of X on Y. Thisline is used to 
predict the values of X from those of Y. The equation ofthis line 
turns out to be 

x-X- $2 Y-Y, 
ҮҮ 
r 


or DS = (ү) 


с 

The coefficient of regression of X оп Y, denoted by bsy, is 

rox/oy or ra/(Sxx[Svv), and hence has the same sign as r. Here, Y 

is the inputor the conditioning variable and X the dependent 
variable. 4 

Notice that the product of the two regression coefficients 

turns out to be r?. Hence the correlation coefficient is the geometric 
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mean of the regression coefficients, and has the same sign as either 
regression coefficient. . 


Example 9. The following table gives some Figures regarding 
the batch-size (X) of production (in thousands) and the cost of a ball 
(in rupees). 


х 
(batch-size іп 
thousands) 


Y 
(cost per ball 
in rupees) 


Obtain the correlation coefficient and the two lines of regres- 
sion. What would be the expected cost of a ball for batch-size 5500.1 
What bateh-size might lead to a cost of Rs. 9:50 per ball ? 


Y 


Fig. 13:8, 


. . Solution. Here X—65, Ү--7:5,ах--2:87, бү==1°43, and r= 
2:84. The line of regression of Y on X is 
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GEE E 
Ү-Ү-- E KEN; 


or Y—T5——42(X—65), ў 

ог Y——042X--1023. (1) 
This is the line / in Fig. 13'8. 
This Ипе of regression of X on Ү is 


Х-Х- *(y-y), 
бү 


ог Х--65--169(Ү-7:5), 
ог х=—1`69 Y 4-19:18. (2) 
This is the line m in Fig. 13°8. 


To obtain the estimated cost per ball (Y) for a given batch- 
size (X) of 5500, we use the line of regression of Y on X. Since X is 
in thousands, substituting X—5'5 in (1), we get 

X=—0°42 x 5°54 10°23=7°92 


Thus the estimated cost per Бай for a production run of 5500 
balls is Rs. 7°92. 

To estimate the batch-size for a given cost, we must use the 
prediction line of X on Y. Thus if the cost (Y) is Rs. 9°50, the 
estimated batch-size (X) is given by (2). Substituting Y=9'5 in (2), 
we get 


Х--169х9:5--19:18--3112, 


Thus to the nearest thousand,.a batch-size of 3000 would pro- 
duce a cost Rs. 9°50 per ball. 


Remarks. 1. The estimated values can be read from the 
graph of the line also, if the graphing is accurately done. 


2. To plot a line, only two points on the line are required. 
Since each of the regression lines passes through (X,Y), ` only one 
more point is required. This point might be taken as the point 
„where the line meets a co-ordinate axis. 


3. In practice, we talk of only about the line of regression of 
-Y on X since either of the two variables may be labelled as X. We 
Jabel the input variable or the conditioning variable as X and mark 
it on the X-axis. The dependent variable, or the variable to be esti- 
mated is labelled Y and shown on the Y-axis. 


Example 10. Draw the scatter diagram and plot the two 
regression lines for the following bivariate data : 
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Solution. Неге the various Statistics of the two variables 


are 
X=529, Y=6'57, бу--1767, бу--2:38, г--0:31, 
Thus line / of regression of Y on X is 
Y-Y- (x_x) 
Ox 
or Y —6:57—044(X— 529), 
or Y —044 Х--4:23. ““(1) 


` The line of regression of X on Y is 
X-X- t (Y-Y) 
бү 


or X—5'29=0'22 (Y—6'57), 
or X=0°22 Ү- 386. ...)2( 
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The scatter diagram shows that the’correlation is rather weak. 
This is also corroborated by the low value of r, To plot the reg- 
ression lines, we note that both pass through the point (X, Y) 
which is (5:29, 6:57) in this case. A point on lis A(1, 467) anda 
point on m is В(3:86, 0). Thus AM and BM are the lines of regres- 
sion of Y an X and of X on Y respectively. 


Remarks. 1. For small values of r, the angle between the 
regression lines is large. The higher the value of r, the smaller this 
angle and closer the lines. In case r=1 (perfect correlation), the 
two lines of regression coincide with the line whose equation is the 
functional relation connecting X and Y. 


2. Fora particular value of Y, say 7, the estimated value of 
X obtained from (2), the line of regression of X on Y is 5'4. This is 
quite different from the value 6:3 of X obtained from (1) for Y=7. 
Thus it is important to use the correct line for prediction. 
1345. Error of Prediction ; 


The line of regression of Y on X (і.е., the line to predict Y 
from values of X) was so fitted that the sum S of the squares of 
the deviations of the observed value of Y from the estimated. values 
of Y were as small as possible. The predicted values are only rather 
good estimates and differ іп general from the actual observed values. 
This deviation from the observed values is a kind of error arising 
due to prediction. То have an idea of that error, we use a measure 
based on all these deviations It is known as the standard error of 
prediction (SEP) and is defined as 


Ex-[ A > v-v» 7) (0 


where Y, stands Гог the predicted value and Y. the actual value. 
Since the equation of the line of regression of Y on X is 


Ү-Ү--2-(Х-3) 
ох 
therefore, the predicted value Y, of Ү is given by 
Y,=¥+ 0 (ХХ), 
Gx 


Hence Ex-[4 р (ҮҮ)? Т 
Tx XÓ-- 1а (хх) pjk 
T {т-ту Жез (XX) (үү) 
+ EE x-xi} 
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-[ З рх m > x-xw-7» 
кше Samp 


2rax 
-[- . Ox Grrr? сү? 


Gx 


=orr/(I—r*). -02) 

We may similarly calculate Exv, the SEP of X on Y and show 
that it is equal to ex4/(1—7?). Thus 

Exy=ox А/(1--29). 

Remarks. 1. SEP is quite similar to standard deviation 
(SD). The only difference is that whereas in case of SD, the devia- 
tions are taken from the mean, in case of SEP, they are taken from 
the regression line. 


2. 5ЕР20. 


1346. Relation between r and the Standard Error of 
Prediction 


Canyousay what is the maximum possible predictive error 
and what is the minimum? Since Evx—ov4/(1—7?), the minimum 
error is zero, and corresponds to r= 1. That, of course, is as it 
should be. In case of perfect correlation, the data points all lie on 
the lines of regression, the predicted values are the same as the 
actual values and there is no error. The maximum value of SEP of 
Y on X isobtained for r=0 and thus it is cy. Similarly, the other 
maximum SEP is ох. This is again not surprising. When r—0, the 
lines of regression reduce to Ү—Ү=0 and X—X-—0. Thus no 
matter what is X, the corresponding predicted value of Y is Y. 


Hence Буз Y-Y =i I V-o. Similarly, Exv 


=oy in this case. (Of course, it would be stupid to use the lines of 
regression for prediction in case of no correlation !) Having seen 
the extreme cases, let us examine what happens in between. 


For r=0, Еух=ву and for r=1, Evx=0. For r=0°5, would 
Еух be 1/2 ex ? No, of course not! Ev, and r do not vary in direct 
proportion. For r—0'5, 


Бух--бұ У(1-025)--0:876у. 


Thus as r reduces Бу 50%, Evx reduces only by 13% ; 87% of the 
predictive error is still present. The table on page 741 gives some 
values of r together with the proportionate SEP and the correspond- 
ing decrease in it. The table shows that as r increases from 0 tol 
SEP decreases slowly until г becomes greater than 0:6. 
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2 арваар Г 


Reduction 
in SEP 100% | 56% | 40% |34% 13%| 8% | 3%} 0% 


We сап use this table with advantage to decide for how high 
values of ғ, should we bother to predict at all. For example, even a 
moderate value like 0:5 of r has a high margin of error, so that we 
would not be wise to place much faith in our predictions for such 
a value of r. 

Example 11. The standard error of prediction of Y on X for 
the data of the previous example is 

ovA/(1—72)—2:384/(1—0:31) —2:38 x 0:06—2 28. 

Also, SEP of X on Y 

oxs/(L—r?)=1'67X0'96=1°6 
We can verify these values by actually calculating the quantities 


1 1/2 1 1/2 5 
N XI(Y— Yp) ] and [x =(X—X,)* 1 etc. The equation of 


кт 


the line of regression is 3 
Y=0°44X+-4'23. (1) 

Denoting by Ya the predicted value of Y obtained from (1) 

for X=a, we get 
Ү,--5:55, Y,—5:99, Y,—6'43, Ү,=6`87, Ү; = 7`31, 
апа Ү,--7775. 

Note that since X is taking consecutive values and Бух measures 
change in Y corresponding to a unit change in X, the successive 
values of Ya can be obtained by merely adding the number 0°44 
(the regression coefficient Бух) to the previous Y, value. 

When X=3, the actual value of Y is 3 and the predicted value 
of Y is Y,(=5°55), Similarly, for X—4, the actual y-value is 6 and 
the predicted Y value is Ү,(=5'99), and so оп. Hence 

Z(Y—Y,)*—(3—5:55):--(6—5:99)* 4-(10—5:99)* 
(4= 6'43) (8687) (9—731)* 
+(6—7°75)*, 
=35'68. 


1 
Hence . вг z =Y] "2246. 
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The earlier value obtained from the formula Eyx=oys/(1—r?) 
is 2'28. The slight difference in the value is due to the fact that we 
are taking approximations. You can similarly verify the correctness 
of the other SEP. 


EXERCISE 13 (c) 
1. Бог the data given below : 


(a) Plot the scatter diagram. 

(b) Calculate X, Y, Sxx, Svv, бх, cy, and ғ. 

(c) Calculate the regression coefficients bxy and бух, ! 
(d) Find the line of regression of Y on Xand draw it on the 


scatter diagram. Verify that (X, Y) lies on it. 
(е) Predict the value of Y for X—3'5. 
(f) Calculate Evx, the standard error of prediction of Y on X 
by using the formula ov(1—77)!/*. Verify the correctness 
of your result by actually evaluating the expression 


1 1/2 
[x Z(Y—Y9* ] у 
(4) Verify that = (Ү--Ү»)--0. 


2. Тһе following summary statistics are available for some 
ra data for which the assumption of linear regression 
is valid ; 

N=10, Х=3°6, Y—24, Sxx=10'8, Sxv—2:8 
and бүу--1:5, 
(а) Calculate the regression coefficients. 
(b) Obtain the correlation coefficient as the geometric mean 


of the regression co-efficients. Verify by some other 
formula. 


(c) Find the line of regression of X on Ү. Verify that (X, Y) 
х liés on it. Which is the input variable, X or Y ? 
(d) Find Ex», the standard error of prediction of X on Y. 
3,010 twenty similar experiments, data on the strength (Y) of 
plastic fibre and the size (X) of the drops of a mixing chemical 
іп suspension are collected, and the following statistics result : 
X=8, Y—54, х--0:53, ox =1`39, and Sxy— —12. 
(а) Can linear correlation be assumed ? Is correlation 
positive ? 


(b) Obtain the line of regression of Y on X, 
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(с) ав. the expected fibre strengths for drops of size 9 
and 10. 


heights-at-age-ten (X) of 1000 boys and their heights-at- 
age-twenty (Y) : 
€ —116 cm, Y=162 cm, ox 7:5, вү--10, г==0'7 

(a) Find a suitable regression equation to predict heights-at- 
age-twenty from those at age 10. 

(b) Use the above equation to Pe the heights at age 20 
of the following ten-year-old boys : È 


= 


[Did you calculate Chetan’s height 71 


(c) Can we use the above line to predict the heights at age 50 
for some boys whose heights at age 10 are known 7 


[Do not forget that we cannot predict outside the range 
of observation but don’t divorce common sense either !] 


5. The following summary statistics were obtained by observing 
37 diabetic patients on blood non-protein nitrogen in mg per 
cent (Y) and serum chloride in milliequivalents per / (X) : 

X—9546, Y-4T]9, UX*=3,38,984, ХҮ?--95,248, and 
EXY —1,64,079. 
Show that the correlation coefficient is —0'54 and the stan- 
dard error of prediction of Y on X is nearly 10. 

6. The lines of regression of a bivariate data are X—2Y+1=0 
and 2X—9Y--6:-0. Find the arithmetic means of X and Y. 
Find Pearson's correlation co-efficient. Which of the two 
lines is the line of regresssion of Y on X ? 

SUMMARY 

1. Bivariate data are data which involve the Observation of two characteristics 

for every unit of observation, 


2. Bivariate frequency distributions arise from observations of two variables 
on the same unit. Theoretically, these are functions which assign to a pair 


of values, its frequency. 

A two-way frequency table is a tabular representation of bivariate data. 

4, The two univariate frequency distributions associated with a bivariate 
frequency distribution are known as the m: distributions of these 
data and are obtained by associating the relevant marginal totals with 
various values of the two variables. 


4. The following summary statistics were obtained from the 
| 


» 


744 


5. 
2 


7; 


13, 


. M. 
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The two conditional distributions associated with a bivariate frequency 
distribution are the distributions which assign to various values of either 
variable the mean values of the other (corresponding to this value). 
Correlation is the term used for the association between the two variables 
of bivariate data. Correlation does not necessarily mean a cause-effect 
relation. 
Pearson's Correlation Coefficient г measures the degree of linear corre- 
lation between two variables X and Y, It is given by 
CORRI хх 
V(SxxSvy) ' 
where Sxy=3(X— X)(y —Y), Sx —x(X— X), and Syy-X(Y—Yy, 
For other formulae, refer to page 715. r isa dimensionless number such 
that —1<r<1, Higher (resp lower) values of | r | imply strong (resp. 
weak) linear correlation, r=+1 imply perfect correlation or a linear 
functional relation between X and Y. Positive values of r indicate 
positive correlation, j.e., the two variables increase (decrease) together in 
this case. Negative values of r indicate negative correlation and in this 
case one variable increases as the other decreases. 
Scatter diagram is a graphic device to represent quantitative bivariate data, 
with each data point being marked by a dot in the two dimensional plane. 
Regression. The word Meaning of regress is to ‘revert’, but regression 
techniques are used to predict or estimate the values of one quantitative 
Variable from those of another, related somehow with the former. 


Principle of least squares is a rule according to which parameters are so 
(озеп as to make the sum of squares of the deviations of observed values 

from theoretical values as small as possible, 

Regression lines are the lines of best fit to given bivariate data determined 

according to the principle of least squares. 


Line of regression of Y on X is 

Meque oes) 
It is used to predict values of Y from those of X. Here X is the predictor: 
or input variable and Y the dependent variable. 
Line of regression of X on Y is used to predict values of X from those of 
Y and has equation 

rêx . 
M oues (Y-Y). 


The quantities "9X 
ox 


known as the regression coefficients of Y on X and of X on Y respectively. 


Evx ov v (1—r2) is known as the standard error of prediction of Y on X. 
Exy=ox/(1—r2) is similarly the error of prediction of X on R. 


TEST YOUR UNDERSTANDING XIII 
If Pearson's r—1 for some data, then all the dots of the Scatter 
diagram of these data lie on the line 
(а) Y=X, (b) Y=—x, 
(c) Y=mX for some m, (d) Ү--тХ--с for some m and с. 
ғ--02 indicates that the linear correlation in necessarily 
(a) positive, (b) negative, 
“(с) quite strong, (4) rather weak. 
t=—97 indicates that 


and Ie occurring in the lines of regression are 
С 1 
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4. 


(a) correlation is negative and curvilinear, 

(6) correlation is linear and negative, 

(c) concentration of dots is in the third and the fourth 
quadrant, 

(4) none of these. 

Which of the following could have a correlation coefficient 

equal to — '9 if its value for the other three is 0, —8 and 8°5 ? 


Y 


Fig. 13.10. 


Ifthe correlation coefficient between X and Y is r, then that 
between Y and X is 


@-r 6 (5 Wins 
Given below are the calculations on 10 pairs of data values 
(X, Y): 

Z(X—X)-25, Z(Y — Y)! —256, X(X—X)(Y—Y)—80,. 
Pearson's r for these data is 
(а) 00125 (Ы) 000125, (c) 10, (4) 01. 


746 
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Heights and weights were measured in centimeters and grams 
respectively and Pearson’s ғ between heights and weights was 
found to be —`39. For the same data, the measurements were 
changed into meters and kilograms by dividing the figures for 
heights by 100 and those for weights by 1000 respectively. r 
was calculated again. The new value of r is 

(a) -0:39, d (b) —:039, 

(c) 39, (d) -39. 


IQ(X) of 150 boys of class IV is measured. Also, these boys 

are given a spelling test on 20 words. A score (Y) of n is given 

for п correctly spelt words. The correlation coefficient between 

X(I.e., IQ) and Y(i.e., score) is found to be 0:72. 

(i) If the score Y is changed to the number of words wrongly 
spelt instead of correctly spelt, then the new r would be 


found to be 
(a) 0°72, (b) 1—0°72, 
(с) —072, . (d) none of these. 


(i) If each IQ rating is divided by 2, then the new value of 
r would be s 


(a) 0°36, 7 (b) —*36, 
(c) -072, (4) none of these. 
(йі) If each IQ is increased by 0°18, the new value of r would 
be 
(a) 0722-018, (b) 0772-6018, 
(c) 0772, (d) —0772. 


(фу) If each spelling-score is changed to standard units by 
taking ov —3 and Y=0'18 (i.e., Y is replaced by Y —0:18/3), 
then the new value of r would be 
(а) (0:72—0:18)/3, (b) 3(0°72)+-0'18, 

(c) 0772, (d) none of these. 

Given that the regression coefficients are —2°5 and —'1, the 

value of the correlation coefficient is 


(a) 025, (5) 0:5 

(с) -05, (4) none of these. 

Given the values of r, Еху and bxy, we can find the value of 
(a) Х, X, Ox; (b) s Gx, бұ, 

(г) ox, бу, бух, (d) ву, Ьух,Х. 


For some bivariate data, (X —X)(Y— Y)— —379:5. A possible 
value of r for these data is 

(а) 10, (b) 0:5, 

(с) —`5, Ў (4) 0:0009. 

The values ofr, bxy, бүх and Exy are —10, —'9, 0°209 and 
—0°81 in some order; 0209 must be the value of 
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13. 


14. 


15. 


(а) r, (b) bxy, 
(c) bx, (d) Ехх. 
The following statistics were available for some data on the 


monthly income (X in rupees) of the husbands of 5000 women 
and the number (Y) of letters in their first name : 

X —3716, Y=5, 6x —1063, c» —6, and r=0. 
If Susheela's husband earns Rs. 3000 per month (no calcula- 


tions are allowed !), then the predicted number of letters in 
her name would be 


(a) 8, (b) 6, 

(c) 5:5, (d) 5. 

[Common sense is the most uncommon thing on earth. Even 
though we know ‘Susheela’ contains & letters, yet we may want 
to predict. Recall that actual values are by and large some- 
what different than the predicted values.] 

Sonu’s height is one standard deviation above the mean height 
of 100 boys of his age. If his predicted weight is one standard 
deviation above the mean weight of these boys, then the corre- 
lation between the heights and weights of these 100 boys is 


(a) curvilinear and perfect, (b) perfect and negative, 
(с) negative and linear, (4) linear and positive, 
[It is not such a crazy sum, if only you would bother to find r.] 
For some data on Monu's 100 class-mates, the following statis- 
tics were obtained : 

X —67, Y=140, вс--7:6 and oy —1073. 
Monu's X-value is 67. His predicted Y-value is 140. 
(a) only when r=1 or —1 but not for r—0'5 and 0:6, 
(b) only when r=1 and 0°5 but not for —1 and —'6, 
(с) for all of these values of ғ, 
(4) for none of these values of r. 
[Remember, we always know a certain special point on the kines 
to predict the values of either variable !] 

REVIEW EXERCISE XIII 


Calculate the coefficient of correlation for the following data 
between X and Y : (4.1.8.8.С.Е., 1988) 


Calculate the coefficient of correlation between X and Y for the 
following data : (4.1.S.S.C.E., 1987) 
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GAME Ar 


3. Calculate the coefficient of correlation. between X and Y for 
the following data : (D.B.S.S C.E., 1988) 


x |7 ә ә аре Гре 
hle а | а о] 


4. Plot the scatter diagram of the following data and in case you 
think there is linear Correlation, calculate the coefticient of 
correlation, 


Pocono] hela] a] [fe] af 
cese [repel sre 


6. Astudent obtained the following values while calculating the 

correlation coefficient of a bivariate data : 3 

2X=ZY=0; UXY=185 ; ХХ2--36 ; ЗҮ?--968, 
However, by mistake, he had taken down a data pair (5, 7) as 
(7, 5). Find the correct correlation coefficient, 

7. 20 students аге to be subjected to a difficult test. Just before 
the test, their anxiety is measured by a short-duration test 
which is known to be quite reliable (i.e., has a high probability 
of giving correct results). The anxiety measure (X) and scores 
(Y) in the actual test are given below:  . 

(4) Do you think there is some relationship (of any kind) 
between X and Y ? 
(b) What do you think would be the value of r, Breater than 


0:5 or smaller, when all the 20 students are considered ? 
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9, 


безе 50:02:58 


(c) What do you think would be a rough estimate of the value 
Of r for the ten students given in the first table? Would it 
be positive ? ' t 

(d) What about the ten students in the second table ? Do you 
expect a positive r ? 

(e) Calculate ғ for (4) all the 20 students taken together, 
(ii) first ten students, and (iii) last ten students. Compare 
with your conjectures. 

[By the way what is the lesson taught by this problem ?] 

The following statistics were collected during a chemistry ex- 

periment to study a possible relationship between output (X) 

in milligrams and temperature setting (Y) in degree celsius : 

N=4 Х--639, Y=188, ox*=210, 
033-407, ZXY —234. 

Calculate 

(a) The correlation coefficient r. 

(b) The line of regression of Y on X. 

(c) Predict the output when the temperature is set at 60 
degrees celsius. 

То study the effect of the hardness of water on cooking, data 
were collected on time (Y) taken (in minutes) іп boiling rice 
till soft and the amount (X) of magnesium (milligrams per 
litre). These are given below : 


Assuming linear correlation, find the line of regression of Y 
on X, How much time approximately would it take in boiling 
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rice if the amount of magnesium in the water of a certain 
locality is 10 mg per 17 Can we draw any conclusion regard- 
ing the time required if the magnesium content in water is 16 
mg per 17 
10. The following table gives the Chirps (X) per second of ground 
; cricket and the temperatare (Y) at the moment in degrees 
Fahrenheit ! 


(0) Does their exist linear correlation between frequency of 
chirps and temperature ? 


(b) Fit a least square regression line (о the above data for 
predicting chirps per second from various temperatures. 


(c) Find the regression line to predict temperatures from the 
frequency of chirps. 


(d) What is the expected temperature 1Га circket is making 19 
chirps per second ? s 


(e What is the expected frequency of chirps if the temrera- 
ture is 90°F ? 


11. The following table gives some data on learning (Y) and the 
duration (X) of training obtained from 6 students : 


X (duration) 


Y (learning) 


(а) Find the equation of the line of regression of Y on X and 
plot it on the scatter diagram. 

(b) Use ruler to read from the graph the predicted values 
(correct to one decimal place) of Y for each value of X 
given in the table. 

(0) Use the above predictions to calculate the SEP of Y on X. 
Also calculate the same with the help of the formula and 
compare the results. How do you explain the slight diffe- 
rence in the two answers ? 

(d) Determine the predicted values of Y for given value of X 
from tbe regression equation in (0). Compare with values 
Obtained in (b). Which set of values do you think should 
be more accurate ? 

12. Comment: 


(a) А good example of bivariate data is provided by the 
ages of 10,000 girls in India and 10,000 boys in France. 
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(Б) A low value of r indicates that there is hardly any type of 
relationship between the two variables under considera- 
tion. 

(c) In case of perfect curvilinear relationship between X and 
Y, the value of r would be either 1 or --1; 

(4) Pearson’s ғ measures how closely.the scatter diagram fits 
a curvilinear pattern. 

(e) A negative value of r indicates that large values of X are 
accompanied by large values of Y. 

(f) Evidence ofa lurking variable implies a passive corre- 
lation. : 

(е). The closer the dots to the line of best fit, the lower the 
value of r. 

(Л) If X is the conditioning variable, Y the variable- to be 
predicted and r the correlation coefficient, then when X= 
X, Y=rYo. 

(i) The least square line of Y on X gives the least value of. 
the square of Y for a given value o. X. 

(j) The line of regression of Y on X is шей to predict the 
values of X for given values of Y. 

(k) The predicted values obtained from the line of regression 
of Y on X are, ша way, estimates of the mean of the 
various values of X corresponding given value of Y. 


HISTORICAL NOTE 


Correlation and regression techniques are used to study 
relationship between two (or more) variables. The study of re- 
gression in its current technical sense starts with Galton's work 
""Regression Toward Mediocrity in Hereditary Stature" published 
in 1885. With time however, the term regression has become 
standard for the statistical technique of predicting expected values 
of a variable from those of a related variable. It continues to play 
an important role in behavioural sciences in studies of individual 
differences, of role of heredity and environment, and of personnel 
selection and classification, However, today the techniques of 
correlation and regression are used in virtually all disciplines, even 
in business management and industry. In fact, any time several 
factors have influence over an event, a problem in correlation and 
regression is encountered. 


Du 


JOHN VON NEUMANN (1903-1957) 


John von Neumann, one of the greatest mathematicians of the twentieth 
«century, was born in Budapest in 1903. From his early youth he exhibited 
remarkable talent in mathematics, physics, chemistry and engineering, After 
obtaining a degree in Chemical Engineering in 1923, he spent the early part of 
his career in Germany, In 1933 he was appointed professor of mathematics at 
the Institute for Advanced Study in Princeton, U.S.A. 


5 уоп Neumann was опе of the founders of the computer аве. He played 
a central role in the design of some of the first U.S, electronic computers and in 
the development of programming techniques, 
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Computing 


141, INTRODUCTION 

What causes fear? enquired a king of his wise minister. 
Ignorance, replied the minister, and demonstrated his point by 
sounding a shrill siren at the dead of night, frightening thereby all 
and sundry. What causes awe ? Let us ask and answer. To the extent 
awe is fear, it is caused by ignorance ; to the extent it is respect, it is 
caused by knowledge of the power and strength of someone or some- 
thing. For example, all of us are awed by computers. Partly, this 
is due to. our ignorance about computers, and partly due to our 
knowledge of the miracles that computers сап and do perform, 7 


Most of us perceive a computer as a calculating device. That 
is true, but only as far asit goes. As we shall see, it is not the 
whole story. However, we must admit that computers are the result 
of man’s desire to compute or calculate with as little labour as 
possible. Man has performed a long and slow journey towards this 
goal starting from his fingers, and going on from there to sticks to 
notches to knots to abacus to gear driven machines to electro- 
mechanical devices to the modern-day electronic computers finally. 

Most of us have some misconception or the other about 
computers, something worse than ignorance even. In this chapter 
we try to remove some of the myths surrounding computers by 
talking about them, both as a tangible piece of machinery as well as 
a conceptual tool, by hinting at some of its uses and abuses, and by 
concluding the chapter with the explanation of some terms that one 
hears about computers all around. 

142. WHAT IS A COMPUTER 

Logically, anything which computes, should be regarded as a 
computer, That, however, isnot the common usage. Even the 
word-meaning calculate of ‘compute’ has a slight undertone in 
connection of computers. Technically, a computer today is under- 
stood to be an electronic device that is capable of accepting data, 
processing these data automatically according to stored instructions, 
and then giving out the processed: data in the form of information. 
Too many unfamiliar and not-so-unfamiliar words? Let us make 


friends with them. 
(753) 


MINSTOATO А TEXT-BOOK OF MATHEMATICS 


manipulate, put in a context, and present.in a usable or meaningful 
form. For example, if we wish to find the sum of 3 and 4, then 3 
and 4 are our data, summing them is processing them, and 7 is the 
information obtained. Ог if we Wish to prepare the glossary of a 
book, then various terms with their definitions are our data, arrang- 
ing them alphabetically is the Processing and the ordered ‘list is the 
information, obtained, 


The data to be processed are generally called input and the 
` obtained information is called the output. 


Automatically. Refers to without human intervention. For 
example, when you stand оп a Weighing Machine, out comes a 
¢ ticket. with your, weight (anda message etc.). The Weighing is 
ı automatic. 
Stored instructions, Іп the weighing example, 
instructed the machine to weigh you, Le, we had built up a 
mechanism to weigh you and had already stored it inside the 


Seconds, ог demonstrates the day and dite just by the pushi 
Some buttons, It has been instructed to d ї 
has. been stored in it, 


It must be clear now that a computer is capable of 


processing 
data, апу data that we are capable of feeding into it, 


according to 
Data can be 


Ше a list of words ; instructions, as above, can 


.,.. Have you been wanting us to Say that it isa machine ? Yes, 
it isa Machine, Are you wondering about its size and Shape ? Just 


Se فیا ی‎ дан асан E АА 
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when they were built. The time factor is vital not only to size, but 
also to speed and cost. : 


Size. The history of modern electronic computers started 
about fifty years ago.-ENIAC, one of the earliest computers 
(brought in operation in 1946), was a huge machine. It used more 
than 18,000 valves, 1,500 relays ; about 500,000 connections were 
soldered to link these. It weighed thirty tons and occupied 15,000 
square feet of space. It looked like a set of almirahs, and engineers 
had to use ladders in order to operate them. Today a computer 
with more power can be put on your study table. It more or less 
looks like a ТУ to which has been attached а sleek and beautiful 
typewriter kind of thing. There may be other small attachments. 


Speed. Computers today are much faster than they were fifty 
years ago. ENIAC could do 5000 additions іп one second. But 
‘second’ is а large period in the terminology of computers today. 
We talk about microsecond (millionth. of а second), nanosecond | 
(billionth of a second), and picosecond (trillionth of a second). А 
nanosecond is to a second what roughly a second is to 31 years. A 
picosecond is to a second what roughly a second is to 31,700 years. 
Had our transport system become faster in the same proportion, we 
¿would have been travelling faster than light! Computers today 
perform millions of operations per second ; some, even billions. 


Cost. In the beginning, computers were a costly affair. No 
individual could dream of owning a computer. Today, most homes 
in the West have a computer. Prices have come down drastically. 
If prices of cars had fallen in the same proportion, you would be 
able to buy a Rolles Royce for about Rs. 15. Today you can buy a 
computer from Rs. 10,000.00 upwards. f 


143. BLUEPRINT OF A COMPUTER 


You must have realized that every computer must have one or 
more components that accept data. These are known as input 
devices. There must be somewhere to keep the data. That space 
where data аге kept, is known as memory or storage devices. The 
part looking after processing is known as the arithmetic logic unit or 
(ALU), Тһе parts giving out processed information are known as 
output devices. 


Since so much is going on inside the computer, there must be 
some part which controls all the activity. This part is known as the 
-control unit. The control unit together with the memory and the 
arithmetic logic unit, is known as the central processing unit (CPU). 
This gives us the following шар... The arrows indicate access, Thus 
an arrow from input devices to CPU indicate that these devices have 
anaccess to CPU. Weshall now give the physical descriptions of 
‘these devices one by one, 
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CENTRAL PROCESSING UNIT 


INPUT 
OUTPUT 
DEVI 
ies DEVICES 


Fig. 141 


1431. Input 


When you wish to telephone from a public telephone, you ' 


have to put ina coin of a certain denomination. To make your 
car go, you supply petrol, diesel, and water. A Wood sawing 
machine requires logs of wood to be fed in. In what form does 
computer accept data or input ? 


A computer is essentially an electronic device. It senses 
everything in terms of electric pulses. Different patterns of presence 
and absence of currents convey different things to a computer. The 
inside of a computer isa complex jungle of electronic circuits. A 
computer can do only those things which these circuits make possible. 
In 1938, an electrical engineer Claude Shannon showed that an 
electronic circuit could .be made to perform arithmetical and logic 
operations by using the principles of Boolean algebra developed by 
the mathematician George Boole. Computers are distinguished. by 
these circuits for one thing. The circuit inside your digital watch is 
different from that inside a computerized telephone. When you push 
а button on your watch, a certain circuit is activated and the watch 
displays day, date or does whatever other function like playing 
music etc. is meant to be bone through this circuit. Similarly, when 
you dial a. number, find it engaged, then Press a particular button, а 
certain circuit is activated; the number gets on getting dialled 
automatically till it is connected and then there is a ping to tell you 
that you can talk, 

At any time, either a current flows through a circuit or it does 
not. That makes computer a two-state or a binary machine. Now 
how do we go about representing these two states ? Clearly, we 
need two symbols to represent these two States. Any two symbols 
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would have done, but remember that initially computers were being 
devised by mathematicians to reduce the drudgery of calculations. It 
was, therefore, natural that 0 and 1 were chosen, being the first two 
of the ten symbols 0, 1, 2, --- , 9, given to the world by Hindus, and 
used all over for writing all possible numbers. 


The task of building up numbers by means of the symbols 0 
and 1 is rather simple. We have only to copy the fundamentals 
from the decimal system. Ten symbols lead to place values which 
are powers of ten; two symbols mean powers of two. Thus for 
example, in the decimal system, the number 456 means 6 units, 5 
tens and 4 hundreds. We can write it as under ; 


102 101 10%--1) 


AUS 8 —4x10?--5x 1014-6 x 10°, 


=400+50+6. 


With two symbols 0 and 1, every number is written through 0 and 1 
alone ; there is no 2 or 3 ог 4 еіс. Consider the number 1101, say. 
Writing it in powers of two, we get 


3 2 1 20) 
2 2 2 at 1) 1x22 1x2141-0x214-1x25, 


--8--4--0- 15413. 


Thus the number 1101 written in the number system having only 
two symbols 0 and 1, is equivalent to the number 13 in the decimal 
system. This new number system is known as the binary number 
system and its symbols 0 and 1 are known as the binary digits or 
simply as bits. Everything you can do in the decimal system, you 
сап do іп binary. Only binary arithmetic is much simpler though 
representations are longer. 


: People soon realized that just as they could code numbers like 
13 by means of a string 1101 of one’s and zero’s, so they could code 
letters like A, B, С,......, а, b, c,......... and symbols like +, —,3,’,", 
etc. by special strings of one’s and zero’s. (A code is a set of rules 
that transforms data from one representation to another.) Thus A 
could be coded as 110001, the first two ones being supplied in a 
different manner in order to distinguish it from the binary number 
110001 (=32+16+1 in decimal system). 


The next step in this chain of codes was the real revolutionary 
step and it changed the face of computing by giving the computers 
an incredible speed. The idea of feeding the instructions just like 
data by coding them into strings of zero’s and one’s, was known as 
the concept of stored instructions. This concept is due toa 
mathematician John Von Neumann (1903-1957). This did away with 
the need of human intervention (like soldering the links) and com- 
puting became automatic. This means, we can now feed both data 
and the instructions as to what is to be done with these data, in the 
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beginning itself. All this we organize in terms of just two symbols 
0 and.l. Later, one of these symbols is identified with the presence, 
and the:other with the absenee of current. The components of the 
computer which help the CPU: in Sensing these current-signals are 
the input devices. Generally, one does not distinguish between the 
terms input and input devices. It is for the sake of clarity that we 


are using the first for data only. Similarly for output and output 
devices, 


14:32. Input/Output Devices 


input/output (1/О) devices, we would like to impress upon you that 
though these are essential to a job being done by using computer, 
they are known as Peripheral devices. By computer, one sometimes 
means its CPU. ‘System’ and ‘Computer System? are: synonymous 
terms used more often than the term *computer' itself, 


1433. Punched Cards and Punched Card Reader 


Punched cards were Popular till a few years ago. The idea'of 
punched card came into: computing from: Marie J, Jacquard, who 


used a-eard with holes punched in it to represent data, These data, 
in the form of holes; were recognized Бу his tabulator through a 
Series of electro-mechanical brushes as the card was fed into it. 


1434. Punched Paper Tape (Reader) 


Instead of individual cards, one uses a continuous roll of paper 
tape. The Principle is the same as for cards and card readers. 


1435, Magnetic Tape 


. Instead of paper tape, one uses magnetic tape. Data are 
represented by patterns of magnetic spots rather than holes 
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1436. Magnetic Ink Reader 


Numerals and other characters can be printed in magnetic ink. 
Computer can sense and record these different magnetic patterns. 
This device is being used in several banks of India as MICR 
(Magnetic Ink Character Reader). 


14:37. Keyboard Devices 


, One can use a typewriter-like device, a keyboard (KBD), for 
feeding in data. Depressing a key sends an electronic pulse which 
completes a circuit. Data can also be transferred from KBD to a 
тее! of magnetic tape or a magnetic disk (something like .a record in 
a record-player) or a floppy disk (something like a -magnetic disk 
but made of a plastic-like but elastic material, very light), and then 
to the computer. А visual display unit (VDU), which is very much 
like your TV screen, enables you to see the data being keyed іп on 
the screen ; thus corrections сат be made instantly. 


Of the devices mentioned above, punched cards, punched paper 
tape, magnetic tape, KBD, апа VDU are also. used as an output 
device. Instead of a reader, you have. a, puncher. However, the 
main output device is the teleprinter or simply the printer. 


We now deseribe one by one the three components that . 
essentially comprise a computer system. aaah ob 


14 38. Memory (Storage Devices) 


We have^already met somevof the’ storage devices suchas 
magnetic tapes; magnetic disks and floppy disks where data is stored 
in the form of patterns of magnetic spots. You may be surprised to 
learn that опе сап store thousands and thousands of data items on 
a single disk and it only takes a microsecond or so to sense an item 
when needed. The memory avaiable on: these devices is known as 
backing memory or secondary storage. It is not housed within 
the CPU but can be accessed when: needed. The main memory or 
the primary storage is housed within the CPU and most frequently 
is in the form of tiny metal rings known as ferrite cores. The 
direction of magnetization in these rings indicates a one or a zero. 


Research is оп for cheaper and faster (data can be stored and 
retrieved faster) memories; ‘Some potential condidates are bubble 
memory, and laser disks. Gallium arsenide is another material that 
holds promise. A form of bio-chemical memory is also being used 
experimentally. Itis faster than the present computers can manage. 


The primary memory consi: {sof a large number of cells, each 
capable of storing data, and each having a fixed location and a name 
(known as its address). 2!°(=-1024) cells or memory locations 
constitute 1 kilobyte or ІК memory. The capacity of a computer is 
the amount of the core memory within the CPU, and is expressed in 
kilobytes (i.e, К). Data, together with the instructions to tell the 
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computer what to do with it, are all stored in the primary memory 
for processing. Recall, both data and instructions аге sent to CPU 
as strings of zeros and ones. Thus, cores can accommodate them. 


1439. Arithmetic Logic Unit (ALU) 


Once data and instructions are there in the memory of the 
CPU, the ALU does the required processing and stores the result їп. 
the instructed memory location, 


You have a vague feeling that compuiers are capable of per- 
forming mind-boggling mathematical feats in the twinkling of an 


ALU 


Function: adds, subtracts, 
multiplies, divides, compares 
(or a combination of these) 
according to the instruction; 
receives data and retums 
results 


Output devices 

(i) Punched cards 

(ii) Punched paper 
tape 


Input devices 


(i) Punched cards 
(ii) Punched paper 
ta 


... lape 

(іі) punched mag- 
netic tape 

(iv) Keyboard 

(у) Magnetic ink 


(vii) Video disks 


Control Unit 
Function: Controls /О devices 
ALU and both main& secondary 
етогу; interprets the instruct- 
ions fed into the computer 


Fig. 14'2. 
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eye ; haven't you ? This is true ; but you must know that computers. 
cannot really do any complex mathematical jobs. All they are capa- 
ble of is the four arithmetic operations (in fact two ; multiplication 
is performed as a repeated addition, e.g., 2x3 as 34-3 and division 
iscarried out as repeated subtraction) together with the logical 
operation compare. Only they are very fast and do not make 
mistakes. Allthe rest depends on the ingenuity of man to be able 
to specify jobs which can be done by combinations of these five 
simple operations. As you learn about computer applications, you 
would be surprised to know how much can be achieved through 
these jobs. Operations which require huge quantities of data to be 
processed, and jobs which are repetitive in nature are ideally suited 
to be done at a computer. Why computers have revolutionized 
science is due to the fact that computers can handle huge amount of 
data which it was humanly impossible to do earlier. Complexity of 
the problems has always been the lesser of the evils, and generally 
manageable. A very ordinary computer today can perform in one 
second all the calculations that a mathematician would have done 
during his life-time before the advent of computers. 


14310. Control Unit 
This is the most important unit of the CPU. It is the control 
unit that looks after the processing, instructing the ALU to get 
appropriate data and perform оп them the correct operations іп 
the proper sequence. We can now enhance our blueprint as in 
Fig. 142. 
EXERCISE 14 (a) 
1. Identify true statements : 
(a) Computer is the modern name of a calculating device. 
(b) Computer is the machine version of the human brain. 
(c) A computer is nothing but a TV attached to a typewriter. 
(d) The real part of the computer is its peripheral devices. 
(e) Computers can count only upto 2. х 
(f) Every device which can be used as an input device is ап 
output device. 
(g) The memory which is part of CPU is known as the back- 
ing memory or the main memory. 
(A) Main memory consists of magnetic disks. 
(i) A user of a computer must know how to make electronic 
circuits. 
(j) Computers tell us how to solve complicated problems of 
mathematics. 
(k) Bit is a name for a 2-state device. 
2. Write 2, 4, 8, 16, 32 in binary number system. Also write 7, 
10, 15, 20 same way. 
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3; Convert the following biniry numbers into their decimal 
equivalents : 
101, 1101, 10101, 1111, 1110; қ 
4. Sum the following numbers іп the binary system by using а 
process analogous to that for decimal system. Convert the 
numbers and sum into decimal and verify your answer. 
() 1010 ^ (0) 110 (ій) 1101 
+101 +1001 EIH 


5. What is the biggest decimal number expressible by 2 bits? 3 
bits? 4bits? What із the: smallest decimal number which 
requires three bits for being expressed in the binary system ? 


6... Describe the function of the following : : 
no @ «Input device (ii), ALU . (iii) Memory (iv). Control Unit. 
7." Write in full: 1 ! : 
VDU,. ALU, CPU; 10. 
8. Distinguish data from information. 
144. INSTRUCTING COMPUTERS 


^The:working of a computer is quite often compared to the 
working of human brain. This analogy is given below : 


Human brain Computer 
* five senses у i : input 
Ж learning/commiting to memory: ‘дод віюгіпе in memory 
* recalling 4 retrieving data from 
xd БАЕ нэгд memory 
* communicating wae output 
* taking decisions and „ ALU 


. Solving analytical problems. 


However, human “brain has intelligence and. can’ think. A 
computer is supposed to have no intelligence and its IQ is zero; it 
cannot think, and does exactly as you tell it to-do ; it is your most 
Obedient servant. And to that extent, it 18:а detestable servant. It 
hardly ever does what you want it to do ; it does exactly what you 
tell it to do. There is such a gap between wanting and being able 
to tell! This places a very big responsibility on the shoulders of 
those who want to get any work done by it. We have to be very 
careful as to what instructions we give it. 


4.2 „The set of instructions given toacomputer for performing a 
job is known as a Program. Be careful of the way you spell 
Program’. The American spelling has become standard. There 
are Various stages of a program. First of all you have to organize 
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within your mind the plan of action in the minutest detail as your 
obedient servant has absolutely no initiative, and is completely 
devoid of any common sense of its own. This is where we come to 
realize computer as a conceptual tool. А (00/ is something with 
which to take things apart and re-assemble after you have achieved 
your objective. A concept is a generalized idea about a collection 
of things. А computer provides you an opportunity to play with 
ideas instead of things, organize them, test them. 


Sometimes the job is simple and the plan can be made 
mentally. More often than not, the job that we wish to use the 
computer for, is complex. И is helpful to use paper and pencil. 
We analyze our problem and list out the various steps in the solution 
of our problem. ‘These steps have to be taken in a certain sequence 
ororder. Some of the steps simply involve reading/writing and 
input/output. Some of the steps are ‘processing steps where we’ 
perform either an arithmetic or a logical operation (i.e., compare). 
A logic operation normally requires a decision to be taken depen- 
ding upon the result of the comparison. Quite often some steps 
may have to be repeated. Flow charts are a graphical device to 
represent the procedure of the solution от the algorithm consisting of 
the various steps outlined in the above fashion. We shall have 
more to say about algorithms later on. 12 


1441. Flow-charts 


The order in which we scan a printed page for reading is fixed 
in every language. ‘In’ what order do you look at a picture ? Some-" 
times you look atit as # whole. Sometimes there are component 
parts. When the order or sequence in which they should’be regarded 
is important, an arrow is drawn showing the он or the sequence. 
Flow-charts use this device for pointing the sequence of the steps іп 
the program (ie., plan of action) The steps-are written inside 
boxes of standard shapes depending upon their characteristics. We 
list below the main ones with their characteristics. Р 


1. Terminal Symbol. Ап oval shaped box is used to start 
cand end the program. r 
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2. Input/Output Symbol. Тһе 1/O symbol is a parallelogram, 
It is used for steps intended to input data or get output from the 
computer, 


READ 
A NUMBER 


3. Processing Symbol. Whenever a step is supposed to 
process data to produce output, a rectangular box is used. 


4. Decision Symbol. . Whenever a decision is to be taken, we 
ask a question and accordingly plan our Strategy. The question is 
put in a diamond and the various strategies are shown by two or 
three branches and the relevant path followed. 


qe н 


: 5. Connector Symbol. Whenever the flow-chart is carried 
Over to next page or we do not want to draw too many flow lines 


5 
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(arrows) to avoid messing the flow chart, we use a connector. It is 
generally a circular box with a letter inside it. Both the entry and 
the exit point are marked with the connector. 

Illustration 1. Flow-chart of the program for finding the sum 
ores from а given sequence of numbers until the sum exceeds 
400. 


START 


- We start with an initial value zero for the quantity sum. Then 
a number is read. Equations like 'Sum—Sum--number' may sound 
confusing at first, but they are encountered frequently. Тһе ‘sum’ 
on the right hand side is the initial values ; that on the left is the 
new value. For example, in the beginning, Sum=0. Suppose the 
first number read is 15. Then Sum—04-15—15. If the next num- 
Бег is 30, Sum—154-30—45 and so on. The equality is often called 
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- the assignment and the symbol <>’, is.also used instead of the 
equality symbol. Accordingly statements like ‘Sum=Sum-+-number’ 
are written as 'Sum«-Sum-- number’ and read as ‘sum is assigned 
the value (current) sum plus the number (read)’, rather than as “хип 
equal to sum plus number’, Henceforth, we shall use the assignment 
symbol “<= only, Every time a number is added, we find out whe- 
ther or not the sum has exceeded 100, If the answer is “Yes” we 
take the ‘yes’ branch and so we print the sum and stop. If the 
answer is ‘no’, we take the ‘no’ branch and read the next number, 
add it to the Sum and examine whether the sum has now exceeded 
100, and so on. This is a repetitive step. The computer keeps on 
reading and adding new numbers, traversing the loop again and 
again. It comes out of the loop only after the sum crosses 100. 


Hlustration 2. Flow-chart for listing the first name of а girl 
starting with P in a given list of names, assuming there is such a 
name. 


Read first 
letter 


First letter P. ? 


rd o. ишин NE E TS 
i Fig.143. * 
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‘Read a name’ is input ; therefore, it is placed in an 1/0 
symbol. ‘Read first letter’ produces an Output, viz., the first letter 
of the name read ; therefore, the processing symbol, rectangle, is 
used here. Below the first diamond, we encounter a connector 
A. Instead of continuing the flow-chart vertically down, we 
wish to save spdce, break the chart and put the pieces side by 
Side. We find that there is a connector A on top of Fig. 14'3(b) ; 
so we continue from there. If the first letter is not Р, we take the 
‘no’ branch and encounfer.an exit-connector B. We locate the 
entry-connector В in Fig. 14:2(а) and continue along the flow-chart 
to read a name. The second exit-connector B in Fig. 14°3(b) also 
brings us to the entry-connector B in Fig. 14°3(а). ды А 


We shall have more practice on flow charts in Chapters 14 and 


EXERCISE 14 (5) 


Prepare а flow-chart for the algorithm/procedure for each of 
the following s 

1. Locking your door and checking it before leaving. 

2. Addressing a letter and checking the address before posting 
it. 

3, Finding the average of three numbers. 

4. Finding the smallest integer л such that 5082-1000. 

5. Printing (writing) the biggest of three given integers. 


145. PROGRAMMING LANGUAGES 

A computer program isa set of instructions which tells the 
computer what to do. A programmer isa person who prepares a 
program, A programming language is a language in which pro- 
grams are written, By the way, the first acknowledged programmer 
happens to be a lady—Lady Ada Augusta, the lovely Countess of 
Lovelace and daughter of the famous poet Lord Byron. One 
programming language has been named ADA after her to acknow- 
ledge her contribution to the world of computing. . 


Тһе only language a computer understands is an electronic 
impulse. The presence and absence of current can be represented 
by two symbols 0 and 1. Any number/character/instruction we 
‘want to input must be coded into strings of zeros and ones, That 
certainly is a tedious and time-consuming job. Moreover, it is 
error-prone. Іп the beginning, people talked to computers in this 
language only. The language was called the machine language, being 
the language of a machine. ў 

Man is lazy by nature in that һе finds means and ways to 
reduce his drudgery. People decided that computer itself be made 
to dothe coding. They started writing programs in a symbolic 
language. They-also wrote a program which could assemble (i.é., - 
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LADY ADA AUGUSTA 


translate) this program into a machine language program. The 
translator program was known as the assembler, and was depen- 
dent on the characteristics of the computer on which it was to run. 
The symbolic language was accordingly called the assembly language. 
In order to get anything done from a computer, both the symbolic 
language program and the assembler (translator program) were 
loaded (fed) into the computer. The assembler translated the 
symbolic Janguage program into a corresponding machine language 
program and the work was done. 

As computers were called upon to do more and more complex 
jobs, longer and longer Programs had to be written. Assembly 
language, though simpler than machine language, was still tedious 
and time consuming. People decided to write more compact pro- 
grams, in languages closer to their own, and let computer do the 
translation. Of course, the translator Program would have to be 
written, but only once and for all. These languages would be 
Portable (you can carry Programs written for one machine to 
another with slight modifications) because they would not be 
machine dependent. Machine Part would be taken care of by the 
compiler (translator program). Such languages were called higher 
level languages and procedure oriented because they were written to 
Carry out certain specific operations or procedures. This was needed 
80 as to keep the vocabulary of the language as limited as Possible. 
Writing a compiler is a’ tricky job ; іб takes several men (expert 
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programmers) several months to write..a. compiler -even when the 
vocabulary. is rather limited. However, the rewards are well worth 
the labouri 4 1 ; TOT dh 


There are numerous computer languages in use today but. they 
are, all, far. from our, natural languages. Concentrated efforts are 
on to make computers understand natural languages ‘but! the’ main 
trouble is that natural languages are context orientéd. “Devoid” of 
context, a phrase like cut of sight out of mind may be interpreted ав 
blind idiot. The simple sentence Г sce may mean so many things” It 
might mean I am capable of vision, 5.18 visible to me’, ‘understand~ 
ing has dawned on me’ and it-might be a sarcastic statement different 
from all the above. sicb + Са Же 
i46. USES AND ABUSES OF COMPUTERS ^ Б 20 

The biggest use of computers is in data processing, be this data 
numeric or non-numeric, о For this reason, computers, are „labelled 
88: our most, patient, efficient and diligent electronic clerks. . They 
Icok after our accounts, prepare pay-rolls and take, care of ай kinds 
of billing (telephone, power, water, computer-time and so on). They 
collect, sort arid store our data, and' present required "information 
based on the same as and when required without delay. 799% 24 


Computers help the banks їл: keeping accounts and customer 
transactions.’ As!:already mentioned, some banks, in big cities;of. 
India:have already started using computerized . cheques. ,People in 
West are considering the possibility of.a,money-less society, where 
all financial transanctions would be carried out. through, .computers 
without Our:need to exchange money physicallye (їз 6 25:77) 

Computers are being used їп all kinds of reservations: Sitting» 
in one city, it is possible to get a confirmed plane ог railway) reser- 
vation from one city to'another provided these cities. аге lin ked by 
аісойриіег network, -You must have; heard: about \Jndonet, which 
makes such facilities, and/others like getting lots of, information on 
your TV screen possible. Aes 

' Computers “аге” being used in medicine inca Бір мау»; САТ 
(Computer. Assisted Tomography) scan Маз become. a.bousehold 
word; Thé idea «is «to odetect tumours bande determine their exact 
size and position, a 1а5К often: otherwise impossible. |, Computers; 
Keep“ track’ “of moment-to-moment condition of critical .patients,., 
-and automatically administer injections and medicine as and when 
тедиҥеф te 24a) eae oed 1070 94 Tet 318 2 E 
‘Computers are used:in town-planning. Ву taking three-dimen-., 
sional pictures; they help the town-planner to locate suitable sites. 
Moreover, they provide optimal plan for the network of roads, 
market-places and picnic-Spots. Computers draw superb maps. 
‘14i: Computers are- used for detecting, ainerals and oil below the 
surface of earth and water. They detect earth-quakes, сус1оп s and 


EH ұп пой! 
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fires in, the interiors of jungles? "They classify the types‘of fóre and 
per’ le he in trends, and’ тайга! resources “region wise. They 
control air pollution by giving warning at the prescribed’ level of 


Pollution. 


{ Computers, are, used im. factories. for actual’ production. 
They шигээ ‘cut complicated tools and, assembly parts. They 
keep, control; over. stock and allocate optimal use, for scarce 
теор v They, decide what to produce, when to produce and how 


‘Computers have Changed ‘the face ofmodern offices. There is 
no need for piles and piles of a The data еее 
floppies and disks. е ges like-word processor € life easy for 
ОЧ ecretatíal staff. Through such packages, letters can be edited 
as by а magic wand’; you can add or delete’ matter anywhere in а 
letter, the words shifting leftor-right as/required 5 if the same letter 
is to. be posted to several people, it'need'not-be re-typed- again. and 
again, and 50 on; so forth: 

i: The use of.computers.in, meteorology is known to everybody. 
The weather Tarea, taat уоп, see КОРКУ, every evening has 
been possible only use there are computers which can process a 
huge amount’ of data inva yery short time; The; papers, have : been 
full of the item regarding ‘chase of super computers from the. US. 
for use in {ае hii Treena ing. (Speed:is:one:criterian: -by which: to 
decide whether a computer-can Бе саНефхирер): The-photograph 
showing-clouds 616: is ‘not a-pliotograph:developed from: à: negative; 
It is rather a digital photograph drawn by:a:computer-on: the: basis 
of.some дафа. 1 › E 

The-role of computers iniresearch із well-recognized . and- now: 
they аге wedging their way: into. едигайдн: Because sof computers. 
it 16 possible ‘fot students: to dearnmvat their owns pace. without. 
inhibition. The teacher need поё undergo the «drudgery. of tutorial 
and marking. А 

к Ж ter-gfaphiesihaveropênedaup new. vistas -for-arahitects, 
engineers -- Designs cancbe-tumed оуег; taken, apart) 
magnified’ and /transfotmed. in: hundreds. of. ways byojust:changing, 
data “ог Бу devices: like: the» mouse; lighti: pen, graphic ; tablet. 
b oe Possible-toiproject: changes: on-screen:and.examine the 
eHeoty BS. оп Ийип. тА sa ЕЗ Web y 

robots, computers are taking over hazardous jobs also." 
—1 nücleaPreaetors. "Ehey'rescue- people from: burning: pied 
ings an ‹ Чеерчте 8648 where no man has:ever Venturedic |... 


| the shu о inal part ot АНЫ har 
идө on the VU. T ханы where direct дэг cel 
c БЭР ЛЭН tly, impractical minora 15 'also-/b&:'studied, 
in Ж ЕРИНЕ уш ж 5 forestry.etc: н дын m io oa) ш 
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. s flle list ӨГбөшцийсг uses is Tóngiand'müst, therefore, "remain 
incomplete. This is as good a Stage fo stop. Xs 


How éonipütéts are going to shape füturé 15. anybody's. guesse 
What scarés people is the: х n Y рог. which oe 
demonstfate intelligent behaviour and would possess expert know- 
ledge. In wrong hands, they can cause  liayócs. The ЖЕ dangers: 
ate like the threat of an emotionless culture, and on a smaller. scale, 
lack of privacy; monotonous jobs and unemployment. Computer- 
crime Has already caused considerable concern. Bank unts. are 
being*tampered with. Hackers ате on the increase, (А backer is 
someone who unlawfully gets access to private data and tampers: 
with it: Hacking deferse-data may be dingerous for the country.) 
Data’ stored’ оп disks may get damaged for several reasons. This. 
may lead’ to'loss of а large number of records. The loss шау be; 
irreparable: ‘Numerous’ such other doubts are raised. ` However, 
despite the doubters, computers dre coming, and, oming with. а: (Бір), 
bang; Study of computers or the ‘Computer. cience is;really and. 
truly the Future Science. à E ОЕ dee 


147. ALGORITHMS 

You have seen a great, variety of things that a computer can 
do. Do you know what it cannot do? It cannot do precisely, the 
things we аге unable to explain toiit in the est detail... Its Qa: 
as you kridw, is zero. It solves our pi blems only when we are, 
“ablê tó tell'it precisely what to do so that the result may, игл ош 
to be the solution we want. Thus in order.to ASA solution from ja: 
.comphtet, we һауе not only to understand. the whole procedure: 
which would bring about the solution, we havé to akan express 
it alsoo This: procedure: ot: processor" atechhique ot nte. od which. 
‘can be regarded as a sequence ӨЙ! actions: taken ‘according’ to some 
specifed rules on some.specified objects to;produce.the- desired result 
is roughitly what we call an algorithm, Суво «ин Ьу-сһатсе- tead: 
the word’ ав logarithm ?. Notice , that either can be obtained from: 
the other by а mere rearrangement. of the first four letters; but their 


meanings are a world: apart ),... In. order {һай а procedure may 
qualify as ай algorithm, it must have the following: five: 
properties + _ ; fun ae іні есй 

"i. Finiteness:, - Consider ‘ther:task of writing: Р alla! 
decimal, where pg are positive! integers: ^ The procedure involved 19: 
quite simple. -We divide! рг Бу qandthe momentwe‘get'the' final! 


remainder. R, we.add ar decimal. point to: the quotient,’ multiply RI 


by. 10-and. continue: the process. of division efe. Thistis'a valie 

procedure for the task in hand. Now suppose p—1'and:g-s3. How 

long shall wega on 7. So long as our atience lasts us: How: long 

would computer carry on Рог ever (subject to thé physical failare, 
Miéiachine!): This a procedure ч 5 


of AME dure which does not terminate. after, 
a finite’ number’ ûf steps: is no g od in the context of computers. 
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Неге, we require that, our procedure..or algorithm must always 
terminate afte an ite number of steps. а. 


house ? “However, this is precisely the trouble. We see so many 
things (liat the other party does not. A ‘bread’ to us тау. be. the 
‘brand’ f bread we eat everyday” but it is just ‘bread’, any bread. to 
the other. "That is what the difference іп 1 
fo "tell What" you want’, is. You have. to express itin.the most 


terms which have à certain fixed meaning. This is where. computer 
anguages enter. In order that a procedure may qualify as an 
algorithm, it must be definite ; in the framevof reference ve are 
working in, it should do precisely what it is meant to do. 


2. 3. Input: /Aprócedure for Which there i$ no data to be 
processed 18 поё an algorithm. Suppose We describe the procedure 
fot'preparing'the топ ly salary o €mployees ina factory... If now 
. data ага nöt 'availäb] E any employee, What will be the 
result ? DP, “It is futile to talk about. such procedures, Thus 
an algorithm ‘mist have at feast one Input. Sometimes. zero inputs 
are'állowed by some people. ^" ML алд { : 
: Of necessity, an algorithm «must prodüce at 
ito theinput(s). o bobs 
Effectiveness)’ Last} bat not thé Least; 


Procedure. “By effective we тёап that’ 
with all its steps being suc that; іп principle, they c. 
person "using" pi T pencil іл а finite 


For: › arithmetic” Operations ОҒ. inte; er 
To sum Up, an algorithm is a procedure consist 
Tiles, and actions. which convey -a^definite meanin 
ity in а "given: context. > Тһе actions when 


obtainable: in a finite number of steps 
Algorithm formally as follows wo: è 1 
1 Dini tion. Ап effective sists of a set of 
dde M LIE з ditions den oet oí 


sequence 2 
EUG? 1o qui 10 ЧА 7 class of Problems, onthe.. basis of, 


ааа 


PASS pai batt E 
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14 Д 8 
algorithm. ib [aw Ww ЭЙЛИ ууз д гі 
2 «А better term to.use in place-of "finite"; could be ‘reasonable’, 
‘Finite’ may be disastrously big for all we care. Similarly, an 
algorithms may require so much storage that we.may not care to 
use jt at all. Thus with every algorithm there, js. associated. a 
measure of goodness. The study of questions relating to this aspect. 
of algorithms is one of the most challenging areas of computer 
science, but outside the scope of. this book. We. shall. be content 
to consider some basic features of algorithm and ways to represent 
algorithms. : оа 


1471. Representation of algorithms Т 


one оғ more inputs. in а finite number of. steps, is "known. as. 


Ё Ё ито 4 horna 

An algorithm as we have seen is a chain of thoughts meant; 
to solve a class of similar problems. We can represent it in many 
ways, ‘Some popular means are listed below: > 


1... Natural languages : We сап give the description in a 
natural language such as English, German, French and so оп, and 
so forth. For example, an algorithm. to solve a linear equation, 
.ax+-b=0, аж0, could be represented іп the English language аз, 
follows : 1 2 ! 


Compute the negative of the constant term. Divide it by the сох! 
éfficient- of ihe variable. The number 50! obtained. is the required 
solution. Suchstepresentations have many drawbacks. If ап 
equation is 3х--4--0, what is the number obtained on diyiding=—4 
by 3 7 Thus it is quite Vague to anyone who does not already know 
how.to solve a linear equation. . Other than vagueness, the descrip- 
‘tion, may. be. too long; the logic шау be difficult to follow and. 
certainly, the computer cannot process it. | 


22 Flow charts : Flow-charts provide a very effective visual 
presentation of algorithms, The logic structure of the algorithm 
‘becomes very clear in this mode. “It i$ possible to use the same 
flow-chart for representing the algorithm in any computer language 
whatever. It is possible to construct the algorithm in modules 
«independent sub-problems) bit by bit. To understand a flow-chart 


representation, one needs very little instruction, whereas, to under- 


774 А TEXI-BOOK OF MATHEMATICS. | 


stand an algorithm written in a computer language, one has to- 
first learn the language. Another great advantage of flow-charts. 
is observed at the time when we have to modify our algorithm either 
due:to the detection оба logic flow or due to a'slight change in the | 
problem. (7 2.4 r 


" 4 Computer languages’: So far as the implementation of the 
algorithm (running it Оп a computer to get the solution to a 
próblem) is concerned, this form of representation is the most idcal. 
This is the ultimate goal, but it is a very subtle job generally. | 
Before representing an algorithm „іп а computer language, it i8. | 
generally convenient to "understand the logic through a flow-chart 
ог pseudo-code (explained below). To present algorithms in a 
computer language, we must first learn and master it... When repre- 
sented in a computer language, an algorithm is known as a computer: 

gram. i А пі m 


5. Pseudo-codes: Pseudo stand , for sham, false, . deceptively: 
resembling. Coding, among its other connotations, means the | 
process of writing an algorithm by means of a computer language. | 
Thus а pseudo-code js not exactly a computer language, but some- 
what resembles “it. Pseudo:codes have gained in popularity over’ 
flow-charts becavse they ate “тоге (i) compact, (/i) like natural) | 
languages, and (її) like computer languages than are flow-charts. 
Pseudo-Codes \consist vof. expressions like “‘IF:..THEN......... 
eset WHILE scs DO. crue’, “REPEAT UNTIL... 
50:0п,80 forth... We shall soon, discuss them in detail. 


1472. Problem-analysis and Construction of Algorithms 


“Since an algorithm 18 meant’ to solve à ‘class’ of problems, we: 
must first understand the problem.” To do this, we must kind of 
take it apart and see what makes іє tick!" This ‘process of analyzing: 
the problem. is: bound. to: suggest.a method of solution in general, 
Once we can ес а) method of solution, we may:try to list the importe | 
tant steps in the solution, and:then elaborate each Step. | We сап 
then test whether it works. More -often than not, ме may have to- 
modify it. Thus there are two major tasks: at-hand-problem analysis 
(or understanding the problem) апа devising ап algorithm (or plan- 
ning the solution). ` 

-Problem-Analysis. The first stage in the analysis of а 
problem is defining the problem. More often than not, problems ате 
not stated so very directly. А little thought is needed to fix what 
exactly it is that we are asked todo. For example, suppose the 
problem is to find the best way to,reach a friend's house. Looks 
innocent enough! Yet there are two traps. First, what does way 
os 7. Does it mean. the route to be followed, ог, does-it mean the | 

ег (оп foot, ona cycle, on a Бц,....-,,..., ) in which to reach 
there? Suppose it is the route. What does best mean now 7 Does 
it mean the shortest route, or, does it mean the least crowded route ? 
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Thus а more precise statement Of arare is needed before we 
think of a method of solution. What is the fun in solving а wrong 
problem 7 ‘Understanding the » vocabulary of the problem is very 
important. Consider similarly the problem : Show that there are no 
more than 30 primes less than 100, А Casual student: máy start 
testing every number less than 100 for being а prime, omake the 
actual list, count.the number іп the list and show. that it is less than 
0 A little thought immediately tells us than We ате доб really 
interested in finding the primes, les than .00 аз such, and our 
labour may be reduced quite a bit. Thus d more complex problem 
(гап that given, might be solved and effort wasted; if; we do not 
precisely: define the problem. ‘Another danger .. involved is-that only 
a part of the problem may be solved. be ‚ лена: Бойда 

‘The Second stage їй | problett-analysis is ‘the identification of 
problem inputs and yaric bles. Sometimes’ this is étsy to dg at the 
problem definition stage itself. Тһе inputs consist of the datato be 
processed Бу the algorithm, etc. адады Head TAN 

"The third stage- in. problem-analysis, is the) statement of the 
goal(s) to be«achieved. This generally. involves.a; precise statement 
Of the output) and they format in which the output is required. ln 
case of scientific data, this is generally а straight. orward affair. Not 
so with other applications however, Business reports are either too 
crammed up with details (and hence not read) or too sketchy (und 
hence unsatisfactory). 

The.next stage is the most challenging of all, We must set 
ourselves how the difficult. task of collecting in formation. relative to 
our problem and the rules which тау, be, used. here is по set pro- 
cedure to do this and every problem may be a class by itself in this 
respect. That is why we hear the often quoted phrase : Problem- 
solving is ап агі.” Like. any art, it_ must be practised in order to 
gain skill, The best teacher here is experience, · А general wdy to 


proceed is to ask, outsélves some such questions : 


1. D6 Lufderstand each: and every term in the statement of the 
problem ? шу a 3 і 1 

2. "What information has been given 7 

3. What do I wish to find out? , 
24. What data are to be used ? І 

827 Whatdo I do to these data in order to achieve my goal ? 

6. What additional information, mot already © given lin the state- 

^ mént of the problem may be 1 

7.. In what format shall 1 output the solution’? 
( The Jast stage in the analysis of the problem is.to ask ourselves 
\whether the problem needs 40 be solved by, means of a computer at all. 
Use of a:computet is advised under tbe. presence of. one or more. О 
the following conditions : v ; 
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1. Too, much Computation involved. ^ › 
А problem to Бе зо1угд again and again for diffesent inputs. 


/3.. The solution requires the repetition of certain specified Steps a 
' large number of times. ; 


74. No set method of solution is known in advance; and experience 
must be gained through a large number of experimental ‘inputs 
in order to guess the form of solution. one 


"Once we have analyzed the problem, a\ method. of, solution 
сап be devised. It consists of a sequence;of'actions to be taken in a 
specified order on the given input and the successive intermediate 
outputs respectively, and produces ultimately the solution. The 
Various ‘states and. actions can be explicity. stated 45 the problem- 
space. of the given problem. Consider, for example, our solution of 
the linear equation ax+b=0, a0. Here, the input (а, b) іп this 
order specifies the coefficient of x and the constant term. We may 
call it the initial state xo. «The ‘procedure consists of taking the 
negative of b and outputting —b/a. This involves two actions, А, 
and A,. The first action А; when taken on the initial stage xo—(a, b) 
produces an intermediate output (0, 2D), Thus we may say 


° Ху= Aix) =A, ((a;5))=(@, 7-0). 


The second action A, taken on xı=(a, +b) produces —B/a, ie., it 
ые Miss “хэнээ Pay us qd Hence we may 
say X= Ag X= As((a, —b))= —b[a, or that А.(р, ФУ-а/р. Thus 
our problem space P is given as UY "uf 


Р(х хі, x2}, (Ai, Ai 


Неге (i) ху Ху, Хх, are. the. three states of the problem. x, is the 
initial and х, the final state. (И) A, and A; are the two actions. 
Input for the first action A, is the initial (first) state Хо: the output 
from Aj is the second: state ху. The іпрш for the second action А; 
is the second state x, aud the output from it is third state Ха which 
is the goal state in this case.» The problem is solved in two Steps. 


The problem we chose was ‘rather a simple one. Every state 
warranted а unique action. This in general, 4068 not happen. An 
algorithm js meant: (о solve а class of problems and’ different inputs 
for different problems. may. behave differently, The algorithm must 
cover are possible behaviours. Thus depending upon. the. various 
conditions a state may. satisfy, different actions may be warranted. 
For example, if D—5?--4ac is the discriminant of а. quadratic 
equation ax*-Ebx--c--0, then D: 0 gives complex’ roots and D 20 
gives real roots: ТЄ we are working in the "framie-work “of real 

“numbers, in the first ease our Output would be “nd real roots exists" 
and in the second case we shall have to compute the two real roots. 
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It may be convenient to show all this by, . 
means of a graph consisting of points 
called vertices or nodes and lines (straight = 
or curved) called edges. . The initial point 
ofeach edge is the state on which the 
action corresponding to this edge takes 
place ; the terminal point is the state this 
action produces, Each yertex represents 


(slate betore the 
action A, is taken) 


х 
2 


X, ({sîate after the 


a'state and each édge au action. Thus 4he c4 orfî , <асйоб AQ 
graph of the example we considered above wA ^ i 
consists ӨР three vertices: (states) and two "e dg 
edges (actions) 88 shown in Fig. 144. The ^|" 97096 9 
solution consists of the path? “ ob xy - 
2% Ауу Da Жз. 7 (оо! rote овас 
in 5 ба Fige 19. rst 


Coming back to the quadratic equation ax tb +с=0, аж, 

the initial state is the input state x= (a, b, ce, As a first step in th 

solution, we may calculate the discriminant D=b*—ac,. Hence let : 
Ау (x)= (a, b, b —4ac) xs E nabatea 

We cannot “afford to lose a and b yet: because they will. be needed. 


If P? —4ac <0, we wish to output “Мо real roots exist." Otherwise, 
we wish to compute az L- 94-08 420) Thus our graph at this 
stage must branch into two edges corresponding to the two actions. 


This gives us Fig. 14:5 (a), where А (хт) = “Мо real roots exist". Xy 
and A, (x) (a, b, Ч! (b!—4ac)) xs". The next action Аз in the latter 


(а) 


Fig. 14.5. 
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case is to output the two roots "as зын V (b* дас) ] and 


n шархаа 1 | “Hence же may define A pal 


AG de (ac Cota уу Cod exe 


In the fitst: case, the solution consists; of the path xo A, x, Аз ху. 
Та the second case, the solution. is the, pathy xy Ауху,А; X3" Agx, 
[Fig. 14'5(5)]. The initial or the input state хо is.called the root of the 
tree above and the output state Х ог xgas.the case may be, is known 
as the leaf. Thus the leaf denotes the output. 

Wondering at the terminology ? Roots ате below and the 
leaves above, right? Our trees are inverted if you do not mind. 
This gives us the freedom to enhance them as we build up the 


solution bit m "Sometimes-treesare also drawn left to right as , 
TM me earlier in (һе tèxt, It is more a matter of convenience 
than convention. ! i б 


Illustration 3. (Brahma's Tower or Tower of Hanoi). As 
the story. goes, in the Hindu Temple of Varanasi, there used to be 
three: diamond: pillars and sixty-four golden. discs, all of different 
radii, placed on one of the pillars in decreasing order of radii, the 
T T: { 43:24 ^ 


207 i 


Fig. 14.6. 


smallest being on top (See Fig, 14:6). Priests of th 
engaged in the task of transferring the discs “Нош tus Bos ts 
another pillar under the following conditions : 
ben AE a time, only one disc is to be moved. 
2. No disc can еуеге kept over a disc of smaller radius. 


COMPUTING,.. 1: a 719: 


Thus at all times, the discs оп every. pillar аге in,decreasing 
order of radii from bottom to top. The transferring work was 
carried out incessantly in the most effective manner (least possible 
number of moves to be made). The prediction was thatthe world 
would come to an end, the moment the transferring i$ complete. — 

Let us see how the various moves are to be made so as to keep 
the number of transfers а minimum. The solution of this problem 
uses a recursion technique. In other words, we assume we ‘know how 
to make the transfer when there are n—] discs and show how to 
solve the problem when there.aren discs. We shall соуег this 
aspect of the problem in the next section. At the moment letus 
cover the initial states. If there were only one "disc, the’ solution is 
straight-forward, Let us assume there are two discs. AT 


| 
(0,109,) 44 
д, 
Origin’ Other _ Destination ч "ad. 
(а) (b) (c) (8) 
Fig. 14.7. : 
m The.solution is easy and shown pictorially in Fig.147 (а) (о 
(4). Clearly, there are four.states and three actions in the problem 
space. ,Each,state has.a, particular. arrangement of discs. on the 
three bars. We may also make a provision for keeping. the. count 
of moves made till a particular state is achieved, Thus our states 
may be four-tuples. The first three co-ordinates indicate (ће, status 
of the discs on the origin, other and the destination discs ; the fourth 
indicates the total number of moves made thus far. Denote the 
states Бу Хо, X1, Ха and xs, and the actions “by ‘Ay, A, and Аз. We 
shall indicate the discs оп any Баг from Воот to top. Thus Xy— 
(DDr =O) х-(О;, Dos Т), x77. "T D, 25x C^ > 
г % 


D:D, 3). А 
p ip e 3 | ху 
‘Ay (х0) =, Аз (х), Аз a) =. Т d 
2 

i : | 
The initial state is xo and the goal ФА; 

state is Xs. қ | 
{ | х, 
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1473, “Construction of Algorithms > zor ^ 


е —Descartes 

This rule of Descartes is of little use as long as the art of divi- 

ding- remains unexplained... By dividing his problem into un- 

suitable parts, the unexperienced problem-solver may increase 

his difficulty. =~ Leibniz 

This then being the state of affairs, we shall not devote much 

time on tbis phase except Гог pointing out a style (viz., structured 

Programming) of problem-solving which 18 gaining popularity 

amongst the computer-scientists." We shall also dwell on the main 

control Structures of this style and express them through flow-charts 
апа psetido:codes.- 


have to repeat à process again and again in Order to achieve our 
goals like “reading a number” and “sum=sum++-number” in illus- 


me as a 
Surprise to you. . Any reasonable Problem which has a solution, can 
be solved by some combination or the other of the above three 
constructs or operations, Two Italian mathematicians Bohm nd 
Jacopini proved that the flowchart for any procedure can be bulit 
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by a suitable combination of the flow-chants;for these itheee/basic 
constructs. 4 5 

si! А flowechaft!is а directed graph Whose vertices are thê' Various, 
boxes; the flow: lifies*being the edges; ' There afe three Basic’ types 
of vertices —function vertex, Boolean’ vertex’ and” collecting "vertex 
shown in Fig; 148 (a), (5) апа (c) respectively. Earlier, in 
our flow-chatts, collection vertices ‘where two incoming" branches 
mérge and pass control to'a single brafich, were not shown 'explicit- 
ly: A''collection vertex is shown’ by a small circle instead of а box. 

5 >$ А В” Of 92 ! 9H Е 31 10 3 


З uf rwodr 6 Medo-woft 9 mobs 


1 ог 01886 Щй 


х Ч REDL 


© 


(b) 
Fig. 148, 
S above is called a (program) statement and B is known аза Boolean 
expression. | [ M s 

We now describe the primitive flow-charts and tbe pseudo- 
codes (written bold) corresponding to the three basic operations 
sequence, selection and repetition. | ! 

а) Sequence (or composition) : | ГО? 
х The сос: "do S1; S2". Do may be omitted. See 
Fig. 14 9 (a) for the flow-chart. 2 


нё 149. 
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2221 The pseudo-codeiis,“‘if B then 5,:е/ѕе, 93”. . This'means if the 
Boolean expression Bis-true(T),-then the program): passes. control 
^10. Sand. the statement S, is.carried. out. Otherwise [B is false (F) | 
-control goes to.the other branch.and.$, is carried out. The flows 
-chart is-given in Fig. 14:9(5)..A. special.case of ‘if; B-then.S; else 5,” 
„often encountered is," i£. B then.S’’. Іа the general case, one of the 
two actions S, and.S,,is bound. tor be taken; In this case, the- action. 
55 is taken only if В is true ; otherwise no action is taken and the 
1350) passes further down. The flow-chart is shown) in Fig. 
14 9 (c). | 


(с) Repetition (or iteration): 


A repetition is characterized Буга loop in the flow-chart. There 
sare two basic-forms of this.operation, A statement S is repeated 
again and again so long as a certain condition is satisfied, j.e., а 

Boolean expression has the value T. Sometimes we-are sure that 
the condition is satisfied іп the beginningiso that the statement S 
-is carried out at least once. В is tested after that. Subsequent flow 
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of the program.is.detezmined, by the result ofthe. test; Thigisitua- 
tion shown. in Fig... 1410(2) and the, pseudocode for. “4,5. 


Sometimes е: condition! Bis- tested right in the: besini and 
the! statement S gets control-only when B: is true. i Quite: likely; В. 
is found false the first: time'itself.. "Then.S need:not. be: carried: out 
еуеп once. Such:a loop ог iteration is:expressed: as "'while:BidocS!'. 
The flowchart is showmin:Fig. 14:10 (b): : 

Any flow-chart based on these primitive flow-charts is" known 
as a structured flow-chart'and the corresponding daa i illi ms 
аге known'as structured programs. All st ructured flow-charts h 
single entry and single exit. 

Example 1, An expression А may be negative, zero or posi- 
tive. Accordingly, actions S1, Ss, Sq are to be taken, Make a structu? 
“гей flow-chart to describe the situation and'also giverthé! pseudo-code 
equivalent, : 

Solution. Let the Boolean expressions B and C be defined 
AS jb е 

В: А« 0: .С.: A=0.. 
"Then the.required flowschart.is given, jn, Fig. 14:1L.and. in pseudo 
code, ERN in the, adjoining + n Apes 


| M Bthen do S, 
else If C then do S, 
else do 5, | 


Fig. 14/11. 
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-*^' Notice tat heré we Combined "two" if-then-else statements to 
Consider а condition’ which*had'three’alfernatives! ^Whén such is the 
case, the successive if-then-else statements are indented ; 'then" 
and ‘else’ ате written one-ou-top-of:the-other fashion.) In: terms of 
flow-charts;' such.:a tsituatïon™ generates! а: Joop "Within “а loop (i.e. 
nested loops). \ А cóndition: with more:than three alternatives сап be 
covered by using more diamonds (or more nested loops). This means 
that the. innermost else and) then form опе statement ; then the 
next innermost else, and then are to. be combined, and so on, so forth. 

In.t d M t, the various elses and, thens bove like. nested- 
brackets. associated else- then should d Бе written one оп-іор- 
of-the-other fashion to facilitate understanding, See, £g., the follo- 

Xing nested men 2 Мао БИ 

Ex 


“KB then If C then do S, 


else do S, while D | 


8 anos 
else do 379; 


“You must have realized that’ our flow-charts ‹ сай ъё уегу messy 
and the pseudo-code equally 50, if we аге faced with the task of 
handling a condition with several alternatives. Thus. even though 


14g0MPUTING ^^ 7008-0077 785 


Bohm-Jacopini’s constructs are sufficient, they are not the most con- 
venient or natural to use. We shall consider two easy and convenient 
alternatives, one to avoid the nésted loops and one to facilitate the 
repetition operation, — 226 
The case construct : Тһе сазе construct. is а generalization of 
the if-then-else construct. е cases аге the various alternatives. 
Instead of nesting the loops by two branches going out of each 
Boolean vertex, we may send out'several branches one corresponding 
to each case and them collect allof them bysa number of collection 
vertices to send outa single branch. «The: flow-chart. for the case 
construct is shown in Fig. 14°12, where it is ое МБА there aren 
cases in all, the jth case necessitating the implementation of the 
statement Sy. The pseudo-code is given іп the'adjoining frame. 
14 75, Examples and More Pseudo-code ^ с 
We shall now. solve some Nero rad The following terms 
would be used as part of the pseudocode: — = ^ 
212218 Get. To fetch values of variables. Thus ws has the 
effect of making the value of the variable.x available for the rest of 
the program, _ : 2 ye, 

Remark. .Variables.in the context of ‘compuiers need not be 
denoted by single letters like x, у etc. Generally one prefers to usc 
mnemonics (the first m silent; а term. s of the meaning) 
consisting of several letters. ‘Thus TIME, NAME, INT, SPD may 
be variables whose values may be times, names, interests, speeds 
respectively. ] 

2. Put: To ou(put the result. Thus “put y" has the effect 
of outputting the value of the variable у. Whenever we use double 
quotes in a put statement, whatever is enclosed within the quotes, is 
reproduced exactly, Thus the effect'of the put statement 


is the output 8 


HCF is 11 


where 11 happens to.be the current value of REMA. 

> .3..,Commenti» Is used: to. write аг comment ina program 
written іп а pseudo-code. 5 

4. For. This is used for repetition when we know in advance 

as.to how many iterations аге required. Jt avoids the testing of 
condition for getting out of the loop. After the Specified number 
of iterations, the getting out of the loop is automatic. The format 
of the for construct 18”: 4 W коі 
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LL mom 


where (0)7118 à numeric variable name or identifier, 
(ii) Joiis.the, initial valye of J, 
Git In is the test; value.of, I, and. 
»(iy) his thesstep:or:iimerement : (or odeesament) oby» which, the 
value of Tiis:toibe changed each. time; 
"Thus 'f£ox.1—0 to 100. by 2 
i/do:S3UM«- SUMI". 
has the effect of addipg.the, numbers 0,2, 4, ---,..100. ta,the value of 
_the identifier SUM. 
|. Remarks. 1. The 65.8 soon as tlie value of 


greater than Hi test PA i (RU is taken only till'the 
UI 18 less;than ог equal to tlte зэм Walue, ‘assuming that the 


ede step is positive. 
When the step is 1, itis geaerally not mentioned. "Thus 
"for Ее to 10-by 1” "is generally written as “for I=b t010”. 
3... Yousmust:be;carefu] while using the Бөх statement lest you 
1 жесіп an infinite/Joop. Жог example, if. you use 


for | = 1 to 100 by -2 


you will getsinto the infinite; loop. dol m3, «Since. the -value 
of I is neve 4-2 exceed 100, the process "would never terminate. 
On the эйе 


for |= 1 to 20 by 9 uf 


would result in action being taken for I=], 10 and 19. 
© 4. Generally, lisa subscript when used in a for statement. 

You are used” to ‘writing зни vatiables astar, ад, --, an etc. 
and say “а; for ры 2, -., п", Неге, wei use ythesnotation АП) 
rather than - etc. 

dà v 4l. "Write a program in pseudo-code чо calculate the 

ў HCF. o positive i integers. 4 БЕ 
Solution. We can begin with problem-analysis. 
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DES TS 8; dni the: preblem. nged.:to be:defned.or paid 
attention;to;?, HGF: Ре Рааго Р 
2. What are the inputs ? ' ‘Two positive integers 'M and N. 
| 3 What is going to be the output ?. A positive integer. 
44. What is)the telationsof the-output:tovthesinput-? It is the 
ЛНСЕ of the given numbers. ^t 


5. Are any methods to find HCF of two giyen numbers 
known ? Several! In fact Euctid's algorithm in this connection is 
famous; |. A^ more «modern: approach vise to write thé-primefactori- 


zations.ofm andinas 


pi tps t pi" and pip, e ру, HCF—p; prt pat 

where-rje mins (wy, т)! for caghy Aly 2, Ж. j2 eri төз 3181 
6. Which method shal? Бе ‘adopt’? “Old! is “gold !: Tet usse 

Euclid’s-algorithm-;the-word-a/gorithm-sounds-sweet. 


7. What variables shall we need? ...Let us see what we-are 
going to do ; that will spell the variables for us. We begin by divid- 
ing the greater number N by the smaller number M. (That means, 
the first step is to be identify the smaller of the two given numbers.) 
If the remainder is zero, the smaller number which is the divisor, is 
the.HCF. Otherwise, if R is the remainder, then OR «M. We 
now begin the same procedure a fresh starting with R as the smaller 
number or divisor and M (the earlier divisor) as the dividend. This. 
spells out two things : . А 


eise ГМ < Nthen SMALL 4— М. BIG—N ^ 
“else SMALL A= NBE ж М. 


'REMA <=: тетаїпбегїгот. BIGi? ++ SMALL N 


Mlle ЙЕМА 40. ‹ 
deBIG Fr SMALL М | 
: SMALL REMA - Х 
REMA'«- “remainder from BIG > ‘SMALL! 


put HCF “SMALL 
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bisa (a) Weare góing:to use'repetition) How long shallwe iterate 7” 
Till the remainder is zero. Thus the condition to be tested 

и въз for looping is. Vremainderc-zero". „ еду 
(B). Since every. time, the. divisor, the. dividend, and the re- 
T mainder get changed, three variacles are needed. Let us- 
call'the-divisor: SMALL, dividend BIG, ‘and’ remainder 
REMA. When REMA is zero; the value of: SMALL (the 
su, , divisor) is the output НСЕ. The. logic is complete now. 

: -.., The algorithm is given below, | à 

Ус Remarks 1. (Once we have written the algorithm, some: 
imporovements generally become obvious. We could-have cut down 
the first step easily. It won't hurt us even if we were dividin g the 
smaller number by the bigger ; it only giyes a zero quotient and the 
smaller number as the remainder. ‘Thus Yhe traditional steps would 
start from the second step of our algorithm, but it would save us one: 

. nested loop. [ji We couldybegin as follows : ! y 


get 1 Ммм. 
ве <> M. 
"SMALL: «^N 


те 


|Comment We do not. worry if M is actually the smaller number; 
КҮҮ с for aliwe cate; Малд N'couid be-equal even, 1 j 


. i . | 


The steps from fourth onward remain the same. 


2. Generally, по ‘algorithm’ 48 ready: to*be-coded into a 
computer language, the first time it is written. Some steps always 
need refinement. For example, the assignment statemetit concernin g 
REMA needs modification. How does гдурршег divide ? Strictly 


speaking, it can only add and subtract. carries out a division by 
repeated subtraction of the divisor from the dividend. Hence to 
divide М by М, it/^will first get- М--М, then- (M-N)—N, then 
((M—N)—N)—N and so on, so forth, till the difference falls short 
of N. Ifwe take this aspect into consideration, our algorithm 
would keep on doing M—N, suitably modifying the values of M 
and N all the time. “This observation puts a new light on our 
, method.. First of. all notice that)so long as the task of ‘dividing M 
_ by № is not complete in the traditional sense, the various (M— №. 
` above would be greater than М. шасі, the first M—N is О.К. 
-Second time, we evaluate (M—N)—N. Thus we have made the 
assignment М=М=; M has been modified. Again we perform 
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М— № with this new value of М. If M—N>WN still, we again 
M-«-M-—N and contiute in this fashion. What happens if M-N<N 
at some stage ? If M=N, next time a zero difference would be 
obtained and clearly this ean happen only if M is a multiple of М, 
say M=KN for some positive integer К. In this case, the HCF is 
clearly N. If on the other hand, at some stage we find that 
M—N<N, then it means that this latest M—N is the remainder 
obtained when M--N is performed traditionally for integers. (You 
better take the values (i) M=18, N—3 and (ii) M=18, N=4 to fix 
the ideas, and perform the two divisions M--N as repeated sub- 
traction orally. At this stage, Euclid’s algorithm tells us to 
interchange the actors in the'drama. The divisor is to become the 
dividend. Hence MN ; remainder is to become the divisor, ie., 
N<+M—N; we again subtract-repeatedly. If at some stage subtra- 
hend N becomes equal to the difference M—N, it would indicate 
zero difference (classical remainder) in the next step, so that we 
know that N (divisor) is the HCF. ELSE, we again do the required 
switchings in M and N, and continue the process. This tells us that 
only two integer variables x and у are needed. This algorithm in 
the form.of a flow-chart is given on-page 789. 
р Example 3. Write an algorithm in pseudo-code to evaluate n 1, 
n<]. 
Solution. Any special terms in the problem ? Yes, n! What 
does it stand for? лХ(7-1)Х(л--2)Х.....Х2Х1, Input? A 
positive integer greater than 1. What would be the output? A 
positive integer. Any methods available already 7 No need to 
worry; we only need to multiply a few numbers. What variables 
are needed ? Since we are going to. multiply again and again, we 
need a variable to hold the partial products ; call it X. Since there 
are n numbers to be multiplied, shall. we have п input variables ? 


n 
. Xen 
3 Yen 


.. QCeffiment Х is the output variable and holds the partial products 

\ Эн during the procedure. Y gets the various terms with which 
\ We go on muhiplying. p 

4. while-- Y.» 1 do 

Y «Y —1 

Х<-ХхҮү 


15: PUES “nije equal tox", 


v 


Л 2 бар 


Jud 4 2 " 345% “оға 
That-would.be stupid: -Each number. is just гове ‘less than the 
previous one.” М/е-сап/швеопс тч eee and pan А а 
fying cit.) Our method to compute the product? .Lct.us compute іп 
the order—n, nx(n—1), (пх(п—1))х(л—2),„.., (Coren) 2) % 1. 
Thealgorithm іпгрвейфо-сойе isgiven оп-раде790. |... йу 

‚ Remark: It'is always'a good idea to take special values and + 
verify, by following the instrüctions, that the am:-does what it 
isomeantto® dö. Sth a verification is tracings: Letus- 
tráce'thís alforithnpfor w=4: The first step fetehescus» 4 Initially, 
IA e (sters 2 and 3). i" beds ет ce maie e We 

‹ \(Не'ойтгёп(!уаїй@ por Y isgredterthin-l. | Sotheséquence 
of Statements following the dé would-be cárried«out. This:gives. us 
Үеэ4-1(-43), X433 (8:12) (euftent'valuesvof Xcand: Y were 4 
and: respectively): Nowethis/procedure-is o'be'repeated во tong: 
as Yremains greatet^than; боле again rerforimthe loop. 

(d) "Y 3» 1: Нейее 23-2102), X12 x 2(7924).: 1 
(bY Y «27-1. Héride Y4-2— 1(291), X24 1024): 
(с) Ү--1 97: Нейсеме getoutoftheloop; ^. - ‘ 
The’ next statement tells us to give tlic'outpüt'ánd меди: 9 


We cam/use another method to ‘compute, т! which: has, at 
least, a i theoretical charmof its ownw | Generally; to define a term 
or conecpt, we'use'other terms/and-concepts:whichare known to us 
already. However, а term-or concept: is-quité often. defined in 
terms; of. Ц861 7100: ^ Forexanple;: лэ! эрж (n1) 12 Thus: you 
would know л J if»you'knew:(n- 1) t By-the same reasoning; (n— |)! 
—(n-1)X (m—2) ! Tfhosyou'would know tz 1)! if you knew (n2) ! 
The argument? goes) оп till лүе come: face: to! face» with ı1 | and 
ultimately 0:1; We “now defind Od ав 1. And there’! we have almost: 
tduched theosky. ^ The moment 01:16 known, «we know] !, and 
therefore, 2 !, and hence 3!, and ‹Нейое-4\!, ап4 һепсе what mot! 
This technique of defining something in its own terms, is known 
as recursion, А relation like лїтлХ(7-1)! is knówn as а 


get м! 


FACT (0) 4-1 1 
Comment! FACT is a function/procedure which computes the factorial 


Thus FACT (М) returns the value Ni 
for METION 
«ОҒАСТ М- MXFACT (М-1) 
put РАСТ (М) 
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recurrence relation. Recursive algorithms are easy to write but 
require alot of storage and computer time at the time of imple- 
mentation. There exist programs’ which convert recursive algorithms 
into non-récursive ones, Let us write a recursive algorithm (о 
compute n !. БЫ 0Х 

Example 4. (Fibonacci sequence) Jn ‘the beginning, there 

is one pair of rabbits, a male and a female. Two:months.later, the 
female rabbit starts giving birth to alike pair of rabbits.every month. 
. Each female. rabbit wat sod in this fashion. : Write an algorithm to 
show the number of rabbit pairs at: the end of «each of -the first К 
months. .Аззите то rabbits die. 

Solution. Clearly, at the end of the. first two. months. there 
із only, one rabbit pair. In the third month, the female gives birth 
and thus there are two pairs. During the fourth month, the first 
female produces another pair and there are three pairs at the end. 
During the fifth month, the second female also gets into the. process 
Of re-generation and two pairs are born this month. - At the end of 
the fifth month, there are five pairs. Thus the first five terms in 
this sequence, known as -Fibonacci's sequence; аге 1, 1, 2,3, 5. 
How many pairs would be there at the end of the nth month? Let 
us call this number T(z). Thus Т(1)--Т(2)--1, Т(3)--2, Т(4)--3 
etc. There were T(n— 1) pairs at the end of the (n—1)th month and 
Т(л—2) at the end of the (n—2)th month. Now T(n)=T(n—1)+ 
tabbit pairs born during the nth month. How many rabbit pairs are 
born during the nth month ? Exactly as many as there were females 
of age at least two months. But this is equal to the number of rabbit 
pairs present atthe end of the (n—2)th month. i Hence 

150 T(n)— TG— 1) -T(n— 2). « (A) 

This gives us the required rule to generate the successive terms 
of the sequence or the required number of rabbit pairs. 

Since we know the number of months in advance, we shall use 
the for statement. Using the above notation, T(1) and T(2) are to 
be assigned: the value 1 each separately.’ For n>3, we can use the 
relation (A) above to compute T(n). ‘The: algorithm to'compute and 
list the various terms is given below. , 


Get K 

TO 51 

т(2) — 2 

for N23 0K 
do 


T (n) = T (n-1) + T (n —2) 


T (n) 
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Example 5. Write an algorithm for the, solution of Brahma's 
Tower with N discs. o: W igirur ығы 

Solution: Ав before, let; us label the bars ав ORIGIN, 
OTHER, апа. DESTINATION,. but. the discs as ОП), D[2),......, 
DIN]. As. discussed. earlier. the following. recursive methody of, 


solution may be adopted. қ wang уй 


«ШИР, 


Origin 


© Fig. 1413. 2 
. Move the top (N—1) discs. from. ORIGIN to: OTHER, 
using lis DESTINATION bar for intermediate piling, (Fig:14'13(5)) 
Let us write this action as MOVEPILE (N—1, ORIGIN, OTHER, 
DESTINATION). AE pi 
2. Transfer D[N] from “ORIGIN: to’ ‘DESTINATION. 
(Fig. 14°13(c)). Let us write it as MOVEDISC (ORIGIN, “РББП- 


NATION). | 
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3. Move the N+ Раісе from’ OTHER «8 DESTINATION 
(Fig. 14:13(4)), using ORIGIN for intermediate piling; 7.é:, perform 
MOVEPILE (N—1; OTHER; DESTINATION; ORIGIN); 

s^, phe procedufé consistitig of the above’ three’ steps" із: labelled 
novels (N; ORIGIN, OTHER; DESTINATION). The 
recursive program is written below : 


get N 
MOVEPILE (N, ORIGIN, OTHER, DESTINATION) 
while N > 0 do 
MOVEPILE (М-1, ORIGIN, OTHER, DESTINATION) 


MOVEDISC (ORIGIN, DESTINATION) 
MOVEPILE (N -1, OTHER, DESTINATION, ORIGIN) 


2. 


се Remark, Notice that MOVEPILE (М) requires 
MOVEPILE (N—1,....) to be done and that requires MOVEPILE 
(N—2,......) to be done, and that requires MOVEPILE (N —3,......) 
to be done and so on, so forth. When we come to MOVEPILE 
(1,-—) the next statement MOVEDISC (=...) is performed after 
which the MOVEPILE starts Piling the disc on the destination bar. 
қ EXERCISE 14 (c) 1 
1. Which of the following procedures аге not definite ? 
(а) Compute 9/3. (5) Compute 9/5. (c) Divide 72 by 3 or 
4. (d) Remainder obtained on dividing —15 by 2; 
2. Which of the following ate not effective procedures ? 
(а) Divide 9 by3. (5) Divide 9 by 7. (с) Find-the~ greatest 
Prime number. (4) ‘Measuring ten given line-segments. 
3. At what stage might each of the following - operation be done 
in solving a problem ? 
(ж) Precisely defining ‘the problemi: 
(B) Identification of sub-problems, 
(c) Listing all the inputs. . 
^. (DO Listing tbe/aesifed'outpuls. T) «qoi. i 
| @ Бей stab татаас fO thi occutritg variables. 
“(AY Exploring telated algorithms, —— 


4- Write ‘oblem врасе ог the algoritlim:of fidi route loss 
қ RN ae r given. ! ” e bi 
5. What is meant by structured programming ? 


6... Огаууа structured. flow-chart for the following algorithm: ” 
(a) if B then do S; :5,: 5; 

else if C then do $,; S; s ! 
else do S, ола 

(6), ҒА then if B then do 5,; 5, 
else while C do 8, 
: else do S, Via даівадоот Testi 

7. What does tlie following algorithm do ? k 9 


y 


get вц}... RIN) 
М <А] 


J 41 


_ olf). Na, 1, themstop 
2 'efép'far Kai 2'to'N'do 


if M < R[K] then M < R [K]; ЈК 


alu 2510 01418: 


8. What would be the effect of the following assignment- states 


ments ? 
(4) ТЕМР--А (5) А--В 
АВ. 5 tx ТЕМР ХА 
JB TEMP. . ў В<ТЕМР |, 7 


9. Write an algorithm in pseudo- -сойе :to: calonlate:. the LOM of: 
two positive integers. Would it be of help to use, the: algorithm: 
{Өг finding tlie HCF'if thé'sante «is алайды: Also draw the 
corresponding föw-cHart 7” 
10., . Write.an algorithm in pBirudo eode and make a flow- єнї ө 
Ж of E н 
(a) evaluating the expression eure for givens qurbane 
a, b, c. 
(b) summing two тхл matrices. xvin : ust 
(c) evaluating "С, for n=0, 1, ЭЛИЙ, 
(4) finding the arithmetic mean et n numbers: 
SUMMARY Va 94 
Computer (System) 


em consisting of a CPU and input-output  аниугаран доной 
анга ББ ‘of accépting data; ocessibg these” thése: datav automatically” 


according to i кезеді байсаан сэт and then giving out^this'procéssed: data-ine 
the form of information. i 
Tésthction' 

A statement which tells a Eat to take:some action; : 
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Input Ў ۴ 
“ар encering Data fed into a computer for processing. (Also used as а 
verb. a> 9 i 
Arithmetic logic unit (ALU) { 

Component of CPU which performs the arithmetic and logic operations. 
Control unit (CU) 

The component of CPU which con: 
computer, ж” 
Central processing unit d 

Component of computer consisting of ALU, CU and main storage. 
‘Binary ; 

А two-state system (represented by 0 and 1), 


trols the sequence Of factions in the 
Ww el 


Bit 
Abbreviation for a binary digit (0 or 1). 


A set of rules which transforms data from one representation into 
:another. 
Algorithm 
An effective procedure which consists of a set of definite rules (steps), 
‘specifies a sequence of actions that provides the solution (output) to agiven 
ee of problems on the basis of one or more inputs in a finite number of 
steps, 
‘Flow-chart 
A graphical representation of an algorithm or the logic and the structure 
-of a program, 
"Computer program 2 ” 
A set of instructions which tells the computer what to do. 
Programming language 
A set of words and their grammer, used to write computer programs, 
Machine language Y 
‚ A low-level computer-dependent programming language made up of 
zeros and ones intelligible to computer; - 
High level language , : 
“2. A computer language made up of words from natural: languages, mathe- 
matical symbols and terminology of the problems it is meant to solve. 
Simulation | - 


1 


ie 


Mimicking of the behaviour of one system by another ; technique to Î 


imitate part or all the behaviour of a system on the VDU, 
Visual display ünit 3 
A TV-like device (equipped with a keyboard), 
‘Ways to represent algorithms am 
(9) natural languages, 3 
(5) decision tables, : 
(c) flow-chart, | \ эа 
(4) computer languages, мама 
(e) pseudo-codes. 2 
eties} ' of writing algorithms in terms 
ЕН кыл a en ж 
Alan; уй imi: u i 
"esi nage having celi lary and resembling both . natural 


of the basic. operations of sequence, 


Vati d er a a 
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оюл тльюын 


15. 


EO listing. the sixth 10% of Pascal's triangle. ' 


REVIEW EXERCISE XIV 2-2 зн 
Describe the basic structure of a computer system. . 
Describe the functions of ALU. |... toeni a 
Classify computer storage. ; 
Write a short note on input-output. керн 
Distinguish a‘typewriter from а KBD.. 
Explain the différences between the low:and higher: 22 сош- 
puter languages. 
What is АРА 7 Who was ADA ?° 
Explain all the flow-chart symbols: 2777 үзө. А 
Draw the flow-charts corresponding to the” three. basic opera- 
tions, of sequencing, ‘selection and repetition. 2 
Give an example to show how the ‘use Реан 4 тау 
avoid nesting a loops. , 
What are the. basic characteristics of a ол algorithm 1 
What.is meant by pseudo-code 7) 
Odd ball. In a collection of 9 similar looking balls, one бай 
is a little lighter... Show that two weighings are sufficient to- 
identify the lighter ball. Write a suitable algorithm to do that. 
[Hint : Begin by putting 3 balls. in each pan of the weighing 

scale. 
In the ший ЧОТ if it is not known as to whether the odd 
ball is a little lighter to heavier, then show that three weighings 
would suffice.’ Modify your algorithm to consider this situation. 
Write ап algorithm and draw" the flow chart for a of the 
following tasks : io 
(b) matrix multiplication. х 
(c) testing whether a given positive integer X is а prime. у 
(d) generating 100 terms of a GP with common ratio Капа 
first term A. 
(e) summing the squares of the first n bend numbers. 
(7) updating a bank account when a буган has been drawn 
on the account. 
(g) arranging N given numbers in ‘ascending order. 
TEST YOUR UNDERSTANDING XIV 


(1114-0111) equals 


- (à) (1111s, (5) (1111) 


(с) (10000), Ке (11110), 

where ( )s indicates мин representation, 

In a flow-chart, the statement “Add overtime to pay" would 
be enclosed in a 

(а) parallelogram, (b) rectangle, | 

(c) diamond, (d) circle. üt 


098 


3. 


ь 


th 
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The statement *‘haridble/expression’’ is 

(a) a control statement 

(6) an input statement, 

(c) an assignment statement, 

(d) processing: statement. l 

Initially, N=2 апё:А=3. | Theiwalue-of N: after the execution 
ofithe.three:statements: IN«7N--1, A«-AdN, pand № N EN, 


(0.5.96) 9, (962; SA) now ЙЫ, 


A selection is made at 


(t Заалт Bator “Халид 


6%; Цен * loop in ен aM the operation 


. (а) s ence, selection, ` 

20; i ition, пай, none of these: 

А va loop, in a flow-chart amounts to' a case statement 
(a) 0 alternative; " (b) 2 alternatives, 

€) 3: alternatives, f (d) none of these: 


‘For a computer algorithm to be good: (efficient), which of the 
following should be maximum as against minimum ? 
pes execution time on,compnter, 


9 f Re “ЛҮН Aa BE sing for modification, 
) development time. 

Of 25 similar looking... go ld coins, one is a bit lighter. The 
minimum number of weighing Sieg % Зан it is 


ЕХРО. ж— 0, 
NUMBER <— 1 
„Whio ^ EXPO.<10° dò 
“NUMBER *— NUMBER : “2. 


ЕХРО-<- EXPO + 1 
,Print NUMBER 
Comment. * above indicates multiplication. 
Qi м 4 3 


outputs 


emi EES‏ رجاب فد ف کے سے سے د 
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(а) 1,2, --, 10, :)2,: З, Ы, 
(c) 2,4, 6, -..,20, RAR, e. 


Writing the history of something invented in:this;century might 
offend the Historians. Hence, computers. are excluded from this 
note except to-record their geneology. 


First generation computers (early fifties) + These computers used 
valve for the.two states 0 and, 1. "They-were bu and produced a 
large amount of heat. They жеге costly and failure-prone. They 
‘used punched cards for.storage. 

Second generatson computers (mid fifties.to mid sixties) : Valves 
were replaced by transistors which were small, cheap and did not 
heat up quickly. Started using magnetic. media. Became smaller, 
cheaper and more reliable. 

Third generation computers (mid sixties to mid seventies) г 
Based upon integrated circuits (chips). instead of transistors. They 
chipped in А big way. Became, much faster and eeheaper. Software, 
‘however, becomes more.sophisticated and more costly. 

Fourth generation computers (mid seventies to éarly eighties) : 

Based on very large scale integration (of chips). Hardware 
‘becomes yet cheaper. "Software keeps the upward trend. 

Fifih generation computers (under way): Use ultra large inte- 
gration. These are.supposed to be thinking machines and have 
access to stored expert Knowledge. , Use.parallel,oricon current mode 
of processing as pU the usual sequential processing (one instruc- 
tion at a fime). | Tint einiges m. iey,briug about 7 | Keep, your 
‘fingers, crossed з wait and watch, à 

. Word. álgarithm, derives.. from, а. certain »person, named 
eiie Me он: 5 son of Moses апа inhabitant: of: Kho- 

,Warizm"' (Abu Jafar. Mohammed ibn, Musa .al-Khowarizmi).., Kho- 
iWarizm.is known today аз, Khiva,.and is a small.city in. USSR. Al- 

:cKhowarizmi.wrote:a book:Kitab. аг jabr wal-mugabala: (Ас<Бооіс of 
rules of restoration and reduction). Маі book Contained soi ;rules 
regarding the arithmetic which Al-Khowarizmi had picked up from 
the Hindu‘ works ^ Al-Khowarizmi'$ name got associated: with these 

‚ rules.and.in time deformed into algorithm. Before, the Greek idea 
of formal proof, ari s ee WAS: эртэч борга 
procedures were. stated, to achieve certain goals without. „proof. 

Interest а jobs:done. Computers have. turned) .the 
‘balanceagain, We are again. getting algori thmic in style;.only:there 

16 a-lot of hair-splitting as to ‘how much computer time, storage, 
program code‘and'so on would it take. "Whether it is suitable for 
computer or not; how to improve it, and so on, so forth. It isa 
"really challenging and rewarding field’ to work in. en 


Ka 


әна 2 Жолшы PAM 
2212727 KARE FRIEDRICH GAUSS (1777-1855) 


8 эт ? 
реге is а mathematician who can be regarded as. а milestone on the long 
 CircuitoUS ‘criss-cross road of mathematical evolution and revolution, itis- 

Gauss, born in Brunswick, Germany оп April 30, 1777. Mathematics before 
, and after Gauss were much different because ofthe rigour introduced by him 
“(and Catichy and Abel): He is believed to be last шал who knew all the mathe- 
~ matics/of his time. i TA 7321 ділі эй 

Зу, Ques entry into mathematics was almost providential, Had he not been 
ае to construct a 17-gon with an unmarked ruler and collapsible (asable only 
“oliee) Compasses, he would һауе beenia linguist? As it happens, the. 17-8on 
».decided Gauss in. favour. of. mathematics. | He put down this result in a 
,, 8mall diary which ultimately became the most fruitful shortest diary of all times. 


ant hs Toots of almost all modern nume rical techniques are. present. in the 
о ОҢ in опе form or the other. Не was ihe first to deal systematically 
; With the subject of numerical stability. "His method of elimination of solving 
“equations is уе! {һе most popular. > Я i В: 


8 of Hanover justly ordered a medal Which hailed Gauss as the 
Prince of Mathematicians, "^ ^ 57 5 FT Жы 


$ 
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Numerical Methods 


151, INTRODUCTION 


Do you like detective stories ? If yes, do you know why ? They 
say that people like detective stories becuase they are full of surpri- 
ses. If that be true, you should like mathematics too, since it is so 
full of surprises ! Do you know that your usual laws of commutati- 
vity and associativity etc. in the context of addition and multipli- 
cation of real numbers may not be valid while you are working 
with your most sophisticated technological toois—the calculators 
and computers ? Would it come asa surprise to you that a com- 
puter cannot solve a simple equation like x*—2=0 10 get the roots 
as 4/2? Moreover, that what it calculates as a root to all pur- 
poses and contents, may not satisfy the given equation, in the classi- 
cal sense at least ? This chapter is aimed at presenting and solving 
mysteries like the ones mentioned here. 


Recall that numbers like ¥2 which are a plaything for the 
mathematicians are nothing less than monsters to a computer, The 
reason is that all numbers must be represented as а finite string of 
symbols in a computer. Hence a number like 42 can never be re- 
presented exactly in а computer. We сап only have as good an 
approximation to itas is feasible or desirable. This is опе good 
reason why computer arithmetic can never be as‘ exact as we are 
used to having so far. Yet, since there are important problems 
which can be solved only by means of computers, we relax the 
bounds of our accuracy a little and accept the approximate numeri- 
cal solutions provided by computers as'solutions, This brings in the 
questions like how much error has crept into our solution ; how best 
to solve the problem in order to bring down the error to within certain 
limits, and so on. Discussion of such considerations is what we 
call numerical methods. ‘The key-words in this context are appro- 
ximations, error, numerical solutions, and algorithms which provide 
approximate solutions. 


152. DATA TYPES 


You are aware that a computer is not merely a number crun- 
ching machine. It processes more non-numeric than numeric data. 
From the point of view of computers, all data are classified into the 
following three categories : 


(801) 
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(а) Numeric data, e.g., 37, —24°3, 597, 3°47X105 etc. 


(b) Alphabetic data, e.g., MEERUT, ANUPAMA, НАМ 
SANDWICH THEOREM * etc. 


(c) Alphanumeric data, €g., А—1 (a house number), DLJ 
5716 (а car registration number), M 1101 (a bank account 
number) etc. These are a mixture of letters and numbers. 


Recall that computer is essentlally-a two-state machine 


Forthat reason all types of data are stored in а computer 
by means ofa string of two symbols, 0 and 1 say, each sym- 
bol representing one of the two states. Hence all types of data 
must be coded: into strings of 0’s and s. In this chapter, we shall 
be.concerned with numeric data only, We shall first look into how 
such data are further classified, how they аге represented in а com- 
puter, and how these representations may cause errors. 


1521. Numeric Data Types 


There are two, subdivisions of „numeric. data ; integer and 
real.. Integer data consist. of the integers and may. be signed or 
unsigned, , For ple, 3 may be written as +3 also. Written as 
‘3’, it is unsigned. Written as 74-37 it is signed. Negative integers 
are always signed. Likewise, real data include real numbers, and 
may be signed or unsigned. These are expressed with the help of 
the decimal point. 


153. REPRESENTATION OF NUMERIC DATA 


сс As you know, the decimal. system of notation is based оп the 
concept of place-value. The magnitude of a digit is determined by 
virtue of the place it occupies with reference to the decimal point. 
The same combination of digits, say 1234, has different magnitudes 
according to. the place it occupies with reference to the decimal 
point. For example, to the left of the decimal point as.in.. 12340, 
it has a magnitude 1X 10*--2x 10? --3 x 10--4 10°; (о the right as 
іп :1234, its magnitude. is 1X 10712-25x 10724-33c10--4 x 107* $ 
spread around.as in 123:4, its magnitude is 1x 10*--2 x 10! --3x 10? 
"FAX 107, and so on. In addition to assigning a particular value to 
а combination of digits as above, the decimal point also serves as 
thepole-star while we are carrying out various arithmetic opera- 
tions. For example, consider the problem of adding 3°71 and 168:9. 
There is only one way 10 add these numbers. We alien the decimal 
Point as in Fig. 15.1 (a), before addition, and do not consider any 
other configuration like Fig. 15.1 (b) or 1 (c). 


*Any three solids of any shape, placed anywhere in ern can be exactly halved 
by a (like the slices of bı апа о i ween 
by Prod ipe t der ai Pag ne of ham in-between, when you cut 


4 
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3°71 371 371 
+168'9 +1689 +1689 

(а) (5) (с) 

Fig. 15.1 
Again, consider the following addition problems : 

7! 71 71 
+26 +26 1-26 
97 97 97 


Note that except for placing the decimal point at а particular 
place in the sum, the three problems are identical in that we only 
have to add 71 and 26 in all three cases. Thus so long ав each 
number is properly aligned with the other number with respect to 
the decimal point, the configuration of the sum (97) remains the 
same. Hence we may treat all these three problems as one while 
E addition, and worry about the decimal point later for 
each, 

To make use of such economies as above, all numbers in com- . 
puter arithmetic are given the same number of digits, the extra 
places being filled with zeros. For example, suppose we decide on 
a size of 6 digits for each number, four to the left and 2 to the right 
of the decimal point. Then 37 would be. represented as 0037:00: 
69'7 as 0069:70 ; :89 as 000089, and so on, 


Let us new see how various numbers are stored internally in а 
computer system. Аз you know, the main memory or the primaiy 
storage of a computer system generally consists of small “ferrite 
cores which represent the binary 0 or | according to the direction 
{clockwise or counter-clockwise) in which they are magnitized. The 
ferrite cores are connected gridwise. A set of eight consecutive 
cores constitutes a byte. Thus a byte can represent eight bits. De- 
pending upon the architecture, a computer word consists of 1, 2, 3, 
4 or more bytes. А memory location is a collection of cores needed 
to represent one word. Thus if a word is one byte (or 8 bit) long, a 
memory location consists of 8 consecutive ferrite cores. Different 
computer systems have different word-sizes. 


Memory locations are numbered 0 upwards. These numbers 
by which these locations are recognized, аге known as their addres- 
ses. For the sake of convenience, we shall assume that a memory 
location of our computer system consists of eight bits or one byte. 
We shall use the following diagram consisting of 8 consecutive 
cells to represent one memory location even though the actual 
physical picture, i.e., the hardware component called a memory 
location, is rather different. 
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БИЗ ie са ts 


One unit of data is stored in one memory location. The left 
most bit is left for the sign. We may use a zero for the plus sign 
and a one for the minus sign. This convention may be different 
for different systems. The integers are written right justified, i.e., 
we start writing the bits in the 20, 21, 2°,......positions from the right- 
most cell, filling the unused cells on the left, if any, by zeros. Look 
at the following illustrations to fix the idea. 


Ял 0104-1110) 


How many digits have been assigned to each number іп the 

‚ above representation ? Seven! Where is the point ? (Binary point 
in this case.) Not shown. It is implied at the right-most posit!on 
"after the 2° bit. The same convention as we adopt while writing 
the integers. However, the interesting point is that we may assume 
it.at any position (without showing) and fix this position once for 
all throughout a particular working phase. Thus suppose we fix it to . 
the left of the two right-most cells as shown below : ! 


Sign bit 1 denoting 2 negative number 


implied decimal point 
Then the numbers stored above would be interpreted as 
(2-00000:01), e( X) 
4 к 4 io 


and (—00011'10), or (25-2 +5) 
: 2 10. 
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Such a representation clearly imposes a seryere limitation on 
the size of numbers we can use on a computer. . The biggest 
number that we can store in our 8-bit word above (or a memory 
location) is (11111111)s. "The decimal equivalent of: this binary 
number 18 


1X 2941 X 28+ 1 x24 1x 229-0 X22 LX 2E 1X2 
—25 4254-24 23:2: 424-1927 1-127. 


Obviously, this is a deplorable situation. We certainly need to work 
with bigger numbers. Even if we were to increase the word length, 
not much would be attained. ‘Thus for example, had our word 
been 2 bytes long, the largest decimal integer that we could store 
would have been 225—1 (or 32767). The largest positive integer 
representable by a 4 bytes long word would be 21, 47, 483, 647, 
which is again inadequate even though the hardware complications 
have increased, not merely four-fold but several-fold because of 
the bigger word size. Since particular place, the above represen- 
tation of real numbers is known as the fixed point represen- 
tation. 


1531. Floating Point Representation of Real Numbers 


As you must have realized by now, the fixed point representa- 
tion of real numbers may not always be adequate or most conveni- 
ent. At times, we may be talking about very big or very small 
numbers like the mean distance between the sun and the earth 
which is 14,950,000,000 km., or the radius of an electron which is 
0:00000000000281784 mm. You are aware that one convenient way 
of writing such clumsy numbers is to use the scientific notation. 
Thus we could ‘say that the mean distance mentioned above is 
1°495%107 km. This expression suggests some other ways too of 
writing the above number. We could as well write this number. as 
“1495 108 or 14:95 x 10* or 701495 x 10* or 149'5x 10° etc. Notice 
how we can float the decimal point this way or that by making an 
adjustment in the exponent of 10. Such a representation of rea] 
numbcrs is accordingly known as thé floating point representa- 
tion. Clearly, all real numbers (and not necessarily too big or 
too small only) have (more than one) floating point represen- 
tations. For example, three of the floating point representations 
of the fixed point real- number 37'0 are 37x 10°, 37 x 10 and 
3700х 107. ! 

Notice that a floating point representation of any real number 
has the typical form (a fixed point real number) х 10", where л is 
an integer. In this representation, the fixed point real number part 
is called the mantissa or the argument, 10 is called the radix or 
base, and 7 is called the exponent. The base is gencrally 
understood and thus the. number is defined by its mantissa and 


exponent. 
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Hlustration. In the number 67:5х 107°, the mantissa (or 
argument) is 675, the base (or тайх) 18 10, and the exponent 
is —3. 

Remarks |. The mantissa tells you what the number is and 
may be a negative real number. 


2. The exponent is an integer and may be negative or zero 


also. It tells you where the decimal point 18, 


3. The base being 10, division and multiplication by powers О 


of 10 can be effected merely Бу shifting the decimal point to and 
fro in the number. Equivalently, if we wish to keep the decimal 
point fixed, this amounts to shifting the digits right and left. For 
example, to multiply 3°79 by 10, we shift the decimal point one place 
to the right, getting 37:9. This is the same thing as keeping the 
decimal point fixed and shifting all the digits one place to the left. 
Similarly a multiplication by 10% (л> 1) is effected by shifting the 


Effect of multiplication by 10 


3779 (before) 3°79 (before) 
37°9 (after) 379 (after) 

қ л 

NC 74 

Di it. » le De 4 1 

igits in place ; cimal point in place ; 
decimal point digits shifted le ms 
Shifted right. 


decimal point n places to {һе right or by shifting all the digits п 


places tothe left. For division by powers of 10 ight in 
the above thumb rule are interchange КЕТ and right i 


e alus of the:nutnber unchanged, we must divide its mantissa by _ P 


the same power of 10. For example, 
1234 x 10°='01234 х 10°, since “1234 x 103: 1234 x (1%) 
j 10 7" 
_ 1234 
Soo ^ 10$, 


Similarly, lowering th t i чо" 
гу, ering the exponent is countered by m Itiplvi h 
mantissa b i * ultiplying the 
fant ba Suitable power et; 10*. For example *1234 x 10* 


1234 x 105—:1234 x (102x 109--(1234 x 105) х 103 


x =123:4x 102, 
“4. *Raising (resp. loweri the 
decimal point in the mantisen ч е <хродеп le e тандан shifting the 
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Since areal number can have several different floating point 
operations, it would be a good idea to agree upon a standard one. 
Since the decimal point сай be floated at will for all non-zero 
numbers, we can always adjust it so that it is placed to the left of 
the left-most non-zero digit in the mantissa, thus making the 
mantissa a proper fraction, of d number whose magnitude lies 
between 0 and !. Such a floating point representation is called the 
normalized representation. Zero cannot be written in the nor- 
malized form because it does not have a non-zero digit in its 
mantissa. Written in the normalized form, the mantissa gives the 
significant digits in the number and the exponent gives its size or 
scale. | i 181 РТТ 
Illustration. Тһе” numbers 732791 1075, “141 1X 108, 
3542x109, —:67x 10* are all in the normalized floating point form. 
None of 372791 х 108, 1411 104, 3542 10:39 and —67X 10* is а 
normalized floating point represéntation. 7 05-04 

Floating point representations are expressed in the following 
format : si 
Mantissa E Exponent 7 тү; 
Бот example, we write `375 E--14 for `375х10!6%, 1492 E—7 (о 
1492 х 1077, ="199 Е--5 for —'199X10° and —'234 E—2. for 
—'234x107?. Notice that (4) the base (10) being understood, has 
been omitted in the above representation, (ii) the mantissa which is 
a fraction, may be negative, and (iii) the exponent, separated from 
the mantissa by the letter E, is a signed number. 

The following table shows some fixed point decimal numbers, 
their representation in scientific notation and their normalized 
floating point representations : Haas ne : 


Fixed рЫ Scientific notation 
decimal form: 


3.597 х 10? 
2.769 x 10! 
3.421 x 10° 
-34 x10? 


Normatized “eating 
point representation 


3597 E —2 (#3597 x10 
2769 Е “2 ( .2769x 109 | 
:3421Е 4 (-3421-х109 

—.34Е —4 (434 x107 


0.003597 
27.69 
3421" 

— 0,000034 


Use of floating point representations enhances the range of 
computer-representable numbers considerably. Before we proceed 
to see how and to what extent this can happen, let us appreciat 
one fact. All numbers handled by any computer system are ultie 
mately їй a binary'format. î Yet, whether we use base ten or base 
two, the procedures as such do not change. “It is only the ге resen-- 
tations of the numbers which are different. So far as the end- 
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users such as you and we are concerned, we may never have to 
enter our data in a binary code. All the output that we would receive 
would also be in the decimal code only. Hence now onwards we 
shall generally explain the concepts using base ten only. To begin 
with, let us learn how, floating point representations are stored 


е system. Only normalized floating point representations are 
used. 


Recall that a normalized floating point representation (NFPR 
henceforth) consists of two parts : the fraction part or the mantissa, 
and the exponent. How numbers are represented in the computer 
system depends upon the word-size and varies from machine to 
machine. Let us assume that a word consists of a byte and as 
before, let us use the left-most bit for the sign of our number. Of 
the remaining seven, the next four may be used to write the 
mantissa ; the next in order for the sign of the exponent, and the 
remaining right-most two bits for the exponent as shown below. 
Just as the base is understood, so the position of the decimal 


Sign of mantissa sign of exponent 


«— — тапіѕѕа بب‎ — xq exponent gs 


Implied decimal point 


шэн is understood. More often, the following representation is 
used : 


Sign of exponent ; Sign of mantissa 


2 exponent __» E NU SEN SENSE EEC 


ГЭГЭЭ Implied decimal point 


We shall, however, stick to the earlier representation which. is 
more suggestive because of the way we express FPR of real numbers, 


шоо ш plus, minus signs instead of 0 and 1 Tespectively 


| 


до эмээн 
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Illustrations, 
Stored form NFPR 


ETT: Laat] TIT] Р 
EET Cl алман мыры 
ЕГ) vrsio 

=—'91 x 103) 
CEECEE] venems 


Let us now examine what is the range of the magnitudes of 
the numbers we can represent in the above fashion. The greatest 
and the least possible positive maintissas are clearly "9999 and “1000 
because the most significant digit іп the mantissa has to be non- 
zero; The range of the exponent, including the sign, is —99 to 99. 
Thus the smallest positive real number which can be represented as 
above is 71000х 10-99 and the biggest one is "9999 х 10%, As you 
can see, these are astronomical numbers and we may need never go 
outside this range for reasonable practical applications. The 
negative numbers which can be represented on this system in this 
way are the numbers in the range —"9999 х 109 to —"1000x 107%, 
What about the numbers in the range --"1000х10-% to 
:1000x10-?? How unfortunate! these numbers cannot be re- 
presented here. Come to think of it, what are we losing anyway ? 
A number in this range is going to have 99 zeros after the decimal 
point. Such a small number has to be treated as zero for all prac- 
tical purposes. 

There 18 yet another difficulty. Consider the number 3456789, 
We can write it as "3456789 х 10° so that the МЕРЕ of this number 
is ‘3456789 E--06. How shall we store it in our computer system ? 
It certainly lies in the range calculated above. Since we have only 
four cells to represent the mantissa, not all the digits of the mantissa 
:3456789 can be accommodated on our computer system. What it 
would do is to store the four most significant digits 3, 4, 5 and 6, 
and would chop off the remaining digits 7, 8 and 9. Thus this 
number would be stored as follows : 


The stored number 73456 х 10° is only an approximation of the 
given number 3456789 x 10° and фоизга certain error has crept into 


our data. To be precise, 


810 A TEXT-BOOK OF MATHEMATICS 


Error=Actual number—stored number, 
--13456789 х 10°—"3456 x 10%, 
--10%:3456789--:3456), 
=10¢ x *0000789 —78:9. 

Compared to the number, this is small because 


Error ; ...10* x "0000789 
Actual number ~ 10*x '3456789 
789 


—3aseT89 ^ 0002 ог "02% approx.) 


For all practical purposes, an error of 789 in a number of the 
magnitude of 3456789 can be ignored. Nevertheless, the error is 
there ; and don't you be under the impression that a bigger word- 
size would eliminate the error completely. It can only reduce the 
error or increase the precision. Numbers like “2 which happen to 
be non-terminating decimals cannot be expressed exactly by a word 
of any length.» So, even the most powerful of computer systems 
have their limitations. We shall have more to say about errors in 
the next section. 1 


y 


EXERCISE 15 (a) 
21. Write down the mantissas of each of the real numbers whose 
floating point representations are given below : 
© (а) 3:7961: E +02. (5) 2:00095 Е--04. 
Жз (с) “0079 E— 02. (d) —151 Е--01. 
‚ @ —33149 E03. Cf) —5496 E- 04. 
42. Write down the .exponents. of: each of the numbers given in 
, problem 1 above. 


3. Express each of the numbers given in problem 1 in the fixed 


“рот form. 
^4. Exress each of the following in à floating point form with 
“exponent 4s 0 
2. (а) 37426; : (b) 3742/65. 
ale) 12345, \ (4) 12345, 
3 oale) —12°345, қ СУ) 123455. 
78: “Express each of the numbers in problem 4 above with 
exponent —3. 


6. For each of the following, give that floating point representa- 
tion in which the mantissa is equal to 12:34 


(a) 701234. ma (b) “1234. 
: acti) 1:234. (d) 12734. 
JUS aa E : (f) 1234. 


` (д) 12340. (A) 123400:0.. 
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7. Express in the normalized floating point form : 


(а) 372E 5. (5) :372 E 5. 

(c) 37:65 E —5. (d) 999 E 9. 

(е) 1234. (f) “0057. 

(е) 61. (A) 2345. (i) 0001. 


8. Ноу would the following numbers be stored in the computer 
mentioned in the text ? 


(а) “2345 Е4-12. (b) 2:345.Е 12. 
(с) 23°45 E—12. (d) 259:11 Е--09. 
(e) —359°79 Е--2. (f)292E8. 


Which of these when stored are in error ? Calculate the actual 
errors. Also express the errors as compared (о the given numbers 
in the form of a per cent. 


155. BASIC OPERATIONS WITH FLOATING POINT RE- 
PRESENTATIONS 


,. You һауе seen that in order to be able to work on computers 
with numbers in a reasonable range, we must use their floating 
point representations. We shall now try to construct some 
algorithms to find the sum, difference, product and quotient of such 
numbers without feeling compelled to first converted them into the 
fixed point form. 

1541. Addition of Real Numbers in NFPR 
Recall how you add two decimal numbers like 13:79 and 27794, 
You first align the decimal point, then add ignoring the decimal 


point, and finally put the decimal point in the sum so as to align it 
with the decimal point of either summand. Recall that in floating 


: point operations, it is the exponent which tells you where the decimal 


point is. Hence aligning the decimal point amounts to making the 
exponents of the summands equal by adjusting the mantissa of one 
of the numbers. Which one? We shall soon answer that. Adding 
the summands now (without bothering for the decimal point) 
means adding the mantissas which tell you what the number is. 
Aligning the sum with the summands amounts to making their 
exponents equal. Let us fix these ideas by taking the following addi- 
tion sums : 
(а) :2314x 1054-3112 x 109 
(5) :9710x 102-2311» 103 
(c) :3714x 1054-215 108 
(a) The sum presents no difüculty on the machine. 
Already, the exponents are equal. We would have 
carried out the operation as follows : 
:2314 x 1052-:3112x 105— (23144-3112) х 105 
==`5426 X 10°. 
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The floating point representation would have been 


72314 Е--05--:3112 Е--05--:5426 Е--05. 
The answer would һауе been stored as follows : 


(b) Like (a), the exponents are equal here also. However, 
when the mantissas are added, we get |:2021. Now the memory 
location which is going to hold the sum has only four bits for the 
mantissa and cannot hold such а big mantissa as 12021. Such 
a situation is described by saying that there is an overflow in the 
mantissa. Ап overflow arising in this manner during the working 
is taken care of by the circuitry of the machine and brings to the 
fore another advantage of the floating point representations. In 
cases like this the scaling is automatically done, i.e. the machine re- 
writes a number like 12021 E 2 automatically as'1202E 3. In 
other words, the exponent of the sum is raised by one and the 
mantissa shifted right to one place. Іп this process, the least signi- 
ficant digit is lost. For example, 

12021 E 2="12021 E 3, stored as 1202 E 3, 


the least significant 1 being chopped off. Thus we have the 
following : 


"9710 E2 
172311 E2 


12021 E 2—'1202 E 3. 


The answer would be stored as below : 


Remark. Quite likely, on having encountered an overflow in 
the mantissa, a machine would scale the numbers themselves before 
summing them, that is, wouli raise the exponents of both the 
summands by 1 by shifting the mantissas of both the summands 
one place right. This would result in the loss of the least signi- 
к! of эв Ше summands, For example, the following 

ations wou е triggered as soo. i = 
socer gg as soon as an overflow is en 

“9710 Е--02 ө “0971 E+03, 
72311 Е--02 e» +0231 E4-03, 
(0971 E+-03)+ (0231 Е--03) ++ (1202 E+03) 


NE. 
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The sum obtained here is the same аз before. Construct an 
example where the two sums obtained in these two ways аге NOT 
the same. Which way do you get a /ess. erroneous, answer? 
32 way you do things is very important as we shall see іп section 


! (с) We could proceed in two different ways. We could 
either make the exponent of both the terms 3, or we could make 


' the exponent of both the terms 5 by a suitable modification in the 


mantissa of one of the terms. If we make the exponent 3 common, 
the first term 73714 10° must be written as 37:14 х 10°. The man- 
tissa being stored as a fraction, 37 here would be lost, That is, the 
most significant digits would be lost. Hence this approach is no 
good, We should, therefore, raise the lower exponent rather than 
lower the higher exponent to make the exponents of both the sum- 
mands equal. Thus, keeping the term with higher exponent as it is 
and modifying the other, : 


:3714 Е--05 ., "3714 Е--05 
+2150 Е--03 +0021 Е--05 
“3735 Е--05 


The above analysis gives us the following thumb rule for у 
adding two МЕРЕ of real numbers : : 


Step 1. lt the exponents of the summmands are different, then 
raise the lower exponent to become equal to the higher one by a suitable 
modification in the mantissa (which may involve the discarding of 
some least significant digits). | 

Step 2. To find the mantissa of the sum, add the mantissas of 
the two summands, If the sum is less than 1, then this is the requi- 
red mantissa. Else divide this sum by 10, ie., shift it one place 
right, keeping only the four most significant digits. This is the 
required mantissa. 

Step 3. Take the common exponent of the summands as the 
exponent of the sum if no adjustment in the mantissa of the sum was 
made. Else raise the common exponent by 1. This is the exponent 


of the sum. 

Remark. Since we have reserved four digits for the mantissa, 
two for the exponent, and the computer words are of fixed length, 
it would be а good practice to write all our numbers accordingly. 
For example, 3700 Е--06 rather than `37 E 6. However, for 
brevity and convenience, we shall at times use the latter from. When 
numbers are stored in the computer, then of. course things would be 
different. 

Example 1. Add 2002 E5 апа 77991 E 5. 
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Solution. The exponeiits being equal, the first step above is 
skipped. The sum ofthe mantissas is 9993, This is the mantissa 
ofthesum: The exponent of the sum is 5. The whole working is 
arranged as follows : 


2002 E 5 
3517991 E 5 


"9993E 5 
+: Example 2. Find the sum of 5391 E—3 апа 7123 E— 3. 


Solution. We notice that the exponents are identical, so step 
lisskipped. То get the mantissa of the sum, we add the mantissas 
of the two summands. This gives us 172514 which is greater than 
1. To make it a fraction, we divide by 10 for keeping the decimal 
point fixed, shift all the digits one place to the right). This give us 
112514. To keep only four digits in the mantissa, we discard the 
least significant digit 4, thus getting 71251 as the mantissa of the 
sum. Since an adjustment has been made in the mantissa of the 
sum, we raise the common exponent of the summands by 1, thus 
getting the exponent of the sum as —2. The actual working is quite 
straight-forward and can be arranged as follows : 


3391 E —3 
T7123 E —3 


U2514 E —3—':1250 E. —2 


1 Remarks 1. Raising the exponent by 1 means adding one to 
it Thus —3--1— —2. You didn’t want to make it —4! or did you ? 


verflow, an error message of Some sort would be obtained so that 
the programmer may do something about it. So long as the overflow 
1n mantissa can be accommodated by scaling, no error message is 
given out, ^ 


~ Example 3. | Eyalute (1234 Е 7-05)-- (9870 Е--06). 


A > Solution. Here, the exponents are different. The lower expo- 
nent is 5. It is to be raised to 6. Hence we ‘shall keep the number 
with exponent 6 as it is, but modify the other so as to make its 
exponent 6: “Now ` 
"1934 EF 052-0193 Е+06, 

. discarding the least Significant digit 4 in the original mantissa to 
keep four digits in the new mantissa. Thus s 


NUMERICAL METHODS З 815 


1234 Ё 5 UA '0123 E 6 
14-9870 E 6 +9870 E 6 


:9993 E 6 Ans. 
EXERCISE 15 (5) 


ї 


1. Add and-store the answer in the normalized form assuming 


provision for four digits in the mantissa and two in the 
exponent : 

(a) :3104E 10 and 6875 E 10. 

(b) “5432 E 19 and’ “3456 E 19. 

(c) 76556 E 5 end. 0 '1221Е 4. 

(d) '8888E4 and СПІЗЕ2. 
S(e) '243LE —5 апа ^. °1234 E — 5. 

(f) “6741 Ёг-4, and 20318 -4.. 

(g) 161Е-5 and 1098E —6. 

[Be careful about the higher exponent ; it is not —6.] 

(A) 7373В-8 апа. 7337Е-6. 

(i) “9876 ET and ~ “1165 E —1. 

() 2365Е-І aud. . 16108 Е 2. 

(k) :9996 E —1 ^ and. :8808 ЕЗ. 

[See ! what a funny object computers are !] 

(0.73428 —5 апа. `9801Е1. 
(m) -6402 E 7 and. ‘7892 E7. 

(m `9001 5 | and’ 6903 Е5. 

(o) “9804 E 94 and © “9872 E 93. 

(p) —:6402E 7 and 2208 £7. M 

Suppose there were provision for eleven digits in the mantissa 


and three in the exponent, .. Which of the sums jin problem 1 
above would change ? Find the new sums in their МЕРЕ. ` 


Which of the following would cause an error message’ on 
account of an overflow condition ina machine’ with provision 
for two digits in the exponent and four in the mantissa ? 1 
(а) :9999 E 98+ HOLE 96, . 
(b) :9999 E 98+ 8889 E 98. 
(c) 1013 E 99-- 7824 E 99. 
(d) “2913 E 9947824 E 99. 
(e) 2913 E 991-9999 E 98. 

(1): 7684 E 993-7009 E 99. 
(g) :9999 E 99+ 9999 E 95, 
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1542. Subtraction with Normalized Floating Point Represen- 
tations of Real Numbers 


Would you believe that it is possible to subtract any number 
from any number without ever borrowing? In particular can you 
subtract 57 from 63 without borrowing ? Believe it or not, but the 
answer is yes, Let us see how. 


63--57--63--(100--57)--100, 
5 =63+{(99—57)-+1}—100, 
=63+42+1—100, (no borrowing !) 
=106—100=6. (no borrowing !) 


Clearly, the above technique would work for any two integers. 
The number (99—57) is known as the 96 complement of 57. The 
9's complement of a non-negative integer is obtained ty replacing 
every digit in the integer by ‘9 minus that digit’. For example, 9° 
complement of 20 is 79 which is obtained on replacing 2 by 9—2 
and 0 by 9—0 in 20. 


` The number (99--57)--1 is known as the 10's complement 
of 57. Тһе 10% complement of any non-negative integer is obtained 
by adding 1 to its 9% complement. - Thus for example, the 10% 
complement of 61 is (99—61)--1 ог 39. In effect, the ten’s comple- 
. ment of an n-digit integer is nothing but 10? minus that integer, but 
we do not want to calculate it that way. Itis the problem of sub- 
fraction that we are trying to convert into a problem of addition. 
Subtraction is carried out in a computer by adding the 2’s* comple- 
ment of the subtrahend (the number to be subtracted) to the minuend 
(the number from which we have to subtract) and then dropping the 
most significant digit of the sum. This dropping is the equivalent 
ofsubtracting the number which was added while forming the 2's 
complement. For example, the computer would subtract 11010 
from 11100 in the three steps shown below. 


l. Finding the 28 complement of the subtrahend 11010. This 
is obtained by adding ! to the 1% complement of this number, The 
178 complement is obtained by Teplacing every bit in the number by 
41 minus the bit’. Since 1—0=1 and 1—1 =0, this amounts to 
replacing every zero by a | and every 1 by a zero. Thus l's comple- 
ment of 11010 is 00101. No subtraction performed, The algorithm 
giving the l's complement is : Interchange the zeros and the ones. 
Hence the 278 complement of 11010 is 001 10, 


: П. Adding the minuend and the 25 com lement - 
hend. This gives 11100--00110—100010. үр cree 


* The role of the decimal ten is played by the binary 10 (i e. ii i 
the binary and that of decimal nine he biggest digit ‘tn. 
by binary one (the biggest bit in binary system), 


амаа 


„мм 
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Ill. Dropping the most significant bit in the sum. -This gives 
00010 or 10 as the required answer. 


Subtraction can be carried out by using the 175 complement 
also. Іп this case, we add the minuend and the 1’s complement of 
the subtrahend. The 1 which was added in forming the 275 comple- 
ment in the previous case, remains to be added to this sum. The 1 
which occurred as the most significant bit remains to be dropped. 
‘So our most obedient servant, the computer is instructed to carry off 
this latter 1 (knokn as the end-around carry) and add it to the sum 
formed, thus producing the required difference. 


Example 4. Subtract (11011100), from (110111100), by 
(i) using the I?s complements. (ii) using the 2’s complements. 


Solution. The subtrahend is 11011100. To get its 1’s comple- 
ment, replace every 1 by 0 and conversely. This gives 00100011. 
"To get 2's complement of the subtrahend, add 1 to its 17 comple- 
«ment. This gives 00100100. 


(1) 110111100 (minuend) 
--000100011 (I's complement of subtrahend) 


+111011111 (temporary sum) 


+———1 (removing the end-around carry and adding 
—————— it into the sum thus deleted) 
11100000 (final sum, i.e., the required difference) 
. (ii). 1101 ша (minuend) 
271000100100 (2’s complement of subtrahend) 
— 101 j Ч 
(1)11100000 (temporary sum) 
11100000 (final sum or the required difference) 

Subtraction problems involving floating point represcntations 
-are also done (in computers) by converting them into addition sums. 
Recall that adding 67 and 2:1 is virtually the same as adding 67 and 
21 etc. when we are using floating point representations. We shall 
now see how subraction is carried out by using the 9's complements 
and 1078 complements in the decimal system. Finding the comple- 
ments was easy in the binary system. Here our algorithm would 
involve 10 subrules like “175 complement of 9 18.0”, i e., ‘replace 9 by 
0°, ‘replace 8 by 1’, ..... ; ‘replace 0 by I’ etc. We shall use the 
notation ‘a<-b’ for “а is replaced by 5’... 
Example 5. Subtract 3764 from 5129 by using 10's comple- 
ments. а К 

Solution, For finding the 9’s complement, the following 
replacements are made in 3764 : 

3<(9—3) ; 7«-(9—7) ; 6«-(9—6) : 4«-(9—4). 
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Thus 9% complement of 3764 is 6235. Hence the 10’s complement 
of 3764 is 6236. Adding 10's complement to 5129 produces 11265. 
Dropping the most significant digit 1, we get the answer as 1365. 
Once you understand the algorithm, the working can be 
organized as follows : 2 
9's complement of 3764—6235 (This step is oral.) 
10's complement of 3764—6236 (Oral.) 
5129 Us 5129 
773764«- 10's complement-+-++6236 
(1) 1365 temporary sum 
1365 final sum 
(—desired difference), 


Thus the answer is 1365. 
di Example 6. Subtract 2371 from 9612 using 9's complements. 
Solution. 
9612 9612 
--23714-978  complement---i-7628 
(1) 7240 temporary sum 
-- 1 end-around carry 
a А “7241 final sum 
7241 is the answer... 
Example 7. Subtract 3421 from 51192 using 210% complements. 
Solution. This problem is different from the-others solved so 
far in as much as the sizes of the minuend and the subtrahend are 


Thus instead of 'dropping the most significant digit, we shall have 
to subtract 1 from it. Let us demonstrate these remarks. 
(1) Writing the subtrahend so that it has (һе: same size as the 
minuend, we have 
: n 3421—03421. 7 
9's complement of 03421 is :96578, 
10's complement of 03421 is 96579: 
» $1192 ) < 51192 
--03421<-10% сошрїешеп:--4-96579 


(1)47771 temporary sum 
9 47771: ‘final sim ^ 
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Thus 51192--3421--47771, 


(ii) 51192 51192 
_.— 3421<-10% complement>+- 6579 
(5) 7771 temporary sum 
47771 final sum. 

Remark, If the two numbers are not the same size, a similar 
adjustment must be made while using the 9's complement. The best 
policy is to. make both the numbers the same size. 

Having understood how a computer performs a subtraction 
by turning it into an addition sum, let us have some practice in 
doing subtraction problems by hand оп floating point representations 
of real numbers. No new concepts are involved and the familiar 
rules prevail. As before, we shall keep four digits for mantissa and 
two for the nent, signs excluded. The only problem which may 
arise is that of underflow. If the difference is numerically less than 
71000 Е--99, i.e., if it falls in the range ]—'1000 E—99, *1000 E— 99[, 
we cannot store it in the machine and the outcome of trying to solve 
such a problem on our compuler would be to receive an error 
message regarding this condition of underflow. 

Example 8. Subtract "3721 E—05 from 6912 E—05. 

Solution. The minuend is greater than the subtrahend. 
Therefore, the answer would be positive. The exponents are equal, 
Thus the working is straight-forward. 

қ 1 "6912 Е-05 
„—'3721 E—05 


77101 Е-059 Аш». 
Example 9. Subtract 6124 E 05 from "1109 E 06. 


Solution. Exponents аге different. Ав ip addition sums, we 
shall keep the term with higher exponent intact and adjust the 
other one so that this too has the same exponent, 

1109 Е--06 1109 Е--06 


ө 
—:6124Е+05 . —:0612 Е+06 


| 222 70497 E+06—="4970E+05 Ans. 
Notice that the difference was not in the normalized from. By 
scaling, the final answer is given in the normalized form. 
(222 Example 10. Subtract —'3795 Е—5 from ‘5795 E 1, 
Solution. Since subtracting а from b is equivalent to addin 
—a to b, this problem is equivalent to the addition sum "5795 E 
+°3795 Е—5. 
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Example 11. Subtract "3764 E 2 from "1595 E 2. 


Solution. Here the subtrahend is greater than the minuend. 
Hence we first subtract *1596 E 2 from "3764 E 2 and take the 
negative of the difference as the answer. In other words, to evaluate 
the expression (1596 E 2—:3764 Е 2) we evaluate the equivalent 
quantity— (3764 E 2—"1596 E 2), getting the answer—'2168 E 2. 

Example 12. Subtract—'2614 E+97 from— 3611 Е--97. 

Solution, 


—3611 Е--97-(--:2614 ЕЗ-97)--- 3611 E4-974-:2614 E 97 
— —(36LLE4-97 —:2614 E--97) 


dit ete. 
EXERCISE 15 (c) 
1. Write the 9’s complement : 
(a) 376, (b) 1078, 
(с) 23456, г (4) 987654, 
(е) 0, (f) 99, 
(g) 0541, " : 
2. Write the 10's complement : 
(а) 267, (5) 7180, 
(с) 654321. (4) 999999. 
3. Write the 175 complement : à 
(а) 110011, (b) 10101, 
(c) 100001, (а) 111111. 
4. Write the 2’s complement of each number in the previous 
problem. 
5. Using 9's complements, subtract : { 
(a) 156 from 237, (b) 3297 from 4556, 
(с) 37221 from 65000, (d) 13212 from 57621, 
(е) 26 from 350, ‚ . Cf). 181 from 2900. 
6. Verify tae subtractions іп problem 5 above by using 10's 
complements, ў 
7. Evaluate using 258 "complements and verify- by using 1% 
complements: е 
(а) 111000--110011, ^ ' (b) 1010101— 1001001, 
(c) 11100— 1000, e (å) 101111—1011. 
8. Жаза (and put the answer іп the normalized floating, point 
orm): ^ 


“(a 3740 E4-03 from 77912 E+403, 
(Б) “2711 E+06 from "9700 Е--06, 
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(с) 4234 Е-Е05 from “1239 E+06, 
.(d) 79712 E—31 from "8876 E—30* 
(e) "3627 Е--15 from "4138 E--15, 
^ (f) 1939 E4-98 from 71143 E+99, 
(е) "2122 E4-92 from 4432 B+97. 
9. Evaluate ; 
(а) “2537 E--21 —:1224 E4-14, 
(b) -- 2691 Е--234-3718 E--23, 
(c) - 5990 E--44—'6000 Е--47, 
(d) “6187 Е--21- 79985 E+-21, 
10. Which of the following result in an underflow ? 
(a), 73411 Е--99--:3400 E 4-99. 
(b) “5589 Е--99--:5587 Е--99. 
(c) 73333 E—99— 3000 E—99. 
1543. Multiplication and Division with Floating Point 
Representations of Real Numbers 
The processes of multiplication and division are different than 
those of addition and subtraction in the arithmetic of floating point 
representations in one respect.» Because of the rules 


, (ax 107) (6x 10") — (ab) Jonn! 
and, (ax 109) 109-0.) 107. 
the problem of making the exponents same does not present itself 
here. Assuming the normalized forms, we have. the following rules 
for multiplication and division : ; 

«Multiplication. Тһе ‘mantissa of the product of floating. point 
representations of two real numbers is obtained by multiplying the 
mantissas of the two numbers. - Only the four most significant digits 
are retained. The exponent of the product is the sum of the two 
exponents. | 

Division. Те mantissa of the quotient of a floating point 
representation of a real number by another is obtained by dividing 
the mantissa of the first by ‘that of the second. The exponent is 
obtained’ by subtracting the exponent of the denominator from that 
of the numerator. : 

Example 13. Multiply 1237:5Х10% and `094Х 10° using 
normalized floating point. representations with a three-digit mantissa 
and two-digit exponent. 

Solution) The 'given numbers written "in' the specified 
normalized form are "123 E--07 and "940 E --05.-/ We have droppee 
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the two least significant digits in the first number in order to keep a 
3-digit mantissa. 
Now (123 E+-07) x (940 E4-05) — (123 x 1940) Е--(7--5), 

7-115620 E--12—:11562 E -12. 

Truncating (chopping off) the mantissa after three digits, the 
required answer is 7115 E+12. 

Example 14. Find the normalized floating point representation 
of 24576 and 81'4728 with a 5-digit mantissa and a 1-digit exponent. 
Divide the first number by the second and express the answer in the 
normalized form. 

Solution. 24576='24576 х 10° ='24576 Е--5. : 

81°4728= "814728 х 10? —'81472 Е--2, dropping 


the least significant digit (8) in order ‘to keep a 5-digit mantissa. 
Hence i 5) 


_ 24576 274576 E--5 24516, 
814728, 781472 EAD 781472 8102» 
='3016496 E43, 
='30164 E+3, after chopping off 
" 9 and 6. 


Remark, When two normalized floating point numbers are 
being multiplied, the mantissa of the product is always less than 
one (why?) Hence there would never be an overflow in the 
mantissa. However, assuming a 4-digit mantissa, there could be 7 
or 8 significant digits in the mantissa of the product (why 2). Hence 
three or four least significant digits must be chopped off in order to 
keep a 4-digit mantissa’ In case of division, the mantissa of the 
quotient may exceed I (produce an example !). If so, scaling must 
be done in order to make the mantissa a fraction. 3 
} Example 15. Divide *3417 Е—5@ Бу? 1717 Е--52 (and express 
the answer in the normalized floating point form). 1 

Solution: (3417 Е--56)-:01717 B—52) (34172-1717) E 

; (—564-52), 
=1°990099 E—04, 
='1990 E—03. 
{ : Ans. 

Here, to put the answer in the desired form, both scaling and 
chopping off have been бопе, 

EXERCISE 15 (4) 

Express all answers in the normalized floating point form. 

1. Find the product in the normalized floating point form with a 
3-digit mantissa and 1-digit exponent, mentioning the condi- 
tions of underflow or overflow whenever encountered : 
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(a) 372 E 5х 1169 E 2. (b) "16 E—5x ‘798 E 9. 
(c) “612 E9x'111 E—9. (d) 274 E 8x ‘101 E 7. 
(e) 7372Е-5х:193 E— 6. (f) `678 E 2x 403 E—2. 


2. Which of the answers in problem 1 above would change and 
how on the assumption of a five-digit mantissa and a two 
digit exponent ? ! 7 

3. Assuming а 4-digit mantissa and 2-digit exponent, divide 
(а) °3721 E 6 by ‘2681 E 8. (b) 72678 E 14 by "ІНЕ 07. 
(с) *1000 E+17 by "3345 E— 09 (4) :9999 E 99 by "1111 E Li. 


4, Do.the sums in problem 3 аһоуе if the mantissa can hold 6 
digits. and the exponent 1, . Which, if any, produces an over- 
flow/underflow condition ? іре 
. Simplify the following and express the answer іп the same · 
type of floating point representations : 
(а) 379 E--09—212 Е--094-111 Е-Е10, | 
(b) — 2461 Е4-8--:3791 E+8—"1400 Е--7. 
(с) 73951:Е--06х 4221. Е4-03--:5555 E+ 10. 
(4) ^51112 Е--17--61122Е4-15--:99999 E4-02. 
6. Using а 4-digit fraction (/.e., mantissa) and a 2-digit exponent, 
compute : vito di 2 
(a), 15%%-о4:259%1. 52-7 ; 
(b): The cost of 395 kg of sugar at Rs. 8:75 per kg. 
(c) "The'cost of 695}'m of tapestry at Rs. 68.95 per m, 
(d) The mass 6f 5485 m* at 379 kg/m. genio 
(е) The distance travelled in 9 A 10m ТЇ sec at the speed of 
i 0005:km/sec. JO" 301 ТҮН. ДЕЛІ 
155. INPUT ERRORS | зәт 
The concept of approximations 18 not new to you. Eversince 
you started using the ruler as a measuring device, уор have been 
approximating. Whether you measure to the nearest centimetre or 
millimetre, you! Know that there are lengths which cannot be mea- 
sured exactly а5 so many centimetres ог so тапу millimetres. The 
best you can do is to say roughly so many cm or nearly so many 
mm etc, Thus the measurements you have been working with need 
not be exact, This is true of most of the real life data too. Our 
data are hardly ever exact. Moreover, even when our data are 
exact, there is по guarantee that the tools with which we are going 
to process our datà would produce exact results. For example, it 
is one thing to know that the length of the hypotenuse of a right 
triangle with each leg cqual to one is 42; it is quite the fish of 
another pond to be able to measure this length and say it is 42. You 
can never obtain an output like ¥2 from a computer no matter how 


a 
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many times you feed (12--1?) and ask for the square-root. The 
reason need not be explained. You already know that a computer 
can store data in a finite form only. For ехатр!е, with a six digit 
mantissa; a number like 12:34567 (or with more significant digits) 
cannot be stored exactly in a computer. For reasons such as these— 
inexact data, or limitations of computing devices, our results contain 
errors. Let us first examine the ways in which we..cut.down our 
data to represent them іп a suitably chosen size. Then we shall 
consider the question of errors generated by such curtailing of 
numbers 


155'1. Rounding of Numbers 


As you know, the digits used to give an idea of the size of a 
| given riumber араг! from its exponential part. are known аз signi- 
ficant figures or significant digits, e g., each of the numbers 12340, 

1234, 71234, 17234, 01234 has four significant figures. The zero in the 
"first and the last of these numbers serves only to fix the position of 
the decimal point,and is not considered as a significant digit. 
However, a zero such as in 1023 is a significant figure. The sequence 
of significant digits ina number starts and ends with a non-zero 
digit. Sometimes lit is "necessary to cut down some of the digits of 
a given number because of the limitations оі the framework we are 
working іп. Since higher the positional value of a digit in the 
number, the greater the information carried by it, the digit in the 
leftmost (resp. rightmost) position is known as the most significant 
(resp. least significant) digit. Thus in 123, 1 is the most significant 
digit; 2 is the 204 most significant digit, 3 is the least significant 
digit. Clearly; in-order to lose as little information as possible, it 
is the least significant digits which should Бе cut off. The process 
of cutting down the digits is known as rounding off. 


Let us illustrate the rules for rounding off tlirough rounding 
off the numbers 346411, 126621, 686500, 565500 to three significant 
digits. The three most significant digits of these numbers are 346, 
126, 686 and 565 respectively. The first step is to replace the 
remaining digits by zeros. This produces 346000, 126000, 686000 
and 565000 respectively. The second step consists in modifying the 
3rd most significant digit because we wish to round off to three 
significant digits. The place valve of ] in the 3rd most significant 
figure here is 10° because it is the 4th from the right. In case of 
the first number 34640, the portion replaced by zeros is 411. This is 

У jess than half the place value of а unit in the 3rd most significant 
Place, i.e., it is Jess than 3 Х 1000 or 500. So we leave the 3rd digit 
unaltered and get 346000 as the required rounded off value. In case 

e of the Second number 126621, the portion replaced by zeros is 621 
` Which is greater than 500. 50 we increase the 3rd digi! by Гала 
get 127000 as the rounded off value. Та case of the. third and the 

у fourth numbers, the portion replaced by zeros i exactly 500... The 
_ third digit in case of 686500 is even and is, therefore, left unaltered. 
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In сазе of 565500, the third digit 15 odd and is; therefore, increased 
by 1, The rounded off numbers are 686000'and 566000 respectively. 


79 NG, 2e state эм rules for rounding off a; number formally. 
round off a number to K signifi i i 
ah ade, е significant figures, the following rules 
1. To round off а whole number to К siguigcant digits, 
(iy replace all digits to the right of the _Kth most’ significant 
digit by zero ; - 
(1) modify the Kth most. significant digit according to the 
following rules : ( 
If the.portion replaced Бу zeros is ТҮК. 
(а) less than half the place value’ of ‘a "unit іп the Kth 
most significant place, then keep it unaltered,’ 
(b) greater than half the place value of a unit in the Kth 
place, increase the digit in the Kth place by 1. 
(c) equal to half the place. value of a'ünit in the Kth 
«place,» then leave the digit in the Kth plate unaltered 
. or increase it by 1 according as the digit’ in the Kth 
place iseven or 084: 77 


2, To round off a decimal fraction to K places of decimal, 
(i) Chop off all the digits to the right of the Kth decimal 
place. з , 4 2 Сш 


(ii) Increase the digit in the Kth decimal place by 1 if either 

“the place value of the chopped off number is greater than 

half the place value of a unit in the Kth decimal place, or 

sif these two are equal but the digit in the Kth place is 

odd. Otherwise leave the digit in the Kth decimal place 
unaltered. ” А “ун эрт O iir 

Example 16. Round off the following numbers to 4 significant 

igures : Ч 
(i) 12346. (ii) 345628. (iii) 3412500, (iv) 8713500. y 

Solution. (i) The 4th most significant digit is 4. Replacing 

all the digits to the right of 4, we get, 12340. , The place value. of a 

unit in the 4th most significant digit is 10 because this 4th digit 

occupies the second place from the right. ‘Half of this’ value 718 5. 

The number replaced by: zero is 6. Since 6 is greater than 5, we 

increase the digit in the 4th place руі. This gives us the rounded 

off number as 12350. ; 

(ii) The 4th most significant digit in 345628 is 6 and the “place 

value of a unit in this place is 100, Replacing all the digits to the 

right of 6, we get 345600. Тһе number replaced: by zeros is 28. 

Also, 28« 4X 100. Hence we leave the 4th digit; viz, 6, unchanged. 
Thus 345628 rounded off to four significant figures is 345600. .. . 
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(iv) The 4th most Significant digit 3 is odd. The portion 
500 to the right of this 3 is exactly half the place value of a unit in 
the 4th place. Hence increasing 3 by | and replacing 500 by 000, 
We get the required rounded off number as 871400, 


Example 17. Round off 3714257 to (i) two places of decimal, 
(ii) three places of decimal. 


Solution. (7) The digit in the second decimal place is 4. 
The actual value of the digits 257 to be chopped off* 1800257. 
The place value of a unit in the second decimal place is 107? or 
01. Half of ‘01 is ‘005. Also, 00257— 005. Hence 3:14257 
rounded off two decimal places is 3.14, 


Gi) The third decimal place is occupied Бу 2) The value of the 
chopped off number is 700057. The place value of a unit in the third 
‘decimal place is “001 and half of this number is 0005, which is less 
than the chopped off number 700057. Hence increasing the digit in 
the third decimal place by 1 and chopping off the extreme 57, we 
get the rounded off value as 3:143. 


Solution. Іп each case, the digit to be chopped off is 5 and 
-the number. which this 5 represents is ‘005... The place value of a 
unit in the second decimal place is."01. Half of-0l is-005 ; and 
this equals the chopped off number. Since the digit 7 in the second 
decimal place of 9075 is odd, increasing it by 1, the rounded off 
value of 9075 is 9°08. Since 6, the digit in the second decimal 
place of 9065 18 ёүел, 9065 rounded off to two" decimal places is 
9°06. 


Note. ` Decimal р!асез are counted from the tight of the 
decimal point no matter what the digits occupying these places. 
Thus’ the 2nd decimal digit of 9:065 is 6 and not 3. 


1552. Truncating Numbers 


5 The word meaning of truncate is to cut short, to lop. When 
"we chopped off numbers to keep only four digits in the mantissa, 
We were truncating the numbers at four digits. Thus that chop- 
-ping off was a very simple type of truncation, А more usual and 
important type of truncation is encountered when we approximate 
numbers by means of an infinite series. For example, we һауе 
Жасы 22-7 


я 257 by 000 in 3:14257 amounts to chopping off 257 from 
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2 3 
=I ЖЭг pn 


To calculate e* from this series, we may ignore all terms from some 
stage onwards, taking the sum of the first few terms as the value of 
ее. For example, if we ignore the remainder after n--1 terms, ап 
approximate value of c^ is 


m x" 
1+х+ эт 3p 


This is known as truncating the series at the (n--l)th term. Fot 
example, truncating at the 10th term, an approximate value of ¢ is 


33 3° 
13 


Notice that chopping off is a special case of the above type of 
truncation, since a decimal fraction x,%,......is nothing but the series 
Mie p 


UM E WW 
Wit eo niet Өсөн 
EXERCISE 15 (¢) 027. 


1. Round off each of the following, numbers to four significant 
digits : | а ЭР vin 
23466, 24573, 112009, 125603, 12455, 12325, 126255, 
126295, 126550, 126650, 12598, 42695, 42685. 


2. Round off each, of the following to three decimal places : 
3/7981, 4/5678, 2:0912, 2:9097, 2:9985, 2'6665, 7455, 
"84559, “66675, “55533. 

3. Decide whether the following thumb-rule for rounding off to 
К decimal places is correct : 2 
“Look at the (k4-1)th'digit. ЛЕ itis 1668 (пап 5, then replace 
ай digits. to, the, right of the kth: digit by zeros to get the 
rounded off number. If this digit is 5 and all the digits to 
its right are zero, then (1) шаКе this also’ zero, and (її) make 
the kth digit even by adding one to it if fot already even. The 
number.so obtain. і is the required approximation. n all 
other cases increase the Ath digit by | and replace all the 
digits to the right of the kth digit by zeros to get the required 
approximation. 4 : 


1553. Classification of Input Errors 


We have seen that due to limitations of either measurement 
or representation, our data or input may be inexact giving rise to 
errors. Errors may also creep in due to the operations we perform 
on our data. However, for the sake of simplicity, we are assuming 
at the moment that all the arithmetic operations we carry out on 
. our data are exact. The errors are entirely in the input. 
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Error. If x is an approximation to a true value X, then 
X—X is known as the error in x as an approximation to X, or 
simply as error in ЖЕ f 
;. Illustration 1. The value of 5:176 rounded off to two deci- 
mal places is 5:18. The error in 5°18 as an approximation to 5'176 
is 5118--5:176--0:004, 

Absolute Error. If x is an approximation to the true value 
Х, then | х-Х | is known as the absolute error in x. Thus if 
€, denotes the absolute error, then 

t e= | approximate value—true value Те 

Illustration 2. The value of 1321 rounded to 3 significant 
figures is 1320. The error in 1320 is 1320—1321, or —1. The 
absolute error in 1320 is | 1320—1321 |, or 1. 


22 Note that'the absolute error e, is always positive. 


Relative Error. Can you say whicherror is more serious, 
ап error of I g in xk of rice or an error of I0 g in y k of rice ? You 
are wise, if you do not want to label one of them as more serious 
without looking into what xand yy are. Ifx is one and y is 100, 
certainly the error 1 g is more serious than 10 8. Thus (absolute) 

ors may по! convey the true picture. Hence it is more useful to 
use the concept of relative error e, defined as follows : 


5» 5 uu 

в e= X » қ 

where x is an approximation to the true value Х. For example, if 30 
18 ап approximate value of 27 in some Sense, then the relative error 


in 30 is 30527 |. Or 1/90 Te shoe that’ die error (5) fn. the 


approximate value is 1/9th of the true; value (27). 


CRN "Remark? 1006; is known as the percentage error. 
‚1 Truncation Errors... Errors. caused due to. truncation are 
known as truncation errors, ! 

` Rounding Errors. Errors caused due to the rounding off of 
numbers are known as rounding errors.’ 


Errors in Illustrations 1 and 2areasa matter of fact rounding 
errors. 


Example 19. Show that ifa number is rounded to 3 deci 
places; then the maximum absolute error is (1/2) x 1073 or т 


Solution. Suppose that the given number is q 

Solution. 8, @`Хүха...... 
where a is the integer part and ЕЛГЕН fractional part, 
Notice that while subtracting the. true. value from the rounded off 
value, the integer part would vanish. So.it is sufficient to" consider 


: 
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a number of the type. XX; where each x, is'a digit from 0 to 
9. Let us write the given number as 
. XIXg = X1X9X31-000x4X5Xe:7-7- 
Increasing x, by 1 amounts to adding 001 to ‘X1XgXg. The portion 
to be replaced by zeros is ‘000x,x;...--- Тһе place value of a unit in 
the third place is 107%. The rounded off value is either "X,XoX3 ОГ 
‘XıX2Xa + 001. Also our rules for rounding off are such that when 
the rounded off number is ‘x,Xexs, then "000x,x,-.-«1/2X 107° or 
+0005, and when the rounded off number is “x,x,x3;+ 1001, then 
“С00х,х,22:0005. Thus when the absolute error, 
| approximation—true value |, 


is given by AUS я 

e= |^°хух«ха—Схухаха++.000х4ху---:). |, 1 
then *000x,x5... «270005, y 
and when == | Cxjxexg2-7001) (ухах 000 Хах) | 
then `000х,х......2`0005. if 7 
Thus if e=000x4x5------, then we'know. that '000xax; ..... <:0005. and 
when e= | 7001--:000х, ха. | ; then we-know that 

*000x43;-----:22*0005. 


In the former case, e<‘0005, and in the latter, 
= | "001--:000х4х...... |, and '000x,25...... 20005, 
= |7001—(0005--a) | , where 0<а<`0005, 
= | `0005—а |, where 0<а<`0005 

Hence in both the cases, e <.0005 or (/ 107... 7 

Remark. А similar argument may Бе изей to prove that if 
a number is rounded to п places of decimal, then the absolute error 
is less than or equal to (1/2) x 107^. 

Error bounds. While calculating errors above, уе tacitly 
assumed that we knew the actual value. Іп practice, however, we 
generally do not know.the actual value. For example, when we 
measure lengths with the help of a ruler, we might label the lengths 
as 1, 2, 3, 4, сш. Lengths between 2 cm and 3 ст would be 
labelled either as 2cm or 3 cm. We would not kaow the exact 
length but we know for certaim that the absolute error in our 
measurement is less than 1 cm. This | cm is known as an abso- 
Jute error bound. If x is an approximation to the true value X 
(unknown) and | x—X | <s; then we say that eis an error bound. 
The true value X then lies in the interval [x—e, х--є]. (We шау 
similarly define relative error bound). (1/2)X107^ is ап abso- 
lute error bound, when we round off to. decimal places. 

Example 20. Find an absolute error bound for the mantissas 
of normalized floating point numbers when stored in. а machine which 
truncates the mantissas at four digits. ^ 
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Solution. Here, the stored mantissas are the approximations. 
Just for the sake of understanding, notice that a mantissa like 
712345 is stored as “1234. Are there any others mantissas which 
would be stored as "1234? Since a Stored mantissa is always less 
than or equal to the true mantissa, all such mantissas are greater 
than or equal to 71234, Also, ‘1235 and all bigger mantissas would 
be stored as atleast 1235. All the mantissas in the interval 11234, 
“1235 | would be stored as 1234. Hence the maximum absolute 
error is | "1235—1234 | =:0001=10-4 The same argument works 
no matter what the mantissa is. Hence 107* is a suitable error 
bound. (Which method gives better approximations—chopping off 
or rounding off ? Equivalently, which type of errors are smaller 7) 

Remarks. 1. If € is an absolute error bound, so is every 
number greater than €. However, when we talk about an error 
bound, we wish to go as close as possible. Thus ‘bound’ is gene- 
rally used here in the sense of ‘least upper bound'. 

2. We can find an absolute relative error bound also in the 
above example. If the floating: point representation of the given 
number is “хұхахаха хх, where each ж is a digit, 5150, then as 
above, the maximum absolute relative error is 

“00018 хий 22-1 1 
Эпоху ЕХ, Хүхсхэхд < 1000 ° 
because XXaXgXa > 1000. Hence 107? is an, absolute relative error 
bound. Clearly, negative mantissas and exponents warrant no 
change in the argument. 

Example 21. // the normalized floating point mantissas are 
rounded off to four decimal places (keeping a Sour-digit mantissa), 
then determine a convenient relative absolute error bound. 

Solution. We know that the absolute maximum rounding off 
error іп this case is (1/2) x 10-4 or ‘5x 107%, Hence denoting the ab- 
solute relative error by e,, : 

‘Sx 10757 
16 ухаа Хо 
But i ТТТ» РЕКЕ жі, 


«10x'5x 1974, 


=е,<5 x1 0:4. 


Remark. From the above example, it follows that in the 
normalized floating point representation with. four-digit mantissa, the 
absolute rounding error is Icss than or equal to. 5x 10-5 and the ap. 


solute relative rounding error is less than or equal to 5x 107, 
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EXERCISE 15 (f) 


i chopping off the least significant digits keep- 
к с ҚҰЗ іп the алсан апа find the absolute errors : 
"37982, "36451, “132956, “987600. 
2... Round off to three decimal places and find the absolute round- 
_. ing errors : 

27: 877984; - 36548, ^ 79125, 79135. 

For which of these numbers, the errors are different from the 

' ‘corresponding absolute errors 7 


5 3, Round off each of the following numbers to three significant 


- "digits : 
735787, - 26401, 31009, 4002. 

Find 
(a) the errors. 
(b) the absolute errors. 

`` (©) е relative absolute errors, 

- (d) the percentage errors. 

156. ERROR ARITHMETIC 


22 Let us consider to assume that the errors аге due to input 
alone and that the arithmetic Operations on our data are exact, te 
хэн spr Ye can say about errors А sum, difference, product and 
quotient of two approximations when the errors bounds 
for them are known. эй, 

AS y ры X 


(а) . у S КЕЗІ (аад 
ЦООГ о ам 


— Hence error in (x,--x,)—(error in х) (error in ы) 
f , xo 
Эт; зүй €, аге absolute error bounds instead of being the actual 


| ба-Ехә)—(Х,+Х,) I<] Xy 
Hence an absolute error bound for 
(b) Error in the "difference. 


COSE X, | Gerte 
the sum is ec. xy 


difference x, xs is given by -> 19 0010, the error e, in the 
ў A S m 6703 7x)—(X, — X), 
5 =(4—X)-@y= =e — 
Hence error іп (x, x, — (error ін cre tad in x 


_ Similarly, deneti 
by ads nr emotes the abselute bounds for Xis Ха respectively 
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| 65—29—05-X) | «| A XIIE] х-Х,| S sta. 


Hence c, e; is an absolute error bound for xı xg. Note that 
error bounds ‘have been added even for difference of approximate 
numbers, 


(c) Errors in the product and quotient. "It can be’ shown that 
the relative error in the product (resp. quotient) of two approximate 
numbers is the sum (resp. difference) of the relative errors in the 
two numbers. If however, we consider absolute relative. errors or 
error bounds, then these are added for both the product and the 
quotient of the approximate numbers. 


Example 22. How accurately should the sides of a. room be 
measured so that the maximum error in computing the perimeter may 
be less than 20 cm. 


Solution. Since errors ina sum are added up, it would be 
Safe to measure each side with an error bound of 5 cm. 


Example 23. The length of a metal bar at a certain tempe- 
rature has been measured to be 30:32 ст with ап error bound of 
1107 ст. Determine the range in which the true length of the bar 
must lie. ; 

Solution. 4x10-?=:005. Since the approximate value can 
not bein an error more than (005 cm, therefore, the true value 
(in cm) must lie in the interval [30°32—-005, 30:324-005], or 
130315, 307325]. In other words, 30315 cm < true length < 
30:325 cm. 


,, Example 24. Rounded off to 3 decimal places, ‘the values of 
VS anil А/7 are respectively 2936 and 2 646, Estimate (i) the.absolute 
error in calculating V5 E/T from these values, and (ii) the absolute 
relative error in calculating А/35 from these values: | 

‚ Solution. (i) Since we are rounding off to three places of 
decimal, the rounding off error in each of 4/5 and Nlis Сүх 10-% 
(or (0005), Hence the error in the sum is <4X 1073+44 x 1073, or 1073, 

(ii) The maximum error due to rounding is ‘0005. ) 
Ву (с) above, the relative error E satisfies 


xls :0005 _, 0005 
ES os Ж бан 
dre 20005 4 0005, _ . : 
577200) 72000” 70005. 


(2236 > 2:000 etc.) 
EXERCISE 15 (g) 


1. If x—150 and у-75 are approximations to the numbers 
X-—156and Y=7'8, then write down the error in each of the 
following approximations : 1 


ТТЫ ТП, гав án арргдхіша oximation to Х+Ү. 122 
d Суварган to X=Y: 
` (е) xy as an approximation to XY. 
(а) х/у as an approximation to X/Y. 
) x—3y as an approximation to Х--3Ү. 

Jf error, s for two approximate numbers are 005 and 
ан is eda bound for 
(а) x+y, қ (b) -x—y. 
If relative errors in two approximate number x and y are "0001 
and 05 sempoctivelyy then find the relative: errors in the sum 
ч Ї ис! ху. 


If you wish to measure. x and у, and if you. wish to compute 
the difference x—y with an error bound | cm, how accurately 
should you measure xandy? . 3 


_ We have seen that errors are added when approximate numbers 
added or multiplied. Thus if ав intput х= 1234 46 im an error 
11 cm, then "would be in ап error of 1 em. 10% would 


e.nature of the situation or the data 
nd. Th рете тоге serious 
ution of the problem, 


„(Ше problem ill- 
instability аге inherent in the 
ing to do with the methods 


. If от ее ee 8 certain quantity Х 
D AUD Git) 100x 7 "t coh you say about the 
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Solution. (i) Correct to two j significant figures; here means 
correct to one decimal place. Hence the error bound due to rounding 
is $x107* or 05. Hence the true value X lies in 

[300 —'05, 300-05] or (2:95, 3:05]. 
Now X Є [295, 305] > Х% [2:955, 3:058)--(5736, 7489] nearly. 
Had we used the approximate value 3 of X, we would have obtained 
an approximation 35 or 6561. Siiice the true value’ of X? is some 
value between 5736 and 7489, even the two most significant digits in 
the approximate value of X? could be both wrong. 


(ii): As in the previous case, we find that 
"7 KU e (02295300, 3:051] 1:055; 17057] nearly: 
Also, 3!/20— 1'056. Thus had we used the approximate value 3 


of'X to evaluate X*"°, the'three most significant digits would have 
been certainly correct. 1 2: 


Gii) 100Х € [100 2795, 100 3°05]=[295, 3051. 


Also, 100 x 3—300, showing that like the input;the output is 
correct to two significant figures. 


Remarks. 1. Problem (i) above is ill-conditioned. because 
the errors in data are enlarged but (ii) is well-conditioned, because the 
errors in data get reduced here. қ ) 


2 Accuracy in the output’ тау increase, авгайг or remain 
unaltered as in case of (ii), (i) and (iii) respectively. p 


15772. Induced Instability 


“7: As you have seen, all computer arithmetic’ is carried’ out in 
floating point representations. The floating point operations are 
never exact due to constant adjustments of thé mantissa “and the 
scaling (adjustment of the exponent). “For the sake of "simplicity, 
we hadassumed thatthe numbers are chopped off after a certain 
number of significant digits. As a matter of fact, most machines 
round off rather than chop off. This reduces error. to a small degree, 

. the errors nevertheless are there... Most of our output are obtained 
through the. four fundamental arithmetic operations plus the 
extraction of roots (square-roots, cube-roots, .........). Sometimes 
several different . sequences of these Operations may be used to 
evaluate the same expression. For example, (x+y)? may be evaluated 
as (x+y) (x4: y), or as X -F2xy-E*, ог as. y3--2xy 4-x or as хх у) 
“p(x J) and so on. Believe it or not but different ways of evalua- 

. ting the same. expression may produce different results as we shall 
soon demonstrate. The output obtained іп опе way. may have less 
error than that obtained from using another algorithm. This is where 
the question of 8004 methods versus bad, pops up. Sometimes it 
is possible'to avoid:the unreasonable error which ‘arises from using 
a particular: algorithm by the: use:of audifferent algorithm, Under 
the citcumstances, the instability caused by using a Bad method is 
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known as the induced stability ; it is induced by the method used 
rather than being inherent іп the problem. 
Example 26. Sum  3454-0:00994-0:0023 using three-digit 
normalized mantissas, Find the error in the sum. Can this be reduced ? 
Solution. The true sum is 34622. Using three-digit 
mantissas, 
3:45--070099-4-0:0023--:345 Б14-99Е--24-23 E=2 |, 
! --(345 Е1--99Е-2)4-23 Е-2, 
—(345 E1--000 E1)4-:23 Etz2s 
72/345 Е1--:000 ЕІ, 
7345 El —3:45. 
The егтог=3'45—3`4622== —:01227 | 
Let us now find the sum in the reverse order. i 
0:0023--0:0099--3:45--(23 E—24-:99 E—2)4-3:45, 
-122Е-2--345, 
='122 E—1-4-:345 El, 
—'001 E1 4-345 El, 
72346 E1—3'46. 
This time, the error—3'46—3:4622— —'0022. 
Thus the error has reduced. 4 
Whenever there is an appreciable difference in the magnitudes 
of the numbers to be summed up, they should be added in the ascen- 
ding order of magnitude. Why ? When we add using floating point 
addition, we raise the smaller exponent to make it equal to the bigger 
one. Raising the exponent means multiplying the number by a. 
positive power of 10, To keep the number the same, we divide the 
mantissa by the same power of 10. Dividing by 10" here’ means 
introducing k zeros after the decimal point which’ results in the loss 
of k digits from the mantissa. For example, ifk>4, all the mantissa 
digits would be lost, and you would be virtually adding zero to the 
bigger number, Thus we would better add the smaller numbers first 
во as to make thé sum as Бір ав possible before we add a relatively 
big term. $ 


Remark. The associative law óf addition fails in the floating 
point arithmetic. 3 

Example 27. Use two different algorithms to find the third side 
of a right-angled triangle whose hypotenuse and one side are given.to 
be 7'5 and 72. Assume that computations are done on a machine 
which rounds off to, two significant figures: Compare the results. 


Solution. The third side is А/(1:52--7:23), Now 
7'5°=56°25=56 (to 2 significant figures). ” 
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7:22--51:84--52 ( 
7:58--7:23-44, 
4/(0:5%--7:25)--,/4--2: 

The true value is 2:1. Hence there is an etror —'1. 

We.can use the formula (a+b)(a—b)=a2—b? and compute the 
third side ав /((75-:7:2)(7:5--7:2))--,/((14:7)(3))--4/1(15)( 33}, 
rounding off to two significant figures. Thus) the third side=./4°5 
—212—2'1 which is the correct value. Hence the latter algorithm is 
better. 

Remark. Тһе latter algorithm was better because it involved 
only one multiplication as against the two (7:5X 7:5 etc.) of the 
former. Multiplication is répeated addition and every time you carry- 
out an addition, there is some-chance of the sum of. mantissas being 
greater than one. Whenever this happens, scaling is done. to nor- 
malize the number, and I significant digit might В lost. 

Example 28. Evahíate the smaller root of 33 —22x-E1—0 to 
our significant figures іп two different ways. Are the values different 2 

Solution. Using tlc formula, thé smaller root x, is given by 

22—4/(228—4) | 
"LE ни Сакал: жэр 


» peo, 


--11-34/(120), 
= 11—10:9544—11 —10:95.to four‘significant'figures, 
= 0°05. : 5 


+ Why did the formula method fail us Bere 2” THe reason is that 
we got'involved'in'a difference of two almost equal numbers (I1 and 
109544). - Notice that” for "alinost equal oi 2 5 
would Бегіһе same’ айа thé mantissas almost equal. ' Hence the 
difference in the mantissas isa rather small numbér and’ тезіне” in 
Some zeros after the decimal point. Since mantissa can contatti only 
four digits, the least Significant digits, which. in. this. case. carry the 
maximum information about the number, ате lost. у. 


(b) Adding.in descending order... 
(0) Lengthy computations. 
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These should be avoided авсбаг гав ‘possible. “The ‘accuracy 

ос output. 48 de бавклуааа not only;by the degree of accuracy of 

he compu Series неол: ‘but-also iby ithe imethod which 
‘We use to eee our, Pi 


‘EXERCISE 15 (h) 


зэм. Carry out all operations. їп normalized floating point 

‘orm with a four-digit mantissa and а 2-digit ‘exponent unless 
stated otherwise. 

1. Add ‘once in ascending” and once in noe order of 
magnitude : 

(a). 47:961, 3124, and 1:569. 

b). 3827, 12:54, and. 1:567. 

Compute thetrue yalue'in each Case. . Which algorithm gives 
а result nearer the trüe y ане?” ЫЎ w 

2. Evaluate (1/15)— (1/16), . once asa ifference of 145 and 1/16, 
and once ав 1/(15Х 16). Which a algorithm gives more signi- 
ficant’ ‘digit i in ‘the ‘output, and i is ‘hence ‘better ? 

3. “Evaluate 9х :9999, once as (10x 9999— 79999) and: Once-as а 
repeated addition of ‘9999. with jitself nine times. » Find the 
true value: Which output is less i in error уға) wd 

icati 10is. Carried out. Бу shifting ithe decimal 

! Жо not өдөө жогтайде -the output after each 


'qn. 
4. Evaluate w40— V 39.once by the difference of the two 
roots ahd :once ‘as 152 Үл Which ошрш | has more 
significant figures and is hence better? ” 


5.  Byaluate the shorter root. rec of ot бан following | uations 


шини ways after the ample" 28° 3n 


ch method gives a be 
oe x1—18x3-1—0. Ч 0) 127 =0. 
(0 312-0090. 3 100% 410, 

6. Computations were cartied out to 7 significant digits to solve 
the following pairs-of equations : 
(А) 0:999999x--y—7, (В) 1:00001х--у-7, 

kS. xt y=. 

The solution for (A) was х==—1973790 and у= 1973800, and 
that for (B), х: = 2097 15 апа y=20971( 0. 
The пеша is induced or inherent fq: 


[Hint. ‘vast di ference i іші Ше solution i is caused by.a small 
change їл е coefficient of x in the first equation.] 
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15:8, ITERATIVE METHODS: t»! sd йш ! 
'» opRecallihow you tried tov obtain’ a décimal répresentation for 
А/2.: You noticed that 18--1, 22—4, and (4/2)*—2 lies between 1 
and 4. Thus you guessed the value of 4/2 to lies between 1 and 2. 
You then divided the interval | 1, 2 [ into ten equal parts by means 
of the points 1:1, 12, 173,-»-., 19: You squared these numbers and 
noticed that 1715, 122, U3?, 1747 were less than (4/2)? but 1:52 was 
greater. than. (4/2)*..« You deduced that 4/2. must, therefore, lie 
between. 1:4 апа 15... (This.narrowed the range) ] 1, 2 [to ] 14, 1'5 [ 
telling you that the first significant digit in 4/2 is 1). You then 
repeated the process of dividing the interval] 1:4, 175 [ into ten parts 
by means of the numbers 1°41, 1°42, 143,....,. 1.49, and then 
locating the interval ] 1:41, 1:42 | which contained 4/2. This. enabled 
you to say that 42 truncated to two 416818 1:4, This process was 
repeated or iterated again and again toget the various truncated 
values of 4/2 as 1,1:4,1:41,1:414, 1°4142,,..Such techniques of repeat- 
- ing, ie., iterating a process to get better and. better solutions at each 
step are known as iterative methods. The three essential components 
of an iterative method are the following : 


(а) Ап initial approximation for the solution; e.g., in the above 
example, the first approximation to 4/2 was 1°0, since all values 
between ]and.2 start with I....... You must make a ‘logical guess. 
Generally, itis not a difficult affair. ; 


(b) А rule for generating а new value from the previous one 
авд не hope the ‘new value to’be a better approximation than the 
Ртеуіоц опе? “In the above example, the' rule was to divide the 
previous interval into ten sub-intervals and picking up that one 

^ whose end; points, afb satisfied: а2<2<11 \ This: every time added 
one, more, Significant digit) in the value of 4/2>and hence gave a 
better approximation. 51198 gamer vi bi 1 


эз (©). An instruction about when, to stop-or terminate the process. 
2945 PALEY 1 5 1 
Tn the above anp) athe rule. could:be 5) stop whem the square of 
a pus of division becomes equal 10 2... ‘Thatywould give us the value 
of 4/2. But а doubter. ора lazy person might have.made you. decide 
on another kind: f ter ination rule. “What if, we never. obtained a 
division point whose square is 1wo 1*" “How long do T go on? May 
be, »/2 has 20 decimal. digits: init Thankyou and sorry I do not 
haye that much patience." Such questions/remarks as these are valid, 
really ! An iterative process may never end forall you know. 
Would the process in the above example ever end? No! Onthe _ 
other had our number been, 1/16 say, the process would have soon | 
stopped. Та fact itis, not uncommon. to find that after a certain | 
stage, the new values cease to be better approximations, It would 
be futile to go on and on in such а case. In general, a few iterations | 
may suffice. For example. six significant digits may be all we | 
might need for using 4/2. When after a few iterations, the solution _ 
starts settling down or starts approaching neater and nearer a certain | 
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fixed value, we say that the process is convergent. A much-used 
rule in this connection is to take a small number є in advance. 
When two successive approximations, и, жу are found such 
that | u—u | <=, then we stop. The most common values е of 
аге 10-* and 10-*. Approximations u, v satisfying | u—v | <Се are 
‘said to be equal in this context. Another way of expressing the 
same thing is to say that two successive approximations agree to „а 
given number of significant digits. 


We shall now demonstrate ай iterative method to calculate ће 
values of e” for given values of x, x 


1581, Evaluation of e* 
You know that 


SUT БИТ 


{ү 


k oW j í 914 oi T. {o 
санай 2 ad eats ан oH 
e OMBRE со AD 


ul ә? ж ха Л! MO eT е ) 

Ы Ча Жүүж Е mg ^ (8) 
Given a value of х, 5 say, is it роввіМе 10 evaluate eš, from the 

above series. . Clearly, since the series neyer.ends, it is. impossible to 

substitute Х--5 in the R.H.S. of (A) and evaluate thc resulting ех- 

pression in the usual sense of a sum. However, we notice that the 

general term Tn or x"/n ! would be Pd ergs 


“тн SX SX xX tan times 7C 
"*71х2х.-х5х6Х7Х..хп 


Notice that аз л increáses, numerator does not increase as fast 
as the denominator. The net effect is that “as'n increases, Tn de- 
creases, It soon becomes less than one-tenth and thereafter the 
number of zerosafter the decimal point goes on increasing. .In 
any practical situation, we want accuracy upto a certain finite 
number of significant..digits only. ' If ме wanted our answer 
correct to four decimal places, then: orice we start getting terms 
like *Q0000x,x9---.---- ‚ it is no use adding them; they would 
contribute ‘nothing to the sum. , Two successive sums S, S' 
would hence forth satisfy | S—S'| «10-*. Thus by taking the 
sum of the first k terms for a suitable choice of k, we may evaluate 
е* to the desired accuracy. 


How would you calculate x?/2 ! ? A silly question ! You would 
multiply x by x and divide by 2. How else indeed ? What about 
x3/3 ! now? Evaluate xx xxx, evaluate 3! and divide? Indeed 
not? We can economize on our computation. We have already 
evaluate x2/2 ! for the given value of x. АЙ we need do is multiply 
it by x/3. This ptoduces (22/21) x x/3—33/3! Now we iterate this 
process. The next term, i.e., the 4th term can be obtained from the 
3rd by multiplying it with x/4. 
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In general... ¢ 
9:115У58 TEZ т МИ s. ux x 
Wise biai the (npud) dec meh а, 
оогоо 
1 ( 1 0 
with (HON о E о 


„Мое: 40, Tie initial value is T,-1. The first iteration produces. 


(b) Tha rule to get the T» in the nth iteration is 
TX Tea. » 1o поен іам ii 


(c) The Process is to nue when the first four digits after 
the. puget all Zero. This.means we shall chop: 
off she four deci decimal alae) 

Haying. Ra уы. the algorithm let us evaluate the terms in 
P till we get fi following! the decimalpoint. We shall use 
g ht Жел in our pull iud because most hand calculators use: 
! Е ‘figure display. If you ‘are ‘using log-tables, ог corhiputing on 
eae ше ‘lesser ‘number of figures а and lesser accuracy dd 
uu re 


First erations n: = тері, (х-3) 
WDR ud 
|< Second ration Ty my Prades, 
р roles х Йб i 
Sees UE 703—405. 
х REC 
2 4 a e Ter KITT 5 


хэ т 2x 2095-10125 
39 => j Te mens 
gs T bay $depx :4339285-- 262702 


e EE 
tf 
APTE 
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Ти--% x:0542410—:0162723 


T= Х:0162723-<"0044379 


T= x 0044379— 0011094 
Taj X 0011040002560 
Taj Х:0002560-- 00000548 
Ti, jy х0000548--"%00109 
Tı Х10000109--:0000020; 


Thus if we desire to turncate the sum at the 4th decimal place, 
there is no need to calculate the subsequent terms. The sum сап 
also be found by using an iterative process. Denoting the sum of 
the first n--] terms by S», we notice that” 


So=T, 
8,(--Т,--Т:) 
=S,+Ti 
$,=(To+T)+Ts 
=8,+-T, 
brio I» 


$e. = Т» 


This time the iteration is to stop as soon as à Ше first four digits 
of Sn and Sa, become equal, because this" Will ensure’ that the fi ў 
four digits after:the decimal point Kave ресоше геѓо and’ ‘subs Ч 
terms would contribute nothing to the sum ŝo far as “Ве ‘ace fe 
Ко level of acéurácy is Concerned. © The whole work сап Бе organized 
agin the form of a table as given on next page. 
et us explain the first two rows оГ the table. When n=0, 
InFS To =} (reading from the: мэ H à 
51247 


Tan Shs iXn- е ч 
бани А уса raise : ie 
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M 1 

n nth term (n+1)th term Sum to (0-1) th term 

ч 3 a es Ti | 

(Initiali- OT, STG ER х1] 8,554 ЦЭР | 
zation) (T,=1) (5, = 1) | 


( 


1.0000000 4 3 X 1.0000000-13.0000000 41-3-) 4 0000000 | 


0 
1 3.0000000 А 3.x 30000000-)4 50000007, 8 5000000 | 
2 4.5000000 ^ 4.5000000 ——— 13.0000000 | 
8 415000000  3:3750000 16.3750000 | 
4 3.3750000 20250000 ` 18.4000000 | 
5 2.0250000.. 1.015000. — 19.4125000 | 
6 1.0125000 0:4339285 19.8464285 | 
7 0,4339285- 0.1627232 20.0091517 | 
8 0.1627232 00542410 20.0633927 | 

/9 '' 00542410 00162728 — ^ #9 200796650 | 
10. 00162723 (00044379 . ‚„ 200841029 | 
11777 00044379 000109422222 2 20,0852123 | 
12 0.0011094 0.0002560 i 20.0854683 | 
13 0.0002560 00000548 20.0855231 | 
14 0.0000548 00000109 ^ 20.0855340 | 

15 


0.0000109 0.0000020 20.0855360 


A good working Strategy is to check the computed T; and 5, directly 
from the series so that any mistakes-made in the recurrence relation 
written for Tai, and Заа may be rectified right here avoiding later 
misery. The series in question is &j— T--3--3*/2 14- 39/3 !--......... 
We see that indeed Ti=3 and S,—4. Now the second row. When 
n=1, Ta=T,=3 (copying it down from the previous row) ; Ta, — T, 
TO Зваал-5,г-8:4-Т,--44-4:5--8:5, taking the value 
1 1 

M 


ч from the last.column of the previous. row and. T, just obtained. 
erify directly fron 16 series... You should саггугоп the verification 
Оп T» now and then directly from ; the. series in order to make sure 
you have not committed a mistake so far. - Verifying Sa directly may 
not be possible at later Stages. 3 0) пзу а % 

The required sümiturncatediat 4th decimal ‘place апа correct 


to six significant digits is 200855, (Rounding off would also produce 
the same answer.) 


Verification : An approximate value of e—2'71828. Hence 


a approximate value of e? is 20'855, chopping off after four decimal 
places. 


n 
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Are you thinking why did We 80 to all the tfouble if it were so 
simple as all that? If yes, try evaluating 627 by this method! The 
value 3- was chosen in the demonstration above for the sake of sim- 
plicity. The worth of the method comes to the fore when x is not 
aninteger,and you do not have a hand calculator. Some of the 
normal functions can be evaluated directly (by the push of a few 
buttons) with the help of a calculator within seconds. However, i in 
real life, the'solutions of some problems may arise as series which do 
not represent any known standard functions. In those solutions, 
we must resort to such methods... Moreover, ай iterative processes 
are, really speaking, meant to be carried ош оп computers. 
However, we must understand them so as to be able to дрен th them 
for computers. 


1582. Evaluation of sin x 


For all real values of x, 


ee 
31 d 51-71. due ia 

As in case of e*, the terms keep on decreasing and by taking 
the sum of a suitable number of terms, the value of sin х can be 
obtained to the required degree’ of accutacy. Notice that the nth 
term Tn can be written as Ў j 


sin x=x— X— 


( -1 ШЕ 

(2n=1)! 
To write Тар» in terms of Ta, let us compute Tn4:/Tn. Now 
(= pss х2(%+1)-1 (2п—1) ! 


Ta= 


Tn41/Ta= ШЕГЕТІН ї X (yeh xm xen 
2 ENERO 289: 
— Qni Dn) 
сар 
ЕРЛЕГЕТІН 
x 
Hence Т S55 2п(2л-Е1 js 
Also, as before, dénoting the sum л terms Бу. сет we get 1 
Sn=Sa-1 Tn "en 


This time let us compute sin 3 correct to three шөнөө 
figures. It would be safe to compute Tn till wé get four zeros after 
the decimal point... With x=3, 

| Шен ae E 
Our iteration starts with n=1. Also, the initial value T,—3. » 
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no Evaluation 9 verons ferme. af Bin 3 


is 
п(2п+1) 


45 т 
nme 


1 Tin М 
) 


| : nmm 


000 : ~ 45000000 
—.0.4500000 j 2.025000 
02142857 210250000 -10.4339285 
72012506 04339285 10542410 

° ee 0.0542410 —0.0044378 
—0.0576923 --00044378 «|. 00092658  .д 
—0.0428571 0.0002560 —0.0000109 


»рэй 


Let us now tabulate Sn, Т». and 5,,, for various values of n 
in order to evaluate sin 3. 1: 


Evaluation of Sin 3 


' —1.5000000 


-1.3000000 0.5250000 | 
0.5250000 0.0910715 
0.0910715 0.1453125 | 
0.1453125 0.1408747 
0.1408747 0.1411307 
0.1411307 0.1411198 


We notice that | S,—Ss | <10-« Hence the required value 
correct to thrée signifi ra igures is "141. РОР эме Fea 
Remark : We could have reduced our work somewhat had we 
oted that %=3'1415927, and sin (n—6)—sin6.' Thus sin 3—sin 
G14139210 1419920 sini. 141927 Had we taken х=0-1415927, 
/2 would have been “0100242. With the value replacing 4°5 in the 
first column of the table for evaluating various terms of sin 3, the 
Sought out zeros after the decimal. point: woüld have come much 
earlier. Such tactics which тейисе the computing labour must be 
used whenever possible; 27 г ER MOUSSE, тт 


NUMERICAL: METHODS" 1 77 + 845 
1583. Evaláadón of cos x ki 
The power series expansion of cos x is i 
xbo-xt- C ats 
Se te 


зай it is valid. [ой all real values’ of x. The general term Ty is TT 
y 


cos x—1— 


Тһ-(-1)» am 1 
Here again, we shall regard the constant term he as the zeroth 
term. pun 


су 


To=1, 


dii 

хе 
Tr 4r 

and so on. The recurrence relatioa connecting Та and Tua is 


€ 


7,2409 Р, 
(2 --1) 2043-2) * 
з HE 

es 2Пт Dn D 
Let us evaluate c соз 3. „Notice that cos 3—cos os (n—0* 1415927) 
== —соз (01415927), We shall evaluate’ cos (071415927) first." When 

х--0:1415927, 
—0'0100242 


TSE DONE) 1” 


You can organize your work in-two stages ав Before and chéck 
up your calculations from the following table : 


Evaluation of cos (0° 1415927) 


| 1-.0100242 тея 5, (881481) 
| o 
1 


(151)(205:1) 7. (12:51) (5,=1) 


(251255 
19 -901002%2-.,.-----1 2224 
1 1—00016797 = 0 010024271 Спо о 0100242) -)0 9639758 
27228) 0906682 ёс 0 0000167 —* 1 27 9899925 


There i is no need: to camy ош further calculations because it, is 
clear from the firsttwo entries of the last row that T, would’ have 
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#6 


seven zeros following the decimal point, and hence would соп tribute 
nothing to the sum. The required sum is, therefore, — 0`9899, turn- 
cated to four digits. Rounded-off to four Significant digits, the value 
is —0:9900. (Recall that cos 3—— cos (0:1415927).) 


Remark. Comparé the computational work involved here 
with that in evaluating sin 3. A little understanding may ‘bring in 
great rewards, By using the relation cos (x—0)=—cos 0, we sort of 
well-conditioned our input. in the sense that the sum soon settled 
down to a certain value. Using the Jargon, we could say the conver- 
‘gence was rapid. 


EXERCISE 15 (i) 


Obtain all answers rounded off to three significant digits, unless 
Stated otherwise. 


1. Evaluate each of the following using iterative methods : 


(a) e. (b) ез, 
(c) et. (d) ег; 
2. Use iterative methods to evaluate : 
(a) Sin 1. (b) Cos 2. 
(c) Sin 2:1. <) Cos 134, 


(е) Sin "1415927, 
3. Evaluate, making uss of trigonometric identities to reduce the 
22 Arguments toa number less than T : 


(а) Sin 15. D (6) Sin 100. 
(c) Cos 30. p (d) Cos 78. 
:4. Using the series Jn (1-х) 2 еу 
АА sald Ота cU 
—l<x€l, evaluate : 
(а) 412. ` (8) In 1°03, 
(с) In 55, (d) In 2. 
5. Can you evaluate In 3 by the series given in question 4'above ? 
Tx 2 
Use In (15%) а (+242 <=) to evaluate /л3. 


У ene says ‘equation’, what picture comes to 
Гаух--...... "T 6nX* —0 7 If yes, a word of caution 

1 Hematics, half the time we are solving equations, 

5 time, these аге NOt polynomial equations mentioned 
e dy сөте across. equations “of the type 


i 
| 
} 
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sin х--0; tan х4-2 cos x=0, and certainly you have solved lots of 
differential equations. As you) go to higher classes, you WO: 
discover a rich variety of equations. For the moment, we shall 
concentrate on equations of the type f(x)=0, where f(x) might be a 
polynomial or a combination of polynomial, trigonometric and 
exponential functions. We shall mention some popular iterative 
methods to find approximate solutions. 
15911. Method of Bisection (Binary Chop) 

This method is based on the Intermediate Value Theorem which 
you read in Chapter 4. Suppose fis a continuous function, Let a 
and b.be points in the domain off such that f(a) and f(6).are of 
opposite signs. Suppose f(a) is negative and. f(b) is positive so that 
f(a) <0<f(b). Since / must assume every, value between, f(a) and 


0. (bif(b)) 


(a, Қа)) 


(bib). 


220) 
Fig. 151 À 
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6) by the above'theoreni; and’since:0 is avvalue between Да) and 
6), f(c) must beequabto 0 at'some point с/Бебуееп a'and b. This 
situation is shown in Fig. 15:1(а). 


222 The other case /(а) >0>/0) is shown in Fig, 15:1(5), Once 
we have gotaand b such that Да) and Л) are of enponie sign, we 
know that a root lies between a and Р. Now we.shall use iteration 
to get better and better values of a and Р in the sense that they are 
closer and closer to c. Ultimately we shall trap the root 6 between 
two süch values a and b which agree in а given number, say four, of 
their most sigüificant digits. “For example, if 4-2 3417 and 
8--2/3419, then we have 2:3417 < ¢<2°3419. What doés it man 7 
It means that cis a number like 27341:..... Hence chopped off at the 
Сан significant’ digit, с- 27341, апа this is an approximate 
solution. 


Let us see how. we shall go about the narrowing business 
mentioned above. One obvious thing to do is to take the middle 
point d—(a--b)/2 of a and b, and evaluate f(d). If f(d)—0 by 
‘chance, d is the root requited and the job is over. Otherwise, either 
Тау>0 or (4)<0. If f(d)>0, Шеп f(a) and fid) have opposite 
‘signs, and therefore, c lies between a and d as in Fig. 15:1(а). Other- 
wise f(d) and f(b) are of opposite sign and the root c lies between 
d and b as in Fig. 15:1(5). In any case, we have obtained an interval 
Га, d] от (0, b] containing the root and this interval is only half as 
big as the original interval [a. 5]. We now iterate this process of 
bisecting and chopping off of half the interval to get a yet smaller 
interval and so on. We stop the process when the end-points have a 
given number of identical significant digits. 


Let us illustrate the process on the equation 3?— I0x--11—0 
to find a root chopped at two significant digits. We note that if 
f(x) 33—10x--11, then 


f(0)—0, /(1)>0, 702) «0. 


. Initial Step. This involves locating two bounds between 
Which there lies a root. Since f(1) and f(2) are of opposite sign, we 
know that a root of Лх) =0 lies between 1 and 2. As a crude 
approximation, we take the middle point of 1 and 2 as the root. 
Thus our first approximation x, to the root is 1:5. The bounds 
located above would be denoted by aand b. We shall denote by a 
the bound at which fis negative. Thus a—2 and 5—1. 


с First Iteration. Since the root lics іп [1, 2], it must lie either 
in the left half TI, t5], or the right half (155, 2} of [1,2]. We can 
easily discover which half contains the root by finding out the sign 
Of f(1'5), Now /(1:5)----625<0. Thus f(I'5) is negative. Which 
of f(1) and f(2) is positive (i.e. of the opposite Sign) ? By our choice 
of a and b, it is f(b), ie. f(1). That means a root lies between 15 
and 1. Hence we chop off the useless right half interval 11:5, 2] and. 
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жд 


1 1.5 2 


work with the new interval [1, 1*5] which contains the root. Since 
70020, b=1 апа since f(1'5)<0, a=1°5. Thus the bound a gets 
he new value 1:5 and the other bound retains the old value 1. We 
summarize our data below : - 


(а) new bounds for the root :-а--1:5 and b=1°0, T 

(b) new approximation to the root.  xy—1 (L:04-1:5)—1725. 

Notice that 1'0<root<1‘5 implies that the most significant 
-digit of the root has been found. -What is it ? - 


Second Iteration. The root lies either in the left half 120, 1:251 
or the right half [125, 1°5] of [1'0, 1:51. 


1 1.25 1.5 


Since f(1'25)=0'453>0, we observe that /(1:25) and Лі) 
have epposite sign. This means that the root lies in 11:25, 1°5], and 
‘we again chop off the useless half, which is the left half interval 
‘this time. This time the bound b assumes a new value 1:25 and а 
‘has the old value 1°5. Thus 


(a) new bounds for the root. a=1'5 and ӛ--1725, 


(b) new approximation to the root. x=} (1:5--1:25)-- 1:375 
з-1738, (rounded off to three significant figures). 


Third Iteration. The root lies either in the left half 1:25, 138] 
or the right ‘half [1°38, 1551. Since (1°38) =—"172<0, ЖІЗЗ8) and 
f(1'25) have opposite sign. Thus the root lies in the left half. Chop 


1.25 ~ 1:38 15 


off the right half. Give а the. new value 1°38 because | f(1:38) «0, 
‘Do nothing to the bound b. j x 
(a) New bounds : a=1°38, 5--1:25, | 


(b) New approximate root > х=} (1:38--1:25)--1:315--1:32 
вау. ; 


Fourth Iteration. The root lies either in the left half [1°25, 
1°32] or the right half 11:32, 1:38). Since f(1°32)=0'1>0, the root 
lies between 1°32 and 1:38. 


рани 


1.25 1.32 1.38 
(a) New bounds: a=1°38, 6=1°32. 
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(b) New approximate root : + (1°38+1°32)=1°35. 

We notice that since 1732 <root<1°38, the root is 1'3 to the 
two most significant digits. The same conclusion is reached by 
comparing the two latest approximations , and x, which agree in’ 
the. two most significant digits.’ Hence chopred off at the second 
digit, the root is 173, ў 


Let us now examine how many iterations are required to . 
locate the third and the fourth significant digit. Skipping the details, 
we list below the relevant computations . ї 


E 


Я8-21| «0 


1.335 | >0 
|: 18425 |: <o 
"113387 | 50 
18406 | >0 
1.3415 | «0 


1.3410: |: »0(-.0014) 


^... lt fellows that 9 iterations’ ate üeeded to locate the third 
significant digit and 11 for the fourth. The root after the 11 
iteration is 1:341 and /(1:341)--:0014. ў 


t£) marks. 1. Since we want the root chopped: at the ^ second 


digit, we do not need the value beyond three significant digits. That 
187 why, we rounded 1375 to 1"38;а+ the Second iteration. Had we 
wanted greater accuracy, we would keep the values intact to more 
‘sighifieant digits. SETA e 4% 23 28:28: x 
2, Аі every stage, it is not really necessary to compute “the 
Ты value f(x). All we arejnterested in is knowing the sign of 
(ха), £ се! AE 


3. Notice that at the.fourth iteration, the approxi t 
is 135 and it is the middle point of 1132, 138] We bote 700 


дін = T 
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certain that the actual root lies if this interval. Hence the last 
approximation 1°35 has a maximum absoluteerror 103 (equal to 


— — — 03-_____» 4— —— 03-----5 


192 1.85 1.38 


half the length of the interval 11:32, 38]. Since one of. the 
end-points is always the previot8 approximation, the maximum 
absolute error is equal to the magnitude of the difference between 


value. 


4. Each iteration halves the maximum absolute error. Equiva- 
lently, each iteration increases the precision by a facto of 2, or one 
binary digit. Hence this method is known: as. the binary chop. 
This method is named after Bolzano as well. қ 


arte £ 
5. Though sure, this method is slow. In, general, it takes 
more than ten iterations to find the root to any reasonable accu- 
тасу. In fact, if we start with an interval of ‘length 1, it is only 


ШДЭ 


0, тас „то-и [o-t E 


After the second iteration, the root is known to lie somewhere 
in the interval 1,=[0, 272] of length 2-2 and our third approximation 
x,—27?. Thus in general, after the nth iteration, the root is known 
to lie somewhere in the interval In==(0, 27] of length 2-*, say at 
А, and our (n +1)th approximation is xp4q,=2-(+), Clearly the 
maximum error іп Хаң is 2-(n+2), | 

| ЇЕ | 
5. “pone 


2-2 
| его Bead БОЛН ^ 
| Thus it is only after n iterations that we can say with cons 
fidence that the,error in the current approximation xe, is less than 
2-0): Now) ^" [SE f] 2 i 


72Қ-512)<1000<24(-1024);‏ ا 
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So that; 27%>1075>279-2-95), 

Thus it is only after с iterations in general, that we сап say 
that the error in our current approximation (ху) is less than 1073 
or "001 similarly, since 

‚ 2>10%>2”, 

it is only after 6 iterations in general that we сап be sure of error 
being less than 107? or "01. How many iterations atleast would be 
required if we want to ‘be sure that the error is less than 1071 or 
"17 Three! 


6. It makes life easier if we evaluate expressions like 
а,х%--аүх*-Еазх+-ау as а nested multiplication 
x(x(aox-Fa1) Fas} H- as, 


starting the computations from the inner-most brackets. Also, it is 
more efficient to evaluate - 


(a+b) as fno or b4-3(a—). 
. We can now formalize what we have done above as 
follows : 5 i : 
_ Step J. Find values.a and b such that f(a)<0 and. f(b)>0. 
Take the first approximation to the root as 4(a+4). 


f ‘Step 2. (nth iteration) If f(xn)=0, stop. Xn is the roof we are 
trying to trap. Else, test the sign of Лон). 167 (0и) > 0 replace b 
by x. (Recall-that the bound at which f is positive 18 labelled b, 
and: that Ха replaces one of the bounds, the other bound remaining 


“7 Computation of a Root of x*— 10x--11—0 by the Bisection 
Method pu А 


“ae EEE ae Кы 


соак а< 
Ёс zation) |... 


25(>.1) 


13(>.1) 
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Bisection method to solve f(x)=0. 
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the same.) Else, replace а by xa. (If f(xn) is neither zero nor 
greater than zero, then f(x») must be less than zero ; 50 4<хһ.) 
Calculate Xnr1=}(a+b). 

Step 3. If xn, =x to the required accuracy, stop, Else go to 
step 2. : 
The flow chart on page 853 describes the process. 


7. Using the terminology introduced above, we can organize 
the working of the illustration in the form of the table given on page 
853, 2 


It is clear from the table that we could have stopped after the 
third iteration itself and take 1°32 as the final approximation. 


Example 29. Find a root of the equation 3x--Sin x—e*—0 
truncated at two significant figures. 

Solution. Let f(x) —3x-L-Sin x—e*, Then /(0)<0. Also, 
S)=3+S8in 1-е>0 as е<3 and Sin 1>0 (for 0<1 «*/2) Hence 
à root lies between Oland 1. Clearly, the root is a fraction. There- 

ore, evaluating the! root to two significant figures amounts to 
truncate the root at the second decimal place. "Thus we can let 
ё==`01 and stop iterating as soon as the difference between two 
Successive approximations falls short of “Ol. Since. f(0)<0 and 
(13>0, we take initially а=0 and 5—1. The first approximation 
to the root is 3(04-1)-- 5, 

We now evaluate /(°5). We have used a pocket calculator to 
do that. Thei whole Work is organized in the following table after 

2 the fashion of the earlier illustration. The required root is 0°36, 


Computation of a Root of 3x + Sin x - eX = 0 by the Bisection Method 


а< 0.25 10.25 |05 
6< 0.375 (0.25 | 0.375 


a¢— 0.313 | 0.313) 0.375 


ae 0.356 | 0.356] 0.375 
b €— 0.366 | 0.356] 0.366 
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EXERCISE 15 (j) H 


1. Use the Intermediate Value Theorem to locate a pair of values 
between which there lies a root of the equation : 


(а) x®+3x—7=0 
(b) 3x8—9x+2=0 
(c) x8—20=0. 
2. Show thata root’ Of the equation x*—sin x=0 lies in the 
interval (5, 1]. 


3. Use the bisection method to find the solution of x*—x--1-0 
to two most significant digits. 


4. Each of the following equations-has a root between 2 and 3. 
Use the method of bisection to find this root to three signi- 
ficant figures : | 
(а) Lagrange's Cubic х3--2х--5--0. 

(b) 2x®+x*—33=0. 
(c) 38--26--0. 3 
(d) 385-7х-83--0, 7. анон JAT p. 


5. A rootofthe equation: .3*—x—:24— 0 lies - between-0-and `5. 
Use the bisection method to find an approximate value of this 
root having a maximum absolute error :01. H 
4592 Method of False Position Ї 
“їл the method of successive bisection, we first of all locate an 
interval which traps а root. Then’ we choose the middle point of 
this interval as an approximation to the root. This middle point 
has the property that its maximum possible absolute error from the 
root’ is minimum.’ For example, suppose а root of f(x) = 0 lies іп 
[0, 1]. No matter where the root, the middle point cannot “be іп 
error more than 0'5. On the other hand, had we taken ап 'approxi- 
mation like 01 and the root were 09, the absolute error in 011 
would.have been 0'8. From this angle, our selection was most 
judicious.: However, this method becomes nerve-wrecking / when 
the root lies very near one of the bounds. For example, if the root 
іп the above example were "00015, the number of iterations required 
to get even the first significant figure in the root would be 13. For 
'this reason, we choose another method to choose a suitable approxi- 
‘mation once a root has been trapped. 
е Let us consider the graph of a. continuous function /, where 
Ха) and fib) have opposite signs. Denote by Pand О respectively, 
the points (а, /(4)) and (b, f(b)) оп the graph. Let the graph of f 
апа the'chord PQ meet the x-axis in M(c, f(c)) and N(d, f(d)) respec- 
tively. Note that c is a root of /(x)—0. 2: 
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We assume that between а and b, the graph is approximated: 
by the chord PQ so that d may be taken as an approximate value of” 
€. The point N can. be easily located: as the intersection of the 
chord PQ with the x-axis: : i 

Having obtained 4, we зєн iterating. “Аз in the bisection 
method, we narrow down the interyal containing the root with the. 
help of d by taking d as one of the bounds. As there, we shall call 
that bound at which f is negative, a, and the other. one 5. Having 
obtained a new pair of bounds, we.again find the point of the inter- 
section, of the x-axis with chord Joining the new points on the graph 
corresponding to the new bounds. . The process. iş , continued till a 
Toot with the desired accuracy is found. Let us illustrate the process by 
solving the. same transcendental equation 3x--sin X—c*—0 which: 
we took in Example 29. | 5410 

n Here f(x)—3x--sin xe, fi9) — —1«0; f(1)—11127-0; Adopt- 
ing the yPrevious» practice of taking а ав the bound at which f is 
negative; we have: @=0, b—1. Thé.equation ofthe line joining: 
(a, f(a)) and (b;;fb)), йез, (0; —1)and:(l, 1:12) is : 

1 | ; Ч у хо), 
or STE 9105) У-Е1:52112х, - узшу ай fole d SDR 
This meets the x-axis where х--1/2:12--47 (rounding off to two 
decimal places). Thus our first approximation to the root is “47. 
Sm ‘Now олн. gut first. iteration, т AO, ‚ Hence the 
ound Р is replaced by the approximation 047; has the previous 
vllt d Tio ДАДЫ, know that the root "Чез іп (0, 47). The: 
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зөнч 1 ho © * 4 зайн 2 

equation of the chord through (a, /(а)) and (2, /()).is now the equa- 

tion of the line joining the points (0, —1), апа (0:47, 026), and is 

given by 

0:26--1 

047-0 


»tl- (х-0), 


_126 
er > +1=бух. 


This meets the x-axis where x= 410373 (taking one more decimal 


place). Thus the second approximation is 0.373. 


Now /(0°373)=0'031<0. Hence we replace b by the latest 
approximation 0:373. Thus the root lies in [0, 0:373]. The equation 
of the current chord passing through (0, - 1) and (0:373, 0 031) is 


_0°031-Е1 
y+ 1——7937 2° 


and meets the x-axis where 
ky 
х= 1°031 =0'361. 

Hence the third approximation is 0:361. (The first significant figure 
in the root has been found, the two latest approximations being 0:373 
and 0:361.) /“361)--0:001<<0. Hence b is assigned the value 0:361. ° 

The equation of the new chord (through (0, —1) and 
(0:361, 0°001) is 


У+1=—0361 7% 


and it meets the x-axis where 
0:361 5 
х= Toor? 360. 
Hence 0°360 is the fourth approxi mation. Since the previous ap- 
pr oximation was 0°361, we now know that the root, chopped at the 
second decimal place is 0°36. 

Remarks, 1. It had taken us seven iterations earlier to draw 
this conclusion. Ву and large, the latter method, known as the 
method of false position or regula falsi, is faster. However, in some 
cases both methods may prove to be equally slow. 

2... Notice that f (0°361)=°001=107*. That shows. that had 
we accepted е--10-?, we had already found the root as 0°361. 


3, The equation of the line joining (а, f (а)) and (b, f (5)) is 
у= (у--70)-70) 9-7 (0) (х—а). 
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йе а root of f(x)—0 by the method of false position. 


Choose 
Қа) « 0, бсо. 
Choose е to indi 
cate termination 


а += х, 
| 

2 ) 

X Xa | 
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It meets the x-axis where 
b—a 


таа) 79 -0) 
а (Б) — bf (a), --(2) 
7 (b)—f (a) А 


Instead of finding the various approximations Бу first finding 
the equation of the chord, and then the point of intersection. with 
the x-axis, we can usé -the above formula directly. Аз far as com- 
puter is concerned, (1) is preferable as ‘it involves: only »one>tulti- 


plication. ЖЕ 3 i 
Let us now formulate the method of false. position : 


Step 1. (Initialization): Find two values a and b such 
that f (а) «0 and f (5) 0. The first approximation x, to the root 
18 ї 


у 


bray (OFS 
past seran pase ece Sad 
Step 2. (nth Iteration) : Evaluate S (Xn), If f (xn)=0, xn is 
the required root. If f (ха):50, replace’b by xp. Else, ‘replace a by 
| Xn. Evaluate the next approximation Хя+ by the formula 


m b angen os 
Хана TOTO 23: p КОСЕ 
Step 3. If x«—x to the required accuracy, stop. Else, go- 
to step 2, У 
The flow chart on page 858 describes the process. 
Example 30. Find the root of °=2x—5=0 which lies bet- 
ween 2 and 3, correct to three places of decimal; : 


Solution. Since we wish to find the root correct to three 
decimal places, we. shall calculate ће root to four decimal, places. 
Now f (2)— —1, f (3)=16. Thus а=2 and Ь=3. y 

The first approximation x, to the root is 

b—a 


nre TOf 1°) 
3-4 
Cae Tea DEG 1), 


Ls 
(rounded off to 2 decimal places). 
First Iteration. f (2°06)=—*38<0. We replace a by 2:06. 
bhas the old value 3. The second approximation Х, is given 
: by А 
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Қ 3-206 ,- 
3,2 = 160—738 
=2°082 (rounding off to 3 decimal places). 


-. We have taken three decimal places here because the root has 
Started emerging аз 2°0... Clearly | x,—x. | >e, 

` "Second Iteration. F (2'082)=—0°1391<0. So we replace a 
by 2:082; b is 3 still. The third approximation x, is given by 


j | 32:082 Б 
rpg 164013910 1391), 


:38), 


-2%%2 4.7918 x01391 


16139] 2090. 


Third Iteration. f (2:09)----00506<0. Hence we replace а 
by 2:09. The fourth approximation x, is given by 
i Jes КҮ i 3--2:09 5 
2, Ж%=209—-тє- s06 00506), 
95100506 —2:0928. 


Fourth Iteration. f (2°0928)= —0'01952<0. Replace a by 
2:0928; | # i 


=2°09+ 


3-2-0928 . . 
16420%1952 (001952), 
9072, 001952 
1601952 


X,—2'0928— 


=2-09284 7 
=2`09390. | 
"Fifth Iteration. f (20939)— —0:00726—0. Hence 

6*-2*09390. MNA 
Ў 3—2:093€0 7 — 
X%e=2'09390 71655000726 (-0:00726), 
des 0:9061 Х0%0726 
=2°09390 + 16 00726 
з-2:0943 1. 


Sixth Iteration. f (209431)----0000270--0. H 
45-2:09431. 5 Ue = зү 27 


= 209431 -үй003:9-Х0:00210, - 


° 5222:094313:0-00015; 
=2'09446. 
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Seventh Iteration. / (2'09446)=—0°00103<0. 
Hence a«—2:09446. 
3—2°09446 


Xg= 2094464 16:0:00103 x 0°00103, 


--2:09446--:00005--2:09451, 


Eighth Iteration, f (2:09451)----"00047 < 0. 
Hence а<-2:09451. 3 
3—2'09451 


ха--2709451 -+ 71642000047” 
--2709451--:00002--2:09453. 

Hence the root is 270945 to four decimal places. Rounding off 

to get the value correct to three decimal places, we get 2°094 as the 


root. Recall that 4 being even, is not to be increased because of the 
5 being replaced by zero. E 


x 0*00047, 


.. Computation of a Root of x'—2x—5—0 by the Method 
of False Position. 


ac г} 20 


56-31. инені 

ae 2.08... |8) 2.06; 

ае 2.082 2082 

ae 2090 2.090 

ae 2.0928 2.0928 

а < 2.09390 |2.09390 : 
a 209431 |2.09431 0|160| 2.09446 
a < 2.09446 |2.09446 у А 5 2.09451 
а «- 2.09451 |2.09451 :0 | 16.0 2.09453 


EXERCISE 15 (k) 7 
1. Obtain a root, of each of the following equations, truncated 
at three decimal places by the method of false position : 
(a) 33—4x—9-0. 
(b) х2—18=0. 
(c) x8+x*—3x—3=0. 
(d) “-х-1--0. Biol 


TAISEN 
approximation а—./(@ ‘and find a better ap 
: M e 


а chord. Instead of a chord, we shall 
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2. The equation X*F3x —7—0 hàs a root between 1'4 “and 156. 
Obtain the root correct to three places of decima] by using the 
method of false position; 


3. Find a cube root of 5 correct to one decimal place by making 
use of the method of false- position. 


4. А root of xe —3—0 lise between 170 and Il. Use the method 
of false position to find. this root correct’ to’ two: decimal 
places. 


5. A root of sin xe*=1 lies between “55 and `3. Find this root 
truncated at the third. decimal place. 


Rolle's theorem that there exists a 
ween 0 and 1 such that 


HA LOT (a)-Hhf'(a)- (2) у" (a gh): (А) 


which has a small eror. Suppose that the a $ 
that Ais a smal] number. Now a+h being a i 
must have /(2-1/)--0, But the equation (A) 
that... 


Jf (a) -hf' (а) +(2/2)у” (a+0h)=0, 
| Since his a small number, A? is relativel 
to /. Hence we may ignore the last term in (B) 
from the resulting equation 
S (à) -h. f '(a)—0, “(С) 


Тһе value h= ~f (a)/f'(a) obtained from (C) is not the actual 
value of їл Satisfying, (В), but the error in ho is negligible, h2 bein 
very small. Hence if a is ап appraximate root, a much better app- 
roximation to the root 2-7 is - 5 


-“(В) 
smaller as compared 
and. determine to №, 


Eg E atin 
4--%-а f'ay^ Paka 


“We can now iterate the above Process starting with the new 


Уау? proximation. The 
process (can. be. riterated till a root до, desired. accuracy. is ob- 
tained. x 


unti man. dE I. 
We can use а geometrical argument also.to get the above pro- 
cess which is known as the Newton-Raphson Method "mr 
In the method of false position, we ‘approximate the graph by 
now Use a “tangent to the 


اح rta‏ تک کی te, л‏ دن ل 
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graph ав ап approximation. Let us draw the graph of f(x) —0. If 
it meets the x-axis at the point Q(c, 0), then c is'a ‘root of f (x)=0. 
Suppose we are able. to a locate а value а whichis по {аг from с. 
The corresponding point the graph is P(a, f (a)) and the equation 
of the tangent at P is ! 


y—f (=f (а) (ха); 


Р, сун ae БС, 


Fig. 152. s 
and it meets the x-axis at R(d, 0) where 
ДЕ 22 (a). : 
of" (a) Р 
Since а and с аге closely by, we may approximate the graph of 
f between Р and Q by straight line segment PR. But then d is. 
an approximation to the root c. (See Fig. 152). Hence as be- 
fore, Ре 


Locura : 
аа 09 : "EP 

is a better approximation than а. When сап now iterate'starting with 
d, get the corresponding point P’ оп the 'grapli, approximate the 
graph between P' О by the straight line segment! РЕК” being. 
the point where the tangent at р meets the x-axis, and so on so 

forth. t=) pA 37, 
Newton-Raphson method, whenever applicable, converges 
very fast. Alas ! there are certain booby-traps, which we shall point 
out a little later. Let us for the moment solve a problem, met with. 
earlier, by Newton-Raphson method. а 


864 A TEXT-BOOK OF, MATHEMATIC? 


Example; 31. Find a root of х2--10х--11--0 Бу. using New- 
ton-Raphson method. 


Solution. As before, we decide easily that a root “lies bet- 
ween 1 and 2. We pause here to consider the question : 


Is the root nearer 1 or nearer 27 Remember that the suc- 
cess of Newton-Raphson method depends on the fact that our initial 
value a must be quite close to the root so that the errorh ina may 
be small. Hence we should start approximating with 1 or 2 accor- 
ding as 1 is nearer the root or 2. One easy way to settle this ques- 
tion is to iterate once with the bisection method. Since /(1) and 
f (2) have already been evaluated, and 1:5 is a pleasant decimal, we 
may quickly find the sign of /(1:5) by the nested multiplication 
x(x’—10)+-11. This tells us that the root lies between 1 and 1:5. Thus 
1 is nearer the root than is 2. Hence we shall take the initial value as 

1. This means, our first approximation x; to the root is 1. 

Now S (x) =2—10x+11, 

f'(x)=3x?—10, 

so that — f()/ f' (1)=2/(—7)=—`258. 

Hence the second approximation to the foot is 
ч fo) 
= A d a 

LOT Г (ху) 
Ға), 
О) 
=1—(—'285)=1°285. 
The third approximation x, is given by 


7 (за) ы 


ni 2. 
= 12852 (1285) 
ЭГЧ / (17285) 7 


21- 


7:1285--0:053— 1:338, 

2150 far so good. After the fourth iteration іп the 10: 
solution, we had discovered that the root lies in. (1:32, ПЕ The 
fourthapproximation x, is given by. _. UIGM 17, 

" eus КОШУ, 
X,—Xx$Y4—-————— 
we 
SSR PRS re dus лш а АНТЫ. 
Cee haa ee 
=1°338+0°003= 1:341. 
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“л Hom вазул is0 with ‘Newton -What had required, eleyen 
iterations earlier, has taken us only: three herec ; In. fact when New- 
tons method is good, it is very very good, but when. it. às «Вай. (if . is 
horrid.... You.should nevercapply--Newton's method (except once, to 
convince yourself, of the horzors-it.may саџѕе 1) under.the following. 
circumstances , ! 2 r i! 

(а) When: :therderived function is-complicated:to: compute; - 

(6) When уоргаге trying to locate а multiple root с; i 

(c) When ап extreme value lies near the sought out root c: 
(а), When another тоо1,0 say, lies nearby,the root.c you, are 
seeking. 7 

The root cause of the trouble in all, the above” conditions is 

that f" (x) =0 or nearly со, in the neightourhiood of" tlie approxi- 


YA. 


Ra) 


b) 
Fig. : 15.3. 
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mations we аге ісіп». Тп case of (a), /” (c) =0 and since fis con- 
tinuous, in some neighbourh sod of c; 1/f'(x) 4800 Лагав $0 that the 
next approximation x—(f ()/f* (9) shoots off far away from e? At 
an extreme value, f (50-50, "Thus we encounter the same type of 
difficulty in case ОЁ (P) too. Moreover; we'may end up end up іп 
endless cycling from one approximation to the next as in Fig. 15:3(а). 
Instead of coming nearer and nearer the root, we might as well be 
marching farther and farther away from the root as in Fig. 153 (b). 
The successive approximations are shown Бу xo, Xi, Ха.......ь. Тп case 
of (¢) above, since-f(c)—f (d)—0, by Rolle's theorem f'(x)—0 


somewhere between c'and d. Again we encounter our old away. 
Another kind of foe awaits us when we start with,an initial 


value far off from the root. It may be quite unjustified to treat the 
graph as a straight line in such cases. The process may not-converge 
at all. It may converge but may be as slow as the earlier methods. 
Last, but not the least, we might end up discovering som? other 


тоо! we did not bargain for, 1 

The DO'S of this method аге:/ 

(i) Use it for isolated roots only. ` 

(i) Start with an initial approximation close to the root. 

Remarks. 1. Newton-Raphson method applies to transcen- 
dental equations equally well. { > i 2 2] 

2. Whether you are coming nearer the root, can be checked 
from the values of f (x) for various approximations. If the process 
is converging, f(x) should be small at the approximations. 


i Да) f "(a) ў 
3. Ifyou verify that (CHOY |< 1, then Newton’s method 


may be safely applied with a as the initial approximation. 
The Formal Description of Newton-Raphson Method : 


_ Step 1 (Initialization). Locate а value Ху not far away from 
an isolated root. This is the first approximation. Set a constante 
for termination. : ” ] 


о 4 (x, f 
Step 2. x E LOS, “Еті i 
Step 3. If di; 25-527 > NIE 
Чер 3. If xs=xn upto the require = 
wise repeat step 2. YT Men ppm 
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1 Flow-Chart Dzscribing Newton-Raphson" Method... / 


Choose x, 
Set e for 
. termination” | 


чта (5) пота өл 06134008: ban © vd (K) saiglqüatuM 
EXERCISE 15 (i) t 
1. In cach'cáse find а réal toot correct'to three places of! decimal: 
Hela) xt—x—9=0. (a) х3--216--0. 
(0)/хёё--0177 9 м0 ва) 4x25 1000, 2222200 
(е) x*—3x—3-0. (f) 2—х—1=0. 40) bas 2 


2. Show that Néwton-Raphsom's iteration’ formula Xia Hq 


fe ee | leads. to the iteration. formala: osi ваја) ° 
find the positive square root of a positive number a. ” : "pus 
[Hint. Let f(x)=x*—a. Then V/a is à root of f(x)-0.] 

3. Apply the iteration formula in the previous exercise to deter- 
mine V3, ¥5 and V7 to four places, of. decimal, 

4. The equation x sin x-+cos х=0 hàás'a root’ near x. Use 
Newton Raphson's method to find «this гоо! КАНЧ at four 

7 decimal placesii < -H y 3:311 12 t 

:5, A root of sin x+-x=! lies in de. neighbourhood ot 05. “Байр 
the root correct to three decimal places. ^: 
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6. Arootofi2er*—sin.x=O.\lies: between 1 and 2. ТУве Newton- 
Raphson’s algorithm to find it, taking the initial approximation 
once as 0 and once as 1. 


15:10. SOLUTION OF SIMULTANEOUS \LINEAR EQUATIONS 


We shall now take up the question of finding solutions ofa | 


given system of linear equations. The problem of solving simul- 
taneous linear equations has great practical vàlue., Hence several 
algorithms have been developed to do this, We shall tell you one 
iterative process to solve a system of linear equations and brush up 


One technique you have already learnt. We shall consider m linear | 
equations in m unknowns and assume throughout that the Setem bas | 


a unique non-trivial solution. 
15 1011. Gauss Elimination Method : 


Consider the following linear equations : jd 
3t x— x,-2'5 à eO | 


2xi-14x,4-3x4—2570 е 
Sx Xg4+5x3=47°3 443) 
Si coefficients are given-to-one-decimal place, we.shall compu 


truncating-at the; second decimal | place арӣтоїпа off the answer at | 
the end to one decimal place: 
Dividing the first equation-throughout by 3, we get 


х1-5:33х,--133х,--0:83 а} 
Multiplying (4) Бу 2 and subtracting it from & gives | : 
1334x,-F 376647231945 r (5) 

i Multiplying;(A).by;5.and.subtracting; from (3), we. get... 
—'654--6165x4—743:15 T 846) 


bs To; systemi of: sequatións; has the same S Me" -that-of (1), 
an 


and ПИ ey seed бар, ny Фр 


xe from,cquation,(6). Dividing: (3) dhrou by 13:34, 
Бг the Қылау equation Ь ) 

eae E. quation by б ап us it to (6) | 
0010 680,428: | 4071 


The шинж илчвгмдлчинчөнн « | ed 
Ч! y 13 Ru 2o 


Ms А) 


From the last of these, we eet x, ын 49, ‘Subst 
n (6), weigeti 2222-22 5 22 
X= Ooni iim 
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' "Sübstituting these value of x, ind 5 tiequatión (4), We get 

Ga 31 —0:83—0:33x,--0:33x,—2'96,. ң b 
"Thus rounding off to 1 decimal place, a solution of the given system 
is given by x,3, Хұ--0 апа -х,- 65." Feel like verifying ? Do that 
by all means but remember that due to the truncation errors 
throughtout the computation and rounding ‘off errors at the end, 
‘there may not be absolute agreement. Instead of getting the right 
hand sides as 2:5, 250 and 47:3, you get respectively the rounded 
off values 2:5, 25:5 and 47:4. 4 

The above process is known as Gauss Elimination Method 

for obvious reasons. | This'is a direct*method of ' solving'a'system of 
linéar eqüations and “is quite satisfactory їп a large variety of pro- 
Мет. You havealréady learht'this method "in. à different guise,in 
Chapter. 1. Recall that°we® eoüld'have wfitten the above equations 
as AX —B, where 10:1 ) n 


cu c dO d 25 
А-(2 14 3 |, әх x, Boson}. 
S Tg X yx А T3 


Ultinidtely we reduce this ‘System’ tothe’ system’ of equations (A) 
which can be written as " : Яалтай 


О ро Sa E AL 
(s 13:34 366 | x, |-| 2334 | 
0 0 632/ x. 44:28 


Now türn Баск: the; pages of thé book and ‘havea look at 
Example 25 in Chapter 1. Compare the solution there and what же 
have done. Reducing the second and the third. elements of the first 
column to zero amounts {о eliminating the first variable from the 
last two equations ала get an "équivalent system Of eqüatións. Тһе 
next reduction to zero of tlie"third element in tlie" 4 column. 
amounts to eliminating" 4Не-зесой4 vatiablé from the last equation 
of the new system, Thus triangularizing the coefficient, matrix is 
precisely the above process of elimination, only put elegantly, Henge 
without. further pado, we shall now go on to.an; iterative process for 
solving systems of linear equations, ! 


15102. Gauss-Seidel Methód 


“Sometimes we have some. inkling as to ап approximate value 
of ойе ог more йш in а given System of linear equations. In 
such cases it may be е econdmical to use an iterative process 
where'each iteration; generates. better and- better approximations. 
Indeed one may start with any arbitrary values for the variables, and 
in case the process is convergent, .the-solution would eventually be 
obtained. . Let us illustrate one iteration technique which is known 
as Gauss-Seidal Method, 
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ion Let vs use the same system of equations as we took in case of 


Gauss elimination method. How we can solve the first (resp, second, 


third) equation for x, (resp. xa, хз) 25 follows : 
1 айу і 


n x m2 SA 033033540333, NT 
Кыскы іл o нн NU 


x 0200, 248)‏ .946 و کک ےپ 
bodtistA оой у) «>й‏ 
«The process starts by assuming any values for x, and x, and‏ 15 
computing x, from (1).on the basis of these values. We may assume‏ 
\xyalso torbe zero, or ғапу .other:value, but this would. not te used.‏ 
'For example; in the absence of any guidelines, let us take Хк=хү=0,‏ 
Then an estimate of x1 from (1) is d» 4‏ 
Xe ху=0`83.‏ 
Thus our current values are‏ 
VERS x15083, хъ=х3=0. 7 :‏ 
„Substituting x= 083 and x,—0 in the R.HS. of (2), we now‏ ,22 
get an estimate of x, as j‏ 
X477 178—0*14 x 0°83= 1°66, '‏ 
х We now replace the old’ estimate 0 of ха by 1°66.) Thus we‏ 
ve ; x | EL !‏ 
х„= 1:66, 3,70;‏ ,2310783 
Substituting: хү==083 апа %=1'66 іп: the В.Н.8:-0Г(3) to‏ 10 15 
restimate xy, we have uto ГЭ эзш IMALAT PER‏ 
eo neo uoo 8 T9:462083—020x 1-668929, 7‏ 
ет Т "4G Бату Tett 7 ani Giu 03 21min‏ 
зүг Q Wenow replace the old estimate 0 of x, by 8°29, Thus after‏ 
the first iteration, the current solution is. Nig aes‏ 
кекир HEU ші? Жү+=0:83, Хан-1:66,:Хү-48:29, 61: HB oi:‏ 

К shall better "this s6tation by ‘using (1), (2) a 4 (3) with the 
fécent-ost estimates of the таван bei E dE м 
107 sides, Substituting x,=1°66 and X4—829 in the R.H.S. 

4 TIT 8001 To nms Ч 


OX 301O XES, 
шар FON ono опят 
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Replace the old estimate 1°66"0f х by —0'38; Thus 
2, —3'01,3,2:—*38, х,—=8°29. à 
Substituting x, —3'01 and x,— —'38 in ће, R.H.S. of O; the 
new estimate of 
j X9 46—3:01— -020х(-: 38), 
=6`38. ! 
Hence after the second iteration, 
х1=3'01, х„=—`38, х= 6 38, 

We iterate the process to find a new (and hopefully better !) 
set of values of ху, Xs, xs using always the recent most values. These 
are given by 

x,—0:83—0:33 x (—:38)--0:33 x 6°38=3'06. 
Ха--1:78-0:14 x (3:06) —0:21 x 6:38 — 0703. 
2:49:46 —3:06 — 0:20 x 0°03=6'40. 
Hence the solution after the third iteration is 
x4 306, x.=0°03, x4—6'40. 
Iterating again, 
хі--0:83--0:33 x 003 4-033 x 6” 40= 2432 
X4—1:78—0:14 x 2:03— 0733 x 640—074. 
x3—946—2:93—020 x 074—639. 
Iterating again, 
x1=0°83—0°33 X0744033 х6 39—271. 
Х,-178-014х271-021х639--0:05. 
Ха-946-271-020х0:05--674. 

Iterating again, 

x,—0'83—0:33x 9°05+0'33 x 6:74--3:05 
x471778—0:14x 3:05—0721 х6:74--0:05 
“Хаз-9:46--3:05--0:20 x 0705 —6*40. { 

Two further iterations produce the following values : 

=2°92, x2=0'02 and ха--6:54 
| °xy=2°98, x,—0'01 and x,—6:48 

It is clear that the solution has settled down or converged. 

Rounded off to спе decimal place, the solution is given by 

2173, x,— 0, and x4— 65, 
which is in perfect agreement with our earlier solution. This need 
not be the case when greater accuracy is warranted. Compare, c.g., 
the two solutions before roun ding off. 

Remark 1. In general, a large number of iterations are 
required before the solution settles down. The number of iterations, 
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here as elsewhere; depends upor the data as. well.as the initial values, 
The closer the initial;values to the solution, the lesser the number of 
x iterations tequired. | 4 

`2. Tt is helpful to go on taBulating the new values in order to 
see whether the process is converging, when to stop, and Which 
values to use at any'stage. “We 'ċan organize’ the work of the above 
example as follows. The ‘dashes’ in the table-indicate that the value 
above (the dash) is to be used, , 
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ман iple 32." "Apply Gauss-Seidel ен оп technique" 1o's0lve 
“the equations жі 2 аА ei 

2x33y—3, | à 2 

$x—2y—3. o N n mahi OAT o 
55 Solution. Perhaps you haye; ,solved the..equations: already 
Orally: and, found «the, solutionjxzy= 1, Let us choose the initial 
values x=0 and у=0 and start the process, We shall always use 
the most-recent estimates for both x and y. The table elow lists 
the solutions х=хя, y —ys after the nth iteration. The given equa- 
tions are written as 


x= iE 2225—15), (1) 

bv. Ser 2 1816 

sth хур =2°5x—1'5 14:19:12) 
Substituting y—0 in the R.H.S. of (1), 

315525: ge 


Substituting this estimate of o in the R.H.S. of (2), we get , 
Уул-6725-4158-4:75... 

Hence after the first iteration?the-solutionis given by 

х=2`5, y&4 705 0 10 х0 

Iterating again, 0! 2574. yl 
x= 25-15 × 4 75= —4'625, 
у„=2`5 x (—4`625)—1*5=10`0625. 

The third iteration now produces, 
X32:5—1'5X 10°0625==—12'5937, 
Yg=2'5 х(—=12:5937)=1°5==—32'9842, 


1% 


I, (initiali- 
zation) 
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„What is this ? The solution (1, 1) obtained orally is certainly correct. 
So, have Gauss-Seidel sent us ona wild goose-chase ? Instead of 
coming any near, we are shooting away from the real solution. The 
Process does not converge ; and why should you feel surprised 7 What. 

. was the guarantee that it would converge at all? 

“Нег is a greater surprisé if you have recovered’ from the 
“earlier опе. Letususe the second equation ‘to estimate x and the: 
first to estimate y. Thus we have ' 


а 238. -04у--0%, EG 
у= 525 —166-066х а) 


3 Starting with x=0=y and always using the recent-most values. 
‘of x, y, ERIS EG n 

х1=0'6,. i хол 

) 31—1:66—0:66 x 06— 126. 

Ха--04х1:26--0:6--1:10, ` 

US TU d p 1666 207663 L-10220793, t= idi єп! 
Ху-04х0:93--076--0"97, 7-0: 

1 Ву» 66--0:66 х0797--1701: 

ха-04х1701--06-51%0) 27 

Ya=1'66—0'66 x 1*00— 1:00. 


b wen 


! 


Ї 


There | We have 


| got the solution. Why has this ha; T 
Let us scrutinize what we did. In the first case, we Bote the ir 


equation as 


= E Бу 1 54 | 2267) 
hen We take an approximate value 0 for the actual val 
are in absolute error of 1 unit in y. When we El 2 0) 


A 


- With this much error in the value of У, X,is in dm absolute error of 
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15Х1-41:5, When this value of *x)with absolute error 1'5 is used. 
to estimate y, from the equation 

р Ен Зу ү, эи, ӨТЕК АЛАКЕЛ Н, 
the error in y, is 2:5 X 1’5. Next time, the error in хә is 1'5x 25x 1'5 
and that in уз іѕ.2'5Х 15х25 Х1'5. And this mounting of error 
goes on unchecked. That is why our solution did not converge. 


In the second case, the coefficients of x and y (resp. 0'4 and 
—'66) on the right hand sides of the equation (3) and (4) were less 
than | numerically. For tbis reason, the absolute errors caused by 
taking the estimates instead of the actual values went of reducing 
and we. ended up with the correct solution.’ І 


What is the moral to be drawn from this example ? We should 
50 arrange the equations that the coefficients of the variables appear- 
ing on the right Бапа. sides should Бе less than one numerically. 
This amounts to dividing by the bigger coefficient. For example. 
in 2x4- 3y--5,-y: has the bigger:co-efficient." So We should use it for 
getting the successive estimates of y "and write it às ye: 1.e., we 
should pivot y in this. ; In the other equation 5х--2уғ-9, д has the 
bigger coefficient, So we pivot x and write it as x= If by 
chance, this cannot be done, then there ів а question-mark on the 
wisdom of using Gauss-Seidel method. Note that bigger here means 
bigger in magnitude. ; Thus: in equatiom*2x——5y— 6, the coefficient 
of yis to be treated as.bigger and this equation should be used to 
pivot y. г "2: 
` > In case of thrée variables, we should so organize matters that 
the magnitude of the coefficient of the pivoted variable is greater 
-than or equal to the sum оГ the, magnitudes. of those, of the others. 
(with at least one- inequality being а, swict inequality.» Analytically, 


let the given equations be 
18: А 


3 3 
“Хол, Y bcd, “Хаха, 
1-41 ^4 


1-1 i=] 
Then a sufficient condition for Gauss-Seidel process to converge with 
Ху, Ха, Xa being ток from the first, the second, and the third 
equation respectively is that mido, 9 , 
Га |> [а 1+ Га, |, 4 > 
Гв, 2 bil + | bs 15 ‹ 
Га 2 Ге 1-11, А 
with at least one of the inequalities being strict?” The order of equa- 
tions is unimportant. For instance we changed. the. order of the 
given equations in Example 19 and made the process converge. The 
condition given above is. only sufficient. Occasionally; the process 
may converge even when the condition is not satisfied, 5 8038) 


M 
» 
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"EXERCISE 15 (т) 


(41. For which of the following can we say with confidence that 
^ Gauss-Seidel Method will converge ? 


. (a) 5х42у-5,. (5) 12x—5y— -:3; 
p=. “5х-411у-44. 
<(с)..4х-2у- 22-41, (d) -Sxi t4xat 347710, 
' (ax3-9y— 6222, » 772 2xyE5x,--3x416, 
RABE 3. Ic, Fx + 10354522; 
2. Rearrange so that Gauss-Seidel, process тау converge : 
(а), 2x32 3xs— 35 —4, sdb) ..15x42-2x44- 203 7-1, 
Sui 2x4 2x,—9, 215-і бдұ-Хұ-1, 
74x, 237334221. 15xj 4105, —2x,21. 


23.2 Solve each of the’ following -systems by: Gauss-Seidel Method 
„з obtaining the'answer correct to-two decimal places : 


ас “1254 4-5Х,-222, 2 (Б) 554 3у26, ' 
зА А ae Tyee, 
“© УШ (d) -5хүг-хал-Ху 10, 
‚ 3X, HBX 5520; : ! 242, =0, 
100 By ee хү, Tax, 
. „ Generalize. the sufficient condition given for Gauss-Seidel 
“Process 10 converge in m unknowns. 


"sc  Sálvetlie following’ systé or equations Бу! Gals: Seidel algo- 
“лтийн, once! takifig "the? initial > уг үү ЖұғХұ--Хұ--Хұ-<100 
and once as x= x,—x,—3X,—0 : 

4x —35— 100 2 
cXeb4x mx m200 ум, 2 
--241-4ху-хаз-200 чу 

: —хҗ+4җщ—ху=200 

2 - X Cx, ‘700 C 

d ORE all. the problems in ез 

following initial values : above хний 
(а) x,—1 (D уг 5 ` © 13 

9 5. 41, xo 5. 
(d) хє--25-ха, х,=—1. 


4 Тэн difference does it make? 0. 
"n 1 + NUMERICAL Imitation . Xe | 
Ў шэн fuitidainental heder айаны 
: ee exists a function Partie that НЯ tera eae a ae ены 
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b 

| 160 de=F(b)—F(a). 

А 2 

The IF in the above theorem-is-a strong condition and is not easily 

met with in real life. Quite often, we come across integrals like 
b 


Yas 
| е^ dx, | sin x? dx etc. which cannot be expressed in terms of 
a a 1 


familiar functions. Equally often, integrals of interest may arise 
from some experimental data. Here, the integrand may not be 
known as а function f. defined on all points of some interval (а, b]. 
Instead, all we may know is the value of the integrand at a finite 
number of points. Evaluation of such integrals being of practical 
utility, ways and meang haye been found to evaluate them unmeri- 
cally. In this section we shall learn two such techniques. Both are 
b Ч 


based on the basic fact that | f (хуйх represents the area under the 


a. „ 
curve y —f (X), bounded by the x-axis and the ordinates at х=а and 
Xho! 9 1 ы Е 3 m4 7 Ч ч 


Fig. 154. ^ 
1511177 Trapezium: (Trapezoidal) Rule for "Numerical 
Integration М 
ТА Very’: simple and’ elegant ‘method to find an approximate 
b 1 5 


value of [7 (x) dx is the trapezium rule. We divide the interval 
a ЖАРУУ Re fe aah 
(в, b] into a finite number, л say, of equal s:b-intervals by means of 


“Thus ап approximate value of | F(x) dx is given by 


1 


"trapped between two consecutive ord 


Tock E HF obey oc 
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имиши! 


2% Fig. 155. 


-the points Xp X, mele ‚ Ха-а as shown in Fig. 155 above. If we denote 
the length of each sub-interval by e, then 

b—a=nh, d 
or h=(b--a)/n. 


| 
"The ordinates at a—,, Хү, xi, ннн, Хаг Xn=b, divide the required 
area into n strips. We may approximate each of these strips by 
means of a trapezium if we agree to treat each portion of the graph 
inates as a straight line Segment. 


Recall that area of a trapezium=3(Sum of parallel! sides) x (distance 


between parallel sides). 
b 


b JM TE | 
Дода marea АВЕРА Cf (a) tA (maha (0-1: 
а 


nos 53n 

gamy ns bad 0j Lotto Qul enne 3 Cf. Qoo) (b), 
“лэ өзге rore 
ШОО ЫТУ SW. ass inean ойра! у» 357? > БҮ 


4 | 


yt о? 
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=H DHS (0) - Cf G5) Hf (а) + 


КЕШЕЛЕР) (А) 
b ! 
"The above formula for ап approximate value of | f(x)dx is known 
a 


as the trapezium or trapezoidal rule for evaluating definite 
‘integrals approximately. ج‎ y тү 


Remarks 1. Аге you wondering how many points x1, Xs, >, 
Ха Should one (аке? Well! That depends on how much accuracy 
you want. Let us observe that in general, the more the number of 
Strips, the lesser is the error (shown dotted)-in treating the sum of 
the trapezia as the area under the graph. Hence the more the number 
“ОҒ points, the greater is the accuracy. Generally we go on doubling 
the number of sub-intervals and compute the area, When two 
‘successive approximations to Аһе area agree- upto- the required 
"accuracy, we stop. 


2. Itis not necessary to take the lengths of the sub-intervals 
equal. Equal sub-intervals are taken for the sake of simplicity 
alone. S —— Me 

3. Recall that f (xy) is nothing-but the ordinate at ху. We 
may as well сай it yy. With this notation, the above formula can be 


written as WIN IY 
: BU 
| pact 
| год анод ота 
Y 
a сеи 
where h=(b—a)/n is the length of eavh’sub-interval. (5) 
4. The flow-chart describing the trapezium rule is given on 
page 880. y 


LÁ 
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fiwa 


NUMERICAL METHODS 881 


5 


Example 33. Evaluate | x? dx using the trapezium rule taking 
1 
п=4. 
Solution. The range of integration [1, 5] has length 4. 
Taking n (number of strips)=4, ha Od) (6—1) ر‎ 


Hence x=1, х —3, Ха--4, X,—5. Also yymf(x)— 
FUEL fO od: E nac 16 »=Лз)=25. 127 


5 
| х?ах= И (Yo tyn) + угт Ун, 
1 
-4(-4-25)4-4--9--16--42, 
: , 


Directly evaluating | x'dx, we get 
i 


5 5 
| x dec033 | -035125- 1) 
i 1 


=0°33 х 124 
—40:92, 
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Remark. The above example was chosen for ease of demons- 
tration. The real worth of the rule lies where we are forced to 
integrate numerically. 


9 
Example 34, Evaluate | In x dx by the trapezium rule, taking 
1 


n=2, 4 and 8, one by one. 


Solution. The graph of the function is shown in Fig. 15 6. 
Let us first: take n=2, ie., let us divide the area into two strips by 
means Of a point x, mid-way between 1 and 9, This point is 5, Now 
using the trapezium rule. 


Y 


Fig. 156. 


21 [n1 4-In9) 4-155], 


| Inx dx= 
1 


г-43(0--2:1972)--1:60941, (1) 
=4[1°0986--1°6094], 
=[2`7080], 
= 10°832, 
This is the first approximation, though very crude, 
Let us now divide the area into four strips by means of the 


Ё Х, Х, Х, X Ха 
3 1 3 5 7 9 


three Syenly-spaced points x,—3, x,—5 and x, 

Note that the additional points are the middle 

sub-intervals [1, 5] and (5, 9]. Again using the t 
9 


=7 between 1 and 9. 
Points of the earlier 
fapezium rule, 


| Ix dye 9—1 HBn1--In9: 4034-15-14), 
1 
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--212:7080--(134-117)), (using the value 
2:7080 of 


--2|27080--(1:0986-І-1:9459)), 3(n1-4-In9)--In5 
computed earlier.) 


=2[5°7525], 
= 11'5050. 


This is the second approximation. 


Let us now divide the area into eight strips. This calls for 
considering the middle points 2, 4, 6 and 8 of the earlier sub-inter- 
vals. The additional term inside the brackets is (1424-144--1164-148). 
Using the earlier computations, Б 


9 
| HE S [5-7525 +n 2 4 FING +n), 
1 


--5775254-579506 
=11°7031. 
Remarks, 1. For better values, we may increase the number 
of strips further. 
2. By direct evaluation (intrgrating by parts with /m x as the 
first function and 1 as the second), 
9 
| Inx dx —91n9 — 8 
1 
=19°7750—8 
=11°775. 


Hence the last approximate value is in absolute error 
=11'°775—11°7031, 
=0°0719. 

The per cent relative error is thus 07:19/11:775-- 0:61 nearly. 

The trapezium rule generally produces good results with a 
moderate number of points of subdivision, 

3. Ifyou do not have a pocket calculator, make use of the 
(common) log tables, using the suitable multiplication factor, Recall 
that In х-зіп 10 log x=2°3025 log x. i 

4. Wecan organize the work above, for n—4 say, in a com- 
pact form as shown below» The values of f(a) (=f (хо), and 
ЖО) (=f(xn)) ате kept in а separate column. All other оз are 
kept in a different column. 
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9 
Evaluation of | Inx dx by the Trapezium Rule 
1 


Totals 


9 ? 
Hence | их ds ÖTE ЛН ЛБ) EA H/C}, 
1 


-21Х21972--4:6539| 
=11'5050. 


Ч) Example 35. Some values of a certain function f are tabulated 
elow : 


11 
EDI 
2 


Find | (x) dx using trapezoidal rule with һ-?2. 
15 


Solution. Length of the interval [1,2 1, If each sub-inter- 

Val is to be of length 02, then there arc torbo Ху? sub-intervals in 

= ei xg е poins NECS are 12, 1:4, 1'6 and 1:8 in 
Шоп to the end-points 1 and 2. Ле 1 ї i i 

Тувбуу Кыты relevant data are listed in 
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2 
Evaluation of | J (x) ах by the Trapezium Rule 


Қ), £05) 0х) ао, 


2 
fre а=? [3(5:305)--9:646], 
1 


='2(2°6525+-9'646) 
=2°4597 


Remark. / above is defined by f(x)—(e*--e7*)/2. The actual 
value of the integral truncated to two places of decimal is 2:45, 


151172. Simpson's Rule for Numerical Integration 


The trapezoidal rule approximates the function f by a linear 
function each over the various sub-intervals. However, most func- 
tions that we come across are curvilinear rather than linear. Hence 
there is every chance of reducing error if we approximate f by means 
of a second degree curve—a suitable parabola in particular, over 
smallportions of the graph. Since a parabola can be uniquely 
determined by three points, we shall combine our sub-intervals in 
pairs, every pair of adjacent sub-intervals giving us three points on 
the graph This requires that we sub-divide the interval (а, b] into 
an cven number of sub-intervals by means of the points 

а=, Хү, Хау tn » Хап-1) Xgn7 D say. 


Let the ordinates yo, Уі, ys, Jan at these points meet the graph at 
the points Po, Pi, Pa, +++ ‚ Pon. 


he ordinates y, and Уә would be taken as equal 
to the area enclosed by the graph of J, the x-axis and the ordinates 
Jo Уз: Next, we shall take Pa, Ps and Pa; approximate the graph of 
f between Р, and P, by a new parabola, and compute the area 
under this parabola between P, and Ру; and so on. Ultimately, the 
areas under the various parabolas would be summed up and the 
sum taken as an approximate value of the required area. 


Let us now see how. to fit à parabola passing through. three 
given points Po, Pj, Р, and what isthe area, A Say, under this 
parabola between. P, and P,. Notice first of all that we are interested 
іп the value of A, If We were to slide this area А (to the left or 
right) till the ordinate Jı coincides with the y-axis, no.change would 
occur in the value of A, So let us assume for the moment that the 
origin is at ху and Jı lies along the y-axis. 


: Since Po, P,, P, аге given, the ordinates Yo Yı» Уз at them are, 
therefore, known quantities. Suppose. that the equation of the 


Уг-р-ьдх-Егх3, (1) 


We have.to determine p, 4 and so that the parabola (1), shown 
dotted in Fig, 15:7, may pass through Po, P, and P. If the length of 
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о 
(xj) (х) (xa) 


each sub-interval is h, then xo— —A and х=й. Po, Р, and P, thus 
become the points (=A, у), (0, yı) and (A, уз) respectively. Бш 
the parabola passes through these points, we must have 


yo=p— qh- rh”, ЖО) 
yp, and -) 
yo=ptgh+rh*. (4) 


Also, denoting the area under the parabola between P, and Р, 
by A(Po, Рз), 


h h 
А(Р,, =| эйх=| (p+qx+rx*) ах, 
—h —һ 


һ 
-| pxtdqx+ {г | 
=н 


=2(ph+ pr). 245) 

In the above expression (5) for the area, p and r are the 

unknown quantities, whereas since Po, P, Рз are given points, the 

ordinates yo, Yı y. are known. (As a matter of fact, yo=f (xo), 

yi f (à) and j= f (x,).) We shall, therefore, use equations (2), (3) 
and (4) to determine p and r. From (3), 


р=у1. (6) 
Adding (2) and (4), 
Vo+Ya=2p+2rh*, 
or Yot ya=2yı+2rh*, [From (6)] 
or rh®=4(yo—2yi+y2). І (7) 


Substituting the values of pand rh? from (6) and (7) in (5), 
we get 
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A(Po, Р) 2(hy, +} X о —2y1-- 9) X h}, 
-H yn) И 


Similarly, A(P2, P4) = Je] > 


A(Pon—a, Ри) мал уна Зэн Я 


Summing up all the areas, we get, 


— 


=E Ov Any) Qs dy yo d 


аз ап approximate value of the area under y=f(x) between the 
ordinates at a and b. This formula is known as the Parabolic Rule 
or Simpson's One-third Rule or simply Simpson's Rule for numerical 
integration. The formal description of the rule is given below : 


Step 1. Divide [а,Ь] into 2m sub-intervals by (а=) Xo. 
Хү, Ха, +--+) Хап (=b), for a suitable п. 


Step 2. Compute yo, у, <<, Jan. 


Step 3. Form thesum S;=y)+ ‘Yon Of the first and the last 
ordinates (i.e., the ordinates at a and b), 


Step 4, Form the sum S, of the remaining ordinates with an 
even suffix (i.e., let 5,--уа--у4-Б...... yana). 


Step 5. Form the sum S, of all the ordinates with an odd 
suffix (7.6. let Ss=y Hyg... yon-3). 
Step 6. Form the sum S—S, -28,--48,. 
Step 7. Multiply S by са "Ehe Droduot 4 XS isan appro- 
b 
ximate value of | f(x) dx. 
a 
7 The corresponding flow chart is given on page 889. 


Simpson’s Rule for Numerical Integration 


2 BEGIN 


get h, 2n, y, 


lis even 
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5 P 
Example 36. Evaluate | x dx using Simpson’s rule with 
1 
2n=4. 
Solution. Since [1, 5] is to be sub-divided into four equal 
intervals, h—1. Applying Simpson's rule, 
5 
ЇЕ ана! `У+у+2!у»\-+4(у,-Еуз) 1 ‘ 
1 


а ныг ин 


=0 23] 174-55--2 х 3*--4(224- 42) | | 


=0`33х 124=40'92, which is the cxact value. 


Thus Simpson’s rule has provided a better approximation than the 
trapezium rule. 


The whole work can be organized in a table as follows : 


Area=0°33 x (26+-2X9-+4 x 20) etc. 
4 9 
Let us see what happens in case of | In x dx when we take 
1 
2n—4. Using Simpson's rule, we get Э 
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9 
ILE dee 2 [| orty) 209409 } 
1 


—(0:66[n1 4-In9)4-21n5 4-A(In3 +-In7)], 
-40:66(2:19724-3:2188--4 х 370445)), 
=0'66[5'4160-+12°1780], 
0'66 х 17°594=11°612. 
Trapezium rule provided 115050 for 4 strips. The actual value was 
11775. Thus the area obtained by Simpson’s rule is less in error. 
їп fact, by and large, Simpson’s rule gives better results. 


EXERCISE 15 (n) 


1. Evaluate each of the following integrals hy the trapezium rule 
for the value of л given against each : М 


- 


2 
1-2? 


(а) d n=5. (b) dx, n—5. 


2 


(e) |.(1--х2)4х, п--4. (d) | sin x dx, n—5. 


He N‏ دان 
Stent Ж‏ 


Find out the actual values and compare with your results, 
2. Use the values of f given in the table of solved example 35 on 
18 


page 884 to evaluate | /одах, using the trapezium rule 
10 — 
with 
(a) һ=0'1, (b) A02, and 
(c) h=0'4, If the actual value of the integral is 177669, then 
find the errors in the above approximations. Which approxi- 
mation is in erior the least ? 
34 
3. Evaluate | ек dx with trapezium rule, taking 8 strips. Find 
18 
the actual value. What is the error ? 
4. Evaluate | Е using the trapezium rule with h equal чо 


0 
(а) 0'5, (5) 0°25, (с) 0:125. 
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Also find the actual value. What are the absolute errors ? 


5. Do problem (4) above but use Simpson’s rule. Which rule 
gives better approximations ? 


6. Verify that Simpson's rule gives correct values for each of the 
following with, say four, strips : 
1 


(a) | x* dx. (b) | x? dx. 


1 
=y? 
7. Using the following table, show that | e * dx=0'7462 byan 
0 


application of Simpson’s rule : 


SUMMARY 


Computers operate on data according to their types. Data can be 
classified as alphabetic, numeric and alphanumeric. Numeric data are of two 
types—integer and real. Any operations on integer data always produce 
integer output. Integer operations are simple and faster than the corres- 
ponding operations on real data. To enhance the range of numbers which 
сап be represented on a given computer system, we use floating point repre- 
sentations of real numbers. Data cannot always be stored exactly in a 
computer, For this reason, the input may contain some represeniational 
errors also in addition to the inexact measurement errors the input might 
already involve. These are known as input errors. Some errors are incurred 
while the operations are being carried out on the data. Thus errors may be 
caused because of inexact data, inexact operations, or both. Dataare said to 
be numerically instable when a slight change in input causes a drastic change 
in output. When such a phenomenon occurs because of the form of the input, 
the instability is called inherent. When this phenomenon occurs because of 
the operational algorithms, the instability is called induced. Induced ins- 
tability can be checked but not the inherent one. Numerical methods are 
concerned with finding approximate solutions to problems, Computers often 
obtain numerical solutions by the repetition of a certain process (depending 
upon the problem at hand) a large number of times. Such techniques of 
solving problems are known as iterative techniques. Where solutions depend 
upon summing an infinite series to a finite number of terms, it is useful ср ех- 
press the nth term Т, in terms of the previous term Т,-1. This has been 
demonstrated for e*, sin x and cos x, S, 


Floating point representation : 


Manner of writing real numbers with decimal/binary point bei Јасей 
at the desired place, the adjustment in the value bei ad : tiplicatio 
ХОЛ Np едас ng made by multiplication 
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Normalized floating point number 


, _A number written as "Хаха... x 10" (or “ХаХа......Еп) where Xi, Ха, ss Are 
digits, x,40, n is any integer. (7 is called the exponent and ‘x1%2......i8 known 
as the mantissa), 2 


If x denotes an approximate value and X the actual value, then 
Error=x—X 


Absolute error= | x—X | 
Relative error= | x—X | [X 
Method of bisection 


To find a root of f(x)=0, find values a and b such. that f(a) f(b)<0. 
с--0:5(а4-5) is an approximate root. Replace one of a and b by d so that 
fic) Да)<0. А root lies between c and а. 0:5(с--а) isa better approximation. 
Repeat the process till the root is determined to the desired accuracy. 

Method of false position 

If a root of /(х)--0 lies between a and b, the first approximation c to the 

root is taken as a— AO Ла). Successive approximations are obtained 


by modifying the values of a and b as in the method of bisection. 
Newton-Raphson method 


The initial approximation xo must be taken close to the root., The 
sought out root should be away from the other roots and extreme values. 
Successive approximations are computed by 


fg 


d AO ARE (CO pue 
Gauss elimination method | 


It is used to solve a system of m linear equations їп т unknowns, First 
equation is used to eliminate the first variable from the rest of the equations. 
The second equation in its modified form is used to eliminate the second 
variable from the remaining equat ions and so on till the last equation contains 
justone variable. The values of the various unknowns are now computed by 
back substitutions. 

Gauss-Seidel method 

Itis an iterative method to solve a system of m equations in m un- 
knowns. It is not always applicable, It begins with writing the given 
equations in the form 

Xie, XE gren Ka eee 

Using these relations, first x: is computed by choosing arbitrary values for 
Хз, Хау eee, XO. Then xs is computed forthe choosen values Of Xs, X4, ">, 
Xm and the computed value of хі. Now хз is computed from x4, s... , Xm and 
new Xi, Ха and soon. Oncethe cycle is complete with Xm, we begin again 
with computing a new value of xı. All the time, the most recent values 
are used. Process isterminated when a solution with desired accuracy is 
obtained. 
Trapezium (trapezoidal) rule 

This is used to obtain an approximate value of a definite integral 
b 
| f(x)dx. The interval (а, b] is divided into п sub-intervals of length 
a 
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һ-( қа) 
п 
each by the points а--Х, x1, Xs, ...... , Хз). With уу = у(х), 


5 
J f(x) dx HORE Y) Озу HY) 
a 


approximately. 
Simpson's ( 34") Rule 
This time (а, b] is divided into an even number 2» of sub-intervals. 


With the above notation, an approximate value of | f(x) dx is given by the 
a 


relation 


Hob abot) | 


TEST YOUR UNDERSTANDING XV 


1. Which one is not in the normalized floating point form? | 
(а) 0*1234E5, (b) “0123Б4, (c) “123460. 

2. A=2!, B=1'2345 and C—4/2. If in a machine there is pro- 
vision for a four-digit mantissa and a two-digit exponent (sign 
apart), then the ones which CANNOT be stored exactly, are 
(а) A and B, (b BandC, (с) AandC. 

3. In the normalized floating point representation of 056789, the 
mantissa would be 
(a) :056789, (b) :5678, (с) “56789. 

4. Using four-digit normalized mantissas, the sum of first 10,000 
terms of the series 1+-$+43-2-L......is found to be the number 
m. The sum of the first 10,002 terms of this series (in the 
same mode) would be 

Я (а) greater {һап т, (Б) equal to т, (c) less than m. 

5. ІҒ the expressions 


9 


-arẹ each evaluated from left 
point arithmetic, then 


(a) AB, (b) A=B, 


I 
сана |. B=14 p+ 1 
to right using four-digit fioating 


(c) A<B. 
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6. 


10. 


11. 


12. 


13. 


14. 


895 


The units digit in the 98 complement of the number 
376 х 245 is 

(a) 3, - (b) 4, 

(0) 0, (4) 9. 

For any positive integer р, the unit’s digit in the 9's comple- 
ment of px 11 is 

(a) 8, 

(b) unit's digit of p, 

(c) 9% complement of the unit's digit in p, 

(d) not necessarily any of these. 

If the unit’s digit in the 95 complement of pisj, and the 
unit's digit in the 10's complement of p is k, then 

(a) kis always greater than /, 

(b) k=j-+1 in fact, 

(c) kis less than j for exactly one value of p, 

(d) к is less than j for exactly one value of p. 

m and n respectively are the number of digits in the 9's and 
the 10's complement of a positive integer. 

(а) т=п always, 

(b) n=m-+1 sometimes, 

(c) nothing can be said about the relation between m and л, 
(d) none of these. 


98765'4 truncated to four digits is 


(a) 9877, (b) 9876, 
(c) 98765, (4) 7654. 
37:5945 round off to 2 decimal places is 
(a) 38, (Б) 37, 

(c) 37:59, (d) 0:59. 
37500 rounded off to 2 significant digits is 
(а) 37, (b) 38, 

(c) 37000, (d) 38000. 
37650 rounded off to one decimal place is 
(а) 376, (b) 377, 

(с) 0%, (4) 07. 


Truncating a seven-digit number to foar digits amounts to 
(а) removing the four least significant digits, 

(b) removing the three least significant digits, 

(c) replacing the three least significant digits by zeros, 
(d) none of these. 
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If fis a function continuous ол (а, b] and Ха) f(b)<0, then 
J(x)=0 must have a root 

(a) between a and b, 

(b) equal to one of a and 5, 
(с) less than a or greater than 8. 

If f is continuous on (а, b], and Ха) f(b) «0, then the number 
of roots of f(x)=0 which lie between a and b CANNOT be 
(a) 1, (b 2, (с) 3. 


REVIEW EXERCISE ХУ 


What would be the exponent when 376:376Е--5 is written with 
0:376376 as the mantissa ? 


What answers would be obtained on a machine which stores 
numbers as follows : 


| — mantissa ы re exponent __») 


Sign of mantissa , Sign of exponent 
(а) 0:34789--25:65210. (5) 0:34789--25:65210. 
(с) 123х0123. (4) 0:256х 256. 


Prove that an error bound for a floating point addition 
operation is 5x 1074 times the result, when rounding is done 
to get a four-digit mantissa. Deduce that addition involving 
more than two summands should be carried out in ascending 
order of summands. 


. The equation whose roots are “-175:25:-3, 22 ‚ —20, is 


280-210х194-.....-20 1—0, Nowa very small factor 2—28 (it 


complex roots. What kind of instability is that—inherent or 
induced ? 
Starting with a suitable initial approximation xo, find АЛ 180° 
correct to decimal places by the iterative process 
ха =0'5( 289. DE 
Xn 


Evaluate e rounded off to two Significant digits by the use of 
Some iterative process. ; 
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7: 


12, 


13. 


14. 


15. 


The equation x°—5x-+ |=0 has one negative and two positive 
real roots. Determine: intervals: of length one each which 
contain these roots. 


Use the method of bisection ^o find the positive root of 
хї—2+=0 to four decimal р!асез. Use Newton-Raphson's 
method to do the same. 2 козуга! э 

Use Newton-Raphson's algorithm 10 find а root of 35--5x--1 
=0 truncated at four decimal places; — 7^ — MT 

A root of the equation cos x—3x-+1=0 Jies near 0*5, , Use 
three different methods to evaluate this root to four decimal 


г places. үр Ё 
Make use of the following table and ‘show Бу the trapezium 
0: H 44 4 94119017 4 om 
eM à Tod past 1 ! 
rule that | е 4х=1'0192. Or 
> eutol 


2 “Буй : : дэ 
Evaluate | x* log хах using Simpson's rule with four strips. 


Solve using Gauss climination method the following equa- 
tions : 
5x--2y-- 102-44, ` 
х--5у--22-43, 
10x—y+3z=29. 
Re-organize and solve the system of equations given in the 
previous problem by Gauss-Seidel Method. 
Which of the following statements are true ? 
(a) The number of significant digits in the 9's complement of 
m 18 the same as that in т. 
(b) The number of significant digits in the 10's complement of 
m is the same as that in т. p 
(c) The mantissas of 403, УЗ and У30 are the same in the 
normalized floating point representation. 


) 
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(d) Gauss-Seidel method сап be used to solve any three linear 
equations in three unknowns: 


HISTORICAL NOTE 


In ‘some’ sense, the history of numerical methods begins with 
the development of logarithms in the 16th century. The age of 
Newton saw the infant. stages of iterative methods. What is now 
known as Newton-Raphson method for finding a root of f(x)=0 
was used in its most primitive form by Newton to solve a cubic 


"equation. ' With the passage of time, it has established itself as a 
“popular technique to solve the most general of the equations of the 


type f(x)=0. Euler, Lagrange and Laplace are other names which 


must be remembered, though іп this introductory discourse on 


numerical methods we have not been able to touch upon what they 
did. The next name is that of Gauss. He was the first to treat the 
subject of rounding errors in a systematic way in his work Theoria 
Motus. Іп this book itself, Gauss treats the subject of numerical 
instability also. Gauss did a lot of work on numerical integration 
as well. Gauss gave several techniques of solving systems of 
equations. ‘What is now known as Gauss-Seidel method was des- 
cribed in a crude form to Gerling by Gauss. Gerling published it 
in 1845 in а work on practical geometry. Jacobi also published a 
similar-method at about the same time. Ludwig Seidel wasa 
student of Jacobi. He improved upon the technique; hence the 
name, Do you know that Thomas Simpson (1710—1761) was a 
silk-weaver by trade? Mathematics was kind of a hobby with him. 
He wrote several books on mathematics which ultimately earned 
him a Professorship ats the Military College іп Woolwich, U.K. 
Floating point representations and operations are of course, a 
Sequel to the modern day computers. 


' г 
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gaai яп фа нд 48! 
aq sida (нєт  тааЯ 05881 

за ач at тег TÀ ou wem) , 
ята әтезі «аа arf, farani aeger: !! 
* HVT REA! Ж 


A little instruction and guidance, in science is sufficient 
for the intelligent student, for this alone will. help him 
to develop his knowledge of his own accord. Science 
instilled into the intelligent mind has sufficient vitality in it 
to grow and expand by Ив own force like a drop of oil on 
a sheet of water, a piece of secret confined to a villain, or 
alittle act of charity to the deserving person. |! 


—Bhaskara 


ANSWERS 


[For each of the answers marked with an asterisk (8), ап 
example different from the one given below could also have served the 
purpose]. 


Exercise 1 (a) 

Soral ; 109 9 
TIC 12 он. 
3 6 -4-8 —24 ү, 

E бос, Қызы 1 8] 
Ман —» 56% , 
31-4 y 
pl Ї 
т — хонин 
1/4 1/2 1/4 
: b | 9) шог 
- o9 4--1/4 9/4 7/4 
Exercise 1 (b) 
ihe Дын A Ege 
1 e(t e) (b) ЗНА 
icd 36-4 4:41 
a ntelbv ре үре еділ |-2-5 1 
o( 25-7) e( 3-2 -3 
i: 2-1 2 4.4 —$ 
6 9-2 A955] 
Jes s ) as i ee a 
3590705 ow 
-8 —5 1 “201116 
(ЛЖ Тархи бан s о ( 16 —4 9 
:-12-10 5 pe ET 
—9 4 4 —8 —5 1 
o( 15. s12) (= 4—5 
з 21222 -12:-10 5 
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—9 4 4 
o( 15 8 —12 ) 
53 ju 2 


6—7 3) 
24844728) —3a 58 Ty 
2. ө( 2:570 3 »( 4a-28 19 
1 4 5 a 80 7y 
0::0:.:1-:50 0:29 206714 
6 ue 0 | 900 0 
М 0-0. 0; 0:], 000 0] 
070.0. GOOG 
ООО 
0:20-- Дс 
00 0:0 
оо 0 0 
11. No, because AB»«BA 


PEG 1 (с) 
44. (a) Yes, Let АЛ : ) »-( 
(b) Yes, Let A= 


( 
(c) Yes, Let А-( 


т) (4471) 


Exercise 1 (с) 


1. (а) -2. у (5) 24. 
(с) 23. (4) 1. 
2. (a) Hy (b) 1. 
Exercise 1(/) 
1. 0. 2. 0. 
3. 12. 4. —2. 
9. Singular. 10. Non-singular. 


2 зл шзз 


3. —428. 
f t 

1.19, кА, 
З. 29. 

2354 0 
Шотан: 
9. 2a? sin Со 
Ё vo 


. X2, y —3, 2-4. 
. x22, у--3, 224. 
xe4, y=3, 2-2, 
20Х241,у-41,2-41,) 
> 
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"Exercise 1 (h) 
2, —54, 
4. -І. 
Exercise 1 (i) 
87:21:05. 
4. 9. 


ла 20; 


8. a? (p—q) (q—r) (r—p). 


(8-1) sin 4- (ү—) sin 4 (a—B). 


; та (а-” (r—p) (Р--4) (ра. 


Exercise 1 (j) 

2. x=3, у--2,2-41, 

4. x=1, y-2,2-3. 
, блж-з1;)--1,2----І. 

8. х--8/3, у=— 1/3, z=0. 
10. x—4, y=5, z=6. 
(Ехехсїве 1 (k) 


ü 


3° —4 45 BED 
( 29004 3) 4. (=: -3 jj 
SNC ЛЭГ DOES QI 
=8 —3 RN TU ey T 011-5 
( —1 46 о ) 6.; (3 Says ) 
cA (51296 ENE 1305 
(50455524555 \ 18:23:21 
( 458: 7. 54 ) КЕСИ icu) 
-2 2 -1/- OW 83-53 
: DS 2/3 59/3 —9 
ra A 2) vam (б 40/3 ~6 ) 
E i ПС 
—1/2 1/5 —8/5 9 19 —4 
( 0 1/5 2/5 ) hau 
Oi Oe 09 хэн А 2) 
0 ie Е 
(: 232 Эс 141-1 0 3) 3 
МЗ 23 auti nop -4-4 =3f 


ANSWERS 903 


П) 1.22507 
15. Tee рер 16. ( -14 38 =) 
9 O 4 01241 


И 216512 
19:52 0-4-4 | 18, 


Exercise 1 (I) 


1. х--2,у-3. 2. x22, y2—3. 

3. x=1, y=5/2, 2--7/2. 4. x2], у--1, 2550. 
- 5, x=1/3, y—2/8, 2-2. 6. х-41, уг 1, 2542. 

7. х-2,у--, 2—1. 8. х---3, уг-2, 22-41. 
9, Consistent. 10. Inconsistent. 

11. Consistent. 12. Inconsistent. 


13. x=2k—1, y=—2k+3, z—k. 
M. x= 03-78, y= U), 2-4. 
15. x=y=z=w=l. 


ЫРА SAN Б е ee 
16. хээг ya 3*3 k, z=k. 


17. x=y=z=0. 18. x=y=z=0. 
19. x=k, y=—2k, z-k. 20. x=3ky—2kg, у-і,2- ky. 
Test Your Understanding I 
1. (4) 2. (5). 3. (с). 4. (4). ‚5. (0): 
6. (а). 7. (5). 8. (а). 9. (5). 10, (c). 
Review Exercise I 
—21 —2 15 0 0 
£ ( 13. —4 17 ) Ж; ( 0 0 ) 
elg —4 14 resy 
: 231.23 Eos 3! 
d 500—5. 5 І 


а оту 25 0 0 
E (0 m ) 9 | 0 25 :) 
0 0 
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| 223,518 үу 
Eu. тш T3466 | 229 х=2,у=1. 
SB 
E 0 —20 ) 77; П. x—1, y—3, 2-5, 
1614 БАРЫУ BENS 2 
E ЕК AY ы. 
12 A 557180; 10 Je 
12 3 10 


i -p p n pug. 9 
0 1-p | ( m4 eg ) 
0 0 1 I 4% -4 1 


тер Ге 
Pdl -р(ра-) | 
--Р(ра:51) р'--ра+1 


| 


ETAGE чч: Ми лын. 
ipe 


-|- 
Зул. 

! 
ت‎ tot кюю 
RESIN 
t9 M wv 
м“ 

°| 
РЫ 

| 
ою 
| 


4 Exercise 2 (а) 
1. (а) R~{0, 2}, (9) ]—9,0[U 13,0 |. 
2. (à) RU {0}, - ! к 
3. (QR, ^ ! (D Cet 
4. R ~ {—6/5}, к-0). хайы! ш» 
5 RE (4k в = з) а az = 
сан 1625 > -4%% 
Exercise 2 (0). аа, 
32-10 ( 4 = 5. 8 
1 : 1 1 
лса, 9. —з. 10. Rx 
Ён 13. —1. V 14, - 157 19 
Exercise 2 (4) 
33.70. 4 1. 5. 0. 
8.77 9,541: 10. 625 
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шг 


Exercise 2 (е) 


2 x 4 3 5 
3- 2. 3" A 5 4. 2” 5. 2: 
3 1 
n 4:2 8. 0. 9. 4. 10. T 
0. 12. 2. 13. 1. { 
Exercise 2 (f) х 
(9 225 ЗЫ; 4. e. 5. 2. 
zs у 1 5 
5° 7. 0. 8. 0. 9! “ДО 10. K1 
Exercise 2 (g) 3 
оо 7212 77000 3/7 90; 4, Бо: 5 0. 
0. 7. —o. 8. -о. 9. -о. 10. +. 


Exercise 2 (A) 
Discontinuous at x=1 and continuous everywhere else. ` 
2 e Л 
5 
(i) continuous (ii) discontinuous (iii) discontinuous 
(9) discontinuous (у) continuous. 


(i) Discontinuous (її) continuous (iii) discontinuous. 

Discontinuous at 0, +1, + 2, + 3, .....- 

pure d fG)-—1ifx«0,fG)—1 ix 20 at point 

х==). 

Discontinuous at the points п--4, where n is any integer. 
Test Your Understanding II " 

(4). 2. (b) 3. (b). 24. (с) 5. (а). 

(d). RACM 8. (d). 29 (b) 10. (d). 

Review Exercise ЇЇ 

R c (—1, 1). 2. (a) ]-9, =] о 11; of, 

(5) (x: Іхі< УФ, O (x:x 22) 

1—90, —1[ U (0, of. : 

(а) ік:х>9Ь (D (х:|х| «4),-| (с) I0 ol. 

(а) Domain=R, Range=[—2, 2]. 


(b) Domain=R, Range=[—3, 3] 

(c) Domain —R ~ (nn, : пе Z}, Range=|—, col, 
(d) Domain={x: |x| 235 Range—[—3/4, 7/4], 
(е) Domain=R, Range=]—3r, 3x[, 
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12. 


елек 


(f) Domain= b: Їх| > =} 


Range- [— 5x, oe р 


(а) Domain=R, Range=]0, of, 
(b) Domain=R, Range—]0, cof, 
(c) Domain=R, Range=[5, oof, 
(4) Domain={x : x > 0}, Range=R, 
(е) Domain={x: x < 1}, Range=R, 
(f) Domain={x : x > —}}, Range=R. 
9 ; it does not define a function. 
1 1 
3 9. 3: 10. 0. 
Ша f()——1, lim fQ)=1, lim /(д-і. 
Y ws -1- x1 
(0,322 — 1. E. 22 м – 5-43. 
1 1 
2° 16 ” 17.1 
A, 19, 22/х. 
(24x, 0€ x € 1 
8(3)--42-х, 1 < x «2 Discontinuous at. x—1' and х=2. 
652:2<х432 1 
Domain=R, Range=(0, 1. The function is not one-to-one. 
[—2, 1-40). 24. 1а 4. 
3 : 
Нас» 5у<0, coy. 26. a+b. 
{0+ )=0, f(0— )= – 1, Discontinuous at x—0. 
Exercise 3 (a) 
2т. Й : 2. 8л. 
4-рег sec. 4. 80. 
` The entries in the third column are 1, 29, —2, 12 and 0. 
fe». Average rate of Д5) 
change À 
122679. 1 1 
О 2xtbx4d 2h4-21 21 
х5. +10 10 
А 18--158--75 75 
í А D : 
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Exercise 3 (5) 


1. 0. 22215 2,2, 4. 2. 
IE 6. 2x. 9 2x 8. 4x. А 
Ош — 2x; 10. —1 whenx < —1, andl when х>>-!. 


11. —1 when x <0, andl when x — 0: 

12. 1 when x < 0, and —1 when x>0. 

13. —2 when x < 0, and 2 when х > 0. 

14. Those in problems 1 to 9. 

15. —1 for the function in problem 10 and 0 in problems 11—13. 
16. (а) 5x, (Б) 10x; (c) 100295, 


(d) 1000x™, (Ө Laon, (N=, 


(p 25 буе. 


Exercise 3 (с) 
2. (а) 6х+4, (b) 9x8—10x; (0) 6x(4x*+1), 
(d) 4584-42х04-1, (е) 1554--11, (f£) 100° э, 
(в) ау-Е2а, х-ЕЗа, х? dnas х". 


3. (а) -3х74-1-35), (b) —x 8 (1+5x°), 
(с) —3(x?—235), (d) -4х-3(15--28)4-1, 
22246) 2x4G 2) (32:51), QE ) —6х73(х%+2)*. · 
4. (a) —(5%+ 7, (8) (15х2--100х--27)3х--10)-?, 
— 2 
() 563-3х-202-1)3, (ф ATE? 
—#+2х+1 18x201-405x12—44x8— 30 
(e) “trp! (f) ET TEE N, 


2cpx (bp +-3eq)-+(2bg-+-4er)x ++ Gbr--aq)x + 2arx 
| @ (p-qx +r” : 
5. (a) 8х(2--1) ((-- 1)* 4-3) ; 2240. 
f (b) 12х%х2--1) {GF 14-5); 37152. 
(c) 12х(х2--1) ((3--1)* — 5}* ; 48000. 
(d) 54x? 2306 —1)* ((258—1)9 --ЭУ; 54(101160)?. 


Exercise 3 (4) 
1. l4(Qx4-10)5. 2. 156(3x—7)". 
3. 14(7x+6). 4. -106(-2х--1)%, 
: -6 ЕТЕНЕ 
` (1-3х--3х2--х2) 2-8 (2x--3x*-4- 6x3)? 
7. 3x*--86x-F51I9. 78. —'"(x4-5) 84-99(9x-- 1)”. 


. 908^ 


© —Qx-E3Y14x-E27) 
RU BREST ce ) 
(84x-+414x*—220x9— 590x4— 546x5)(3-4.5x2.4-72)8 
OFI 2132318 
42x4 DOA Fx-F {O 1)83}, 
10(18х2(2х5--3) 4-1 (253--3) 1 уу, 


Е 2B: DFO FEIT) аа DG c1). 


T(Qx-- 5) -- (9x— 5)3** (6(2х--5 y—27(9x— 573. 
16101 ЖЭЛ хара (1 +х#)#+х4}{4х(1 7x2) J-483-- 8x7]. 
Exercise 3 (e) 


3. (2x-+3)2/8, 2, و ا‎ 
4x(3x2-4-1)-118, 4. „К @х—5)(0хз—5х-зу-эп, 


E (xayat (xaya, 


3 71/3 (x?- 1245/3 (x2 4-1)u2, 


25 


qox Qx—1) ng (2, 1), 


чш 


77 (3х--2)-1/3 (амы. (3х—2)1% (44)28. 
1+3 xue 3 xus. 


(жаз. хла) 102 (+ xus = aw). 


«2-3. оа зуль, 


2х(2544-1у-313--(4--уу-ал. 
Exercise 3 ( f) 
3 cos (3x44). 2.. —2 cos x sin x. 
tan (4— 32) —252 sec? (4—x*). : 
—6 cot? (2x— 1) свсз (2x— 1). 
(4x--1) sec (222 Ex 4-1) ten (2х2-нх--1). 
2x cse (3x—5)— 3x? сөс (3х--5) cot (3х--5), 
3 sin? x cos? x—2 cos x sin*x. 8. cos (tan x) sec? х, 


Borg 78 si ( ча id a 
2 ii X)! sin x, 10. 24% біп Vx, 
“Соз х : 
“Gin х-Есов ху : 212. бх tan (x) sec? (3). 
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ee ғ... 
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13. сов! (2x— 1)—-4x cos (2x—1) sin (2x— 1). 
14. —csc® (3x) (cot 3х)-?/3, 


15. —2x esc x? cot x? —2 csc? x cot x. 
Exercise 3 (g) 
1 Ea. “гуу ECL ue 
Ч а (02-38) Un ae 
2х —3 
~ کے‎ Лам тэн, ب سے‎ 
3 cort 25 CEPT 
1 9(sin™ 3x)? 
2 BM UIS: 
Td opt. liue 
т” IJ cos Ax 2 TEE 
2 
S ТУРЗА diese TES 
10 2sec? (xl) — 
ШИЕ | 4/xGe+2) 
Exercise 3 (h) ( 
2 2 3 2 
L үрж % iFa АЛТА 
3 3 6 1 
ves сес к EE VEE 
3 2212 
oque бала 
2а io, + 1 | 
ат 4 77 xp 
1 5o M 
11:20:59). ЖОКЕ: 
E 14, (1+20. 
1 
15. EINE 
Exercise 3 (i) 
1. 2e", 2. (4x+-5)e2x*+5x—-7 , 
--ұсов-1Ух 
3, «ЗЇП х cos x, 4. 


2Ух-х 


сүх 
= вес? (еу 5 


e 6. 
a eas] 2/х 


- 
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e ms patient | 
F. Cap 8. tanke qu a ax 
E х 1 2vx - 
9, + SG та угу wj — e bae VE » ^ 
Exercise 3(/) 
1. * 2. —2tan x. 
4x x : 
* ox { рт: i 
сэм. “6. (5- +2x Im x) eh s ; 
2(e*--1) í Fae f 
4х л (x+) poe. ep У 
5 хн Ч х(іп x)*. 
Exercise 3 (۸K) 
1. 2x. 10 In 10. 2: Boo eos In 5 
2 2 f 
3. Dx sin x ln 22795 ** 4, egi 19% е 


5. log; tan? x4-4x сөс 2x logs en | 


6. cos x 10р бен) -2 дах 10810 е. 


“7, 2./3х08-4уУ3-1, в. 2 (e--1) (34-2). 


Exercise 3 0) 
1. (x—1) (3x—5) sin x4-(x—1)? (x—2) cos x. 


2. ‚сов X cos x In "I Sin x cos? x— هلد‎ жіп x, 
3-12--37х--14х3 5 ? 
3. 122(1 — 2%) F(2) 
: 3х2--12х--11 
4 GHD 
5. get ТЕЗІ x) In ел). 


6. хоз” In (ex. 
5 um. 5 (+) sina? Х-Е(п ld =x’) I: 


м 
а соз v 83 xcot x АЗА } 
BD itc 
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9, 
10, 
11. 


12. 


(tan x)” (In tan x4-2x csc 2х)--х/0" * (sec? x In x-4- (1/2) tan x). 
(tan x)*"* * osc? x In (e cot x)—(cot x)'^^ 2 sec? x In (e tan x). 
(sin х)%%4 (cot x cos x—sin x In x) 

4-(сов x) 2 (—tan x sin x4-cos x In cos x). 


o ix {Intanx +. dn) 
хе In (ex)-+(tan x) { т + TELS ] 
E _vcise 3 (m) 4 
„аХ+Ву, ; _ а4х+һу+Е , 
Їх-ЕБу `  hx+by+f 
Эл: irae AS bad 
x(I—y In x) х(х--у) 
y((a--bx) y—bx*} | УДЫ 
х(у-х) (a+bx) 53 АЖ. 4 
cos y+y sin x . в. 5x4 sin y-5 cos x 
cos x4-x sin y * 7x5 cos у--5у sin x 
In sin y--y tan x | 10 уху In y) 
In cos x—x cot y 1 x! In x4-xy*-* 
Exercise 3 (1) 
--cot 0. 2, غ‎ cot 0, 
Э. csc 0. --- 4. bes tan 0. 
a a 
tan 20. 6. tan 0, 
9 1 
tan (+ ) х 8. 177 ж 
—tan 3t. 10. 0. 
Exercise 3 (о) 
48(2x-+3)?. 2. 161%, 
E 2 4 Pee Ae 
(5x4) 453 
QE RES E ae G UNS с 
(ax--by (exta): AS REIR 
—2 cos 2x+18 cos бх. 8. 2(sec? x tan x--csc? x cot x) 
(@+b*)e™ sin ( bx-+2 tan 2. ) ) 
Exercise 3 (р) 


l aD бе). 2. mon] 
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DF .n125 nt bn 


(Ох) As Gras i 
s, oD" (n1 138 g Цэвэл заа 
Y (3x48) | : (3x 4-4) 


7. (11275, ].3.5.1...(2л-13) 29% (9x4-8) 9-292, 


(—1)» (п-и. 
(х--2)» 


10. 398 дет. 11. 355 (A n ) 


9. S*(In 5)". 


12. cos (er2 nr): 
B 4/3 езе sin (2+ tan-? (2) 
14. e cos (o ва) 
1s. en (hre) -oos (425+ me) J 
16. тє]? cos ( ж. nm) —3" cos( зт) | 
—5% соң sx- nu )] 
17. 2"- cos ( 2х+3- nz jay 47-1 cos ( xb nu ) 
18. ЗЕ cos ( реж е сов ( Abu nn ) 
+6" cos ( x+y nz ) 
19. -5| 603798 er соз (r+ tan 6) 
"FC ¥5)" ес cos (2x+-mtan-! 2) 2] 
Ё 250 «р Олз» езе, sin( 2x+n tanê ( 2. )) 
eo үз» €3 sin 222 fanc — 3) c C439)" sin (6x--n tan- 2) ] 


Test Your Understandir ЕШ 


КЕ Ес (ОЮ) 2. (с) 3. (4) 4() 5 
| 6. (4) 27. (а) 8. (с) 9. (6). 10. (b). 
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1. (a) 2ax— 
2. (a) 3cos 3x (b) 2 cos (2х--3), 
3. (а) —2 sin 2z (6) —sin 2x (с) зусах : 
4. (а) 286с22х (5) 3 sec? (3x4-1) (c) —esc* x. 
1 1 1 
Eo TES уп) © тет 
6. 2х е", 
7. (0) (8хп--10х--3) (2х--3) (b) (1152--2х-18) (x--4)12 V 
ї 2(x4- 19? Vx 34x(4x—3)'I* 
Jo ; А i 
8. (a) ES (b) eM Sin! x (ERES cos nx ), 
M 2x 
9. (a) e |^ а Жә) тте”) 
1 1 ! : 1 
(b) x cot (+ 2—1 yt Vin} sin (з=-—1)}] 
40. (а) z* In (ex). (а) (вт x)? [x cot.x-+Jn sin x]. 
11. (а) (sin х)" {со x (In tt In (sin »] 
(b) juin * Е sin x+cos x In х |--(8ш x)” [/n(sin x)-+-cot x]. 
y(x In y—y) í 
12. (a) x(x—x In y) 
уге In y cos? x (14-х2)—у (tan xW — 
0) (14-32) [cot х уед ?71--/n tan™ x(tan-! x)v] 
2 2 
їз. (от O az) 
by - —4 sin? x 
14. (a) —1. (0) cost x-rsintx 
Ё 1 
45. (а) 4. (9) 3. (ут 
Exercise 4 (а) 
1. (a) 8 m/sec, 4 m/sec?, (b) 11:5 m/sec, 1:5 m/sec?. 
(c) 0, —8 m/sec?. : 
2. A=1, B=—1, C=6; 22 m. 
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Exercise 4 (5) 
29:4 ш. 2. 28 m/sec. 
5°6 m/sec vertically downwards ; 10 m. 
2 543 
у=х У3--- 253 Tq see 5. 28 m/sec. 
7 m/sec. 7. 30m. 
Exercise 4 (c) 
25 em/sec. 2. 6cm?[sec. . 
250 r cm?/min. 4. 432 km/hr. 
*05 cm/sec. 6. 2т/ѕес. 
> is, emísec. 8. 1:5 m/sec away from О, 
4 
бе .cm/m. 
Exercise 4 (d) 
j —#+4х+4 
3(х%—1) dx. 2. (х-га)? 4. 
5(2x-+-1)9/2 dx. 4. 1 (5 cos 5x+cos x) dx 
eu [i +2 In (x—1) ] dx. 
—e~* (3 cos 2x+2 sin 2x) dx. 
706. 8. 42. 
02. 10. 03. 
599202) 12. 50133. 
9`99. .14. 20007. 
1009 cm? ; 603'6 cm. 16. 29088 x cm? ; 14496 т.с” 
2 percent. . 18. ‘lcm. 
“6 per cent. ; 20. --30сш. 
Exercise 4 (е) 
(i) х('+-в)+у0›'+/)-+а'-+/у'4-с=0, 


(ii) хх!а--уу / 2-1, 
(iii) xx’ [a — yy']b* —1, 
(vi) xy't-x'y—-2c, 
0) уу'=2а(х+х'). 
(i) x cos 0/а--у sin 6/b==1, 
(ii) x sec 0/a—y tan 0/b—1, 
(iii) x cos 0-I- y sin 0—a sin 0 cos 0, 
(iv) x cos 6/2—y sin 0/2—49 cos 0/2—2a sin 0/2.. 


ANSWERS 


x—4y+3=0. қ 
(6+ ¥3)/3, —24/3/9(, ((6— 43)/3, 2 43/9). 
y=12x+16, y—12x—16. 
а? cos? a+b? sin? а-арт, 
Exercise 4 ( f) 
Б ОШ) ay —х'у-зд, (i) ху 4 2ay=(: +22)", 
(iii) a®x/x'—b*y/y'=a*—b?, (iv) а By] y а да, 
2. (i) ax sec 0--Бу cot 9=a?—5?, 5 
(ii) ax cos 0--бу cot 0--02--28, 
(iii) x cos (0/2) 4- y sin (0/2) —40 cos (0/2)--2а sin (0/2), 
(iv) x sin 0—y cos @=а sin Ө cos 0 cos 20. 


anaw 


3. y+20x—140=0. 4. 3x—2y=2. 
5. у=4х—144. ‚ 6. 27 A*—B (3А%--В°)уз, 
Exercise 4 (2) 


чу 37-4). 
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(a), (b), (c). Neither the hypotheses are valid nor the ion’ 
is valid. (d) Both the hypotheses and the со йл) an 


12. (6 V2). | 
зз. @ 5, (9 + YO1/3), 


-і 


(с) 14-01) їл 1101, (а) 1-4] ein (1+ +)] 


14. (а), (b) (d). Neither the hypotheses nor the conclusio. 
valid. (c) Hypotheses are not valid but the Pond d 


valid. 
Exercise 4 ( j) 


1. min. at 4 6+¥3) and max. at + (6—3) 


2/3 43 is a maximum value and —2/3 ¥3 is a minimum value. 


Maximum at x—1, minimum at x—6. 

Maximum at x—2/3, minimum at х=5л/3.. 
Maximum at х--л/6, minimum at х= —/6. 
Maximum at x—z/6, minimum at x—5/6. 
Maximum at x=n/6. у 

5 is a maximum value and 50 is а minimum value, 
Maximum at х=1 and minimum at х--2, М 
12:12: .10. 16, 16. 11. 64, 96. 
Each side 4/96 cm ; perimeter 16 ¥6 cm. 


Ө о отла с а жш 


= 


2.8 ы 
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Each side 10 cm. 
Diameter=40/(x+4) m, width of rectangle=20/(n+4) ш, 
Radius=/(200/3), height= 4(800/3). 


72т cm. 
Test Your Understanding IV 
(с). 2. (а). 3. (c). 4. (b). 5. (a). 
(4). AW. Ca), 8. (с). 9. (4). 10. (4). 
Review Exercise ТУ 
t> E 3 2. 4 m/min. 
28 m/sec. 4. 24 m/sec*. 
"15 m/sec. 6.- 30123. 
(а) + 2m ст", (b) + 5x cm’, 
(c) + 2 per cent, (d) + 3 per cent. 
14 m/sec ; —24 m/sec’. 9. In the ratio x : 4. 


At a distance 160/4/ 3 km from D on the line CD where D 
is the mid-point of AB. 


Maximum at —3, 1 and minimum at 0. 

4000 cm?. 

Height—(2/4/3)r ; dans of the base— 4/2/3. r. 
А/(424-28). 


If a>b, max. value isa and min. value isb; if a<b, max. 


value is b and min. value is a. 


(a+b). 18. х--3у----4, х+3у= 48. 
Exercise 5 (a) 

+ tC, 2. ioc. 

sin х--С. 4. secx+C, 

$c. 6 etl xl +O. | 

шанцай 8. e*—cos x+C. 


2In|x| +2 х3/%4-5 tan х+С. 


iu x4 5x4C. 11. 4їл |x 1 -- ite. 
Exercise 5 (5) 
7 
хад zs 
2 tC. 2. 4 x" C. 
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3. 24x4C. 11-21 

Vx 4 Jate 

Jia. BI ead 
5. Хх +96, 6. 4 tat C 
п. - GEO C. 8. e+ aH eC. 
9 De—Le-mec 10. dst aset ec. 
11. и|х-5|-46. 12. qued. eniin a | +С. 
13. п|х-1| +C. 14. tanx+/n | х+3 | +С. 


15. 2/х—5 In | x+9| +n | х—11 | +C. 
16. —3 cos x+8 sin х+С. 17. 11 sin x+5 tan х—4х-ЕС. 


18. —15csc xb tan x—9 cos x--C. 


19. 5 tan x4C. 20. —4 cot x+C. 
21. tan x—x4-C. 22. —cot x—x 4C. 
23. x—cos x4-C. 24. —cot x+cse х--С. 
54 
25. х--сов x4-C. 26. myte 
27 
27. е*+ MIC: 28. x+2e+C. 
29. еее. 30. +1 але. 
31. 118871 x+C. 32, + х-5 вес"! х-ЕС. 
243 A 
33. 3,016 tan хес" х-ЕС, 
34. x+6 tan *x+C, 35. + х2- 4 tan"! х+С. 
Exercise 5 (c) 
1. бете 2. FOHT). 
з. 5 e" c. жама Ес; 
5. E In | 9x41 | +C. 6. In| cos x+sin x | +C. 
7. Іп(х--1)--С. 8. In(1+e*)+C. 
1 
gr хз tC ў 10. tan (x—3)+C. 


м 


ю 
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+ зате uu ы 
12 @х—7)+С. $ ий 9 

+ (х3--5И--0, 14. -i (cos 543--С, 

= sec? x-+C, 16. tan x+C. 

qu tan 02). 18. Xd (e2*4-1)4-C. 

1 


sinSIns—2)4C. 20. аа (25) с, 
In ( | In sin x | )+С. 
-4n (5 cos? x+3 sin? х)--С, 


4 In | sec (4x+11) | +C. 


. x—2 In | вес x+tan x | +tan х-ЁС. 


51n| tan С. 26 7In| tan x | +С. 
х (cos 2)-- (sin 2) In | sin x 1 +С. 
* Cos a—sin а In | sec x | ЁС, 


2 In| un 4s lc. 30. In| (1-39) +x | +0. 


In| x| +C. 2232. In| sec (іп x) | +С. 
кыд 

7g sin (2 )+c. 34, d tan (#)+0. 
1 

есі (3)«c. 36. + sin"! (5544) 6. 

y Exercise 5 (4) 

(12 М 1 3-ЕХ 

2 tan (х/2)--С. 2: Tg In ЗЭХ ec. 
Tos - NOE x—5 
73 tan (23)4-C. 4. 10- іп ЕЗ +C. 
i 1, [2x—1 
зу tan Qx—1)4.C. 6. uhi ік 
1 zl КҮ, 

зт x ік. 8. In xc 

3 


4х--1 
A nz туу an (= wie 
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ANSWERS 
0. 3 In| 8-2-2 | +> In| 206+) | +С. 
5 11 3x+1 
а. Û in| зох | —уу іше (m exec 
a2 3-и | 242x43] —(1//2 tan (841 42). 
Exercise 5 (e) 
1. sin tC, 2. In| V 333 164-x | +С. 
3. - sin" (2x)+C. 4. 1 In | VERE | +С. 
5 In| VX—l64x| 4C. 6 jin | /%а2—9-+2х | +С. 
7. A si (ec. 
з. ph | 25 F16+5x | +С. 
9. p sinc @)+C, 10. In| 424146 | +С. 
ano ep VP FI | +С. 12, da | Ve? | +С. 
1 PIRE 3 
эз. n e eer 4) С. 
п. (4) pores 
i YU 5 
15. ят +- i) ee 
l5 ax} 
16. —^ (@+х—х)+-5- sin A3 +C. 
17. У08-х414-2:01 моа), 
48. омез | оаза С. 
Exercise 5 ( f) 
1. —xcos x+sin x+C, 2. 1 xc. 
3. xtan x—+ In (ІС. ^ 
4. ; 


x? sin x+2x cos x—2 sin x+C. 


920 
5) 

2 
8 


9, 


10. 


12. 
13. 
14. 
15. 


16. 


17. 


18. 
19. 
20. 


21. 
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(7 х-8) etc. 6. —(х®--2х+2)е-°--С, 
x sin x4-(1—329 ALC, 

(2-6 #) cos 2-р x sin 2x+C. 

+ RED In (b) Lat хас. 


xtanx—In|secx|+C. 11. —x cot = L е. 


-04-3х-82) cos х4-(2х--3) sin х+С. 
In x In (In х)—1п x+-C. 
— V(1—3x?) sin"! х--х--С, 


(іп х)2—2 In х-Е21--С. 


T xè [Xin 3)! —2 In x 1]4-C. 
1 CONUS 
т (32--1) tan?! x— 2 х+Сс. 


x cos! УТС, 
(x+ 1) tan“! Ух--Ух--С, 
21 Vx sin? ¥x+ 4(1—3)]--C. 


ма-ау 7? ama x+y In (1x) EC, 


.  (1+x*) tan" x (tan ху С. 


FHS (x—tan? х) РС. 24. 68 (ху) Є, 


. etsinx4C. у 26. e In | sec x | +С. 
€ tan (x/2)+C.. . 28. ее [д | sinx] 4C. 
—€ cot (x/2)-- C. 22230. et In| x 1-6, 


За cos( бх—ап-1-©- re 

y 6 sin (5x— tan?! 5)4-C. 
241—1 1——— cos (2x—tan™ 2) | 

зу sin gna 2)+С. 


% sin (In х-к/4)--С. 
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Exercise 5 e 
E y ХУ0-394-2 sin^* (х/3)--С. 
1 xO in| GT) | +С. 
u(r +94 In | VAE) | +С. 
4 ae 8 in| (16—25 99-55 | +С. 
— x4(xi— -25- 5 2> In | J/(8—25)4-x | +С. 


x«(16x*!— nu * 9 т | М(1632--49)--4х | +С. 


nl = ю|— n| |= 


x / (48 7)— 7 4I M (4x1 —7)-2x | +С. 
x Voth In (ү(444-1)4-32)--С. 


Е 


sin? ((3x—1)/4/2)--C. 
(эх—2) V3 — 44-1) -2 In |/(3х%—4х++ y+? +c. 
(83—2x— 11) (IH) + 5 => sinc БИ Lic, 


(4x2 — 18x-+1)/(2+-3x—2")— 2 sin Ж ide 
Exercise 5 (/) 


о) Rj- s 


ш | x43 + 1n | x5 | C. 
—41n | x—3 | +3 In | x—2 | +С. 
7 tn 125—1 11-37 in| 23 | + In| 2x—5 | +С. 


Page? | +2 In | x—21 +4 In | x+3 | +С. 
зх-1- In | x—3 | -4 In | x+1 | +C. 


S43 In | 2543 | Hn | x1] 4C. 


qe In | x£1 | 431 | x—1 | —7 1n | x3 | +C. 
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8. 77 Іп | x—1 | +3 In | x—2 | +C. 


9. sath > In | 2x—1 | —- in | x-+1] +n Іх-5| +C 
10. 2, ~z tan acd tan? (x/ 42)--С. 
11 © tan! GOERA tan"! s tan"! (x/ 43)4-C. 
12. e In | x—a | + ln | x—b | Cs, 
13. 2 hap In | x—a | “ЕС, 
ра --д ar A 
14. x (аас) | | x a| 4C. | 
15. xp MD рор p 000 y | s 41 +C. 
16. "cpi I —b In |227 in д; В 
Emo 5 Ч 
с ! 
БОШ i= ZED 2541) tc | 
2. 2. | x--3] іш |х-2| - ite. 
3. 2. In | x+1 | +2 |х-1| ЖҮГЕРІ pe. 


4. In|(x—1)(x4-3) | Hee 


3 2 3 
5 


1 7 1 
6. od Nee | x1] +7 In| x—1| +С. 
7. 27 Шїх-11-45 шн |— 


ces De ey 96-1 Te 


2 
8. 36 In | x—1 | — ln ЕЗІН зоні ох 


PCS inn a ee 


Бо 
eb 6 Grip te. 
фласа ал. 1 1 n | 242 


3 (5-2) а” | +C. 
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10. site? in | = | +С. 
АН -y шил 3 p Pm 27 yin | 252 | +e. 
12. -an |x| وک‎ | x+1 | -2n | x—1 ү +C. 
13. +4 НЕА 
23 “EN ED TET 5 al sail ie 
15. 23 58-р In | 32-42 | +C. 

Exercise 5 ( )) 
1 nl x=1 | 4 in| text j 

a +3 vi tan! {(2x-+1)//3}+C. 

2. qn 1x-21 SUA In +D tan! C, 


3. —In | x—1 | +4 In (x?+-2)+C. 

4. In(x#-+1)—2 In | x-+3 | +3 tàn? x+C. 

5 2 in| xF1\ + in| +1 | 

tan™ ((2x—1)/ У3)--С. 


2 

(23:73 
6. —21n|5—3x | +n (422-3573 tàn"? (2x/ 43)4- C. 
1. т + م‎ [22—11 —4 im (ы). 


: х-3 23 "darà 
8. ml 3 pon tan? x4-C. 


9. 7 |х-114-2аа |x+2 | gm Eee E 
-373 tan? (Qx4-1)/ У3)--С. 


10. Fin | x-1 | -+n |x- -2 | = 1 In (2+4) 


11: E CN 
—10 tan x+C: 


924 


п. 


12. 


13. 
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ММ In | x—1 | 1205) In | x+1 | Ed In (x*--4)4- 
mU 10 5 


5 tanî" (х/2)--С. 


1 1 1 
z” | x+1 | Хор In +D- ату с. 


Hin | x1 | LT In | x+1 | -4 In | 33—x-F1 | 


по жап 2: T€. 
Exercise 5 (k) 


0/ 45) tant { (145) tan(x ре. 
(0/3) tan (01 уз) tan x )}+с. 


DS 1 
tan {+ tan(-x )}+с. 


Q/A/7) tan" {a 1417) tan( + x J} +e. 


2 ^I. ) 
5 tan [es 2-х | Ес. 


^/174- ¥7 tan +) 
9 28) кы дү [С 
4/119 1 t 
4/17- 47 tan ЭХ 


1 ii | fan (x/2)=2— 4/3 


Куг tan (3/2) 2-- v3 | +C. 


Exercise 5 (D) 
sin x— Zein’ xb sinë x--C. 
—cos x--cos? x Cos5 x+ 23 cos? х-ЕС. 


и: 3:22 3 
Тү Sin* x cos Хо sin x cos fiue x+C, 


10. 
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cos? x sin rte sin x cos EC. 
sin? x= sinî x+C, 


sin? cos? Y sin? x cos HS (віп: х соз х)+С. 


эр w|- эр 


ab 6 Efe 8 
— 598 хі : cos? x4-C. 


Шр а cp DATO N 5 
- cos x sin’ х--% cos? x sin? x—-7 cos? x sin x Tg 
(x +sin x cos х)--С, 


1 1 
ЗҮГТ sin? x сов” хте sin x cos? xtd sin x cos? x 


+ (x sin x cos x)+C. 
4 соз? е cos? Sd cos! x4-C 
gu 9 п : 
Test Your Understanding У 


(с). 2. (4). 3, (4). 4. (с). 5, (a). 
(b). 7. (a). 8. (a). 9. (b). 10. (5). 


Review Exercise V 
ха | x | +3 In (x?-++1)—tan> x+C. 


а (+ In за ама) Па | +1 | 


1 -1 23-1 
38 n arm me 


jm 401) не da 
uL РУП mx 4 EZ 4C. 


1 1 S 
1 ара |11 — In б®+1)+-у tan х+С. 
4 (озин) 034€. 


x-Hn | ос 2 +C.. 


A (qi —x3)--a sin“ (x/a)+C. 
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р 205 7 
75 (a+be*)?-+C, 


—x+3 In | x+2 | +21n | x—1 | +C. 
—e* cot x4-C. 

sin“? x*4- C. 

In | cos x+sin x | +C. 

In | І-віп x | ын 


3 [x tan! xy In he Saas 


2 
“T l-+tan (x/2) 


2р (4-0) 2 597214, 


tan (1-Е1п х)--С. 
In | sec x (sec x+tan х) | +С. 
X [(In х)#—2 (In x) +2]+C. 


sin? El үс, 


+С. 


. €*In|secx | FC. 


4 sin x sin? x4-C. 


х2--1 
hnc 


n In (а? cos? x+b? sin? x)--C. 


2 (1--соз. 9)!2--C. 


— cos 12 x cos 2x4- C. 
e [In (sec x--tan x)]?4- C. 
€* cot х--С, 
a d Sul ( 
2 ( In | ү | таға 

1 
2У5 tan! ( P tan x je 

` Exercise 6 (0) 


1 ы 
4 (а). 2. 3-(9-091548-01 
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1 
3 (0—0). 220 4106—49). 
5. sin b—sin a. : 6. = (cos 2a—cos 25). 
1 * 
Үй 727 8. e te, 
9. n/4. 10. 4 (e-1). 
Exercise 6 (5) 
1. 64. 2. 405. 
3. In 2. 4. e—1. 
5. 1/53. в. 22. 
7. 7/6 8. 42—1 
9. 41-12, 10. 2/8 
11. л/8. 12. (n—4)/2 
1 
-2 14. CAU 
1 т 
4 (e —1). 16. 343 
2 3 
17. 27 18. 16% 
19. 7/32. 20. 1/48. 
Exercise 6 (c) 
Л 1 
1. -. 2.10182. 
1 2 
3. 4 645-9. 4.25 
5, 6—4 In 2. 6. tan ! e—n/4.. 
wl 82 
7. sin (In 3). i 8. a nar 
т2/% 
9. к/6. 22110-12; 
1 16 Lus 
поа лат: Piave 
к/т Tae 
13. (а-а 15 In 2.14. -- In 2, 
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т 1 
йз oh 16. x/4— > 112. 
24% а Ай 1 
17. Vien (ғ) 18. 3 їт2, 1 
19. z/(1—a?*). 20. In (4/3). 
21. 414. ( 
Exercise 6 (4) 
1. т2. 2. 3/8, 
3. к/4--1. іп 2. 4. л/4. 
5. In 3. 6. т/2. 
7. 1/3. 8.1 ma. 
9. xs (5— УЗ). 10. 1/42. 
1L 1/14. 12. 1/105. 
13. к/4. м. к. 
45. 1/24. ! 
Exercise 6(/) 
1. 385. 2. е-і. 
3. 4 4. 2In2-1, 
5. xa’. 6. + at, 
(NC 8. 253/12. 
4 ЕЗ 2 
4-4 10, (1-3) 2. 
16 у { 
11. -3-«. 12. 3 3 (Ew (1/79) ) 
; 5 ENE 
13. ч. м-- Ў 
| 16 
15. 3r. È 16. а 
4 16 
и 18. — V2. 
128 : 16 
و‎ 20. — 
21. 196); 577529: 16, 
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23. 6. 24. «/4. , a 
8 А ЖТ: 
25. ЖР 2 26.4: ( gait ¢ 
2 € mut 
a.c 5 UIN n 
Test ous Understanding УІ 
214 
1. (4). 2. (c). 3. (д. | 4. (с). 5. (а). 
6. (b). 7. (с). 8. (a). T 9.5): (с)! 
Review Exercise VL je) |g, 
1. 2/2. айы c o EE 
3. 4. 4. п/4. ec er EE Ч si 
5, Ke (m®+16). 6. ат. 0 hi zonnig 0) 7 m 
7. т/8. c8 Ie, p 226. us 
T 
92711 10. Ta SL i FEES у ^. 
п. T (е-е?) 12. (a) 2 tan /2-. 5 B МЫ 2 
"T A 
219 27 па Я 
(5) 105 20. 4 x b. Tp | 
21. lal 22. 4n. і 
1 ) t zy ( x) < 
p: 2 ا‎ Vy 
23. $ 24. 2 ( я--/)4 
) хайн су ІІ ky ар. 
25. dL. 28:22 с 
3 Fay —-q)2:8 Ды x 
7 Ж v.e 
27. "Une mex 9 Ён Sy. д 
D o ене (а) 32215273 x & 
5. Пач 574 3=) mey OF 
1. O=1, D=1. 2. “9-4, D=l. 
Tv 
3. 0-3, D=2. “4. 6227622. : 
5, 0=1, D=1. 10. E er =0. go ie RI 
112: 22. yt 1+(y—x) tan х=0› y f 
13. 2xy’ “ушу : 14. ху'+у=0. 
15. (хуу) Gy —9 —2y- 21 д "eri 59 ё 
Exercise 7 (b) Ес am 203 و‎ un) - 
1. "=2 sin x+C. 2:*(C:9953:09 Е =ч, 8 
3. xt43- Ce. 4. yt2-—C(u4-1); 2 .e 
5. (cos x- C) e=]. 6. ;?-sin 204C- ооз 374 A 00 


930 


1. 30-4041Р5С. 8. atin | tan x | =C. 
9, r= C ебіне, 10. y=C (x4-4). 
11. 67 -e7—C. 12. х—е72-=у—1п | 1+y | +C. 
13. x+ | х/1--9) | =С. 14. 22 tan (х/2)--2х--С, 
16. (2—х?) cos х+2х sin x4- 1 (In yf C. 
16. cos x=C sin y. 17. ef In x-sin y-- C. 
18. р (ува! (023) +n | y | =C: 
19. (y-D* (17x?) —Cy*. 20. ху-і. 
21. 27 у=х(у+3%. 22. y-sec x. 
23. Y(t) is 8 times in 9 hrs, 
25. 54. 
27. у= Ах“. 28. 33—3y—240—0. 
келіс 
29. (y+1) ZE ТЇ. 
30. x?-+y*=1 
Exercise 7 (c) 
1, xtE2xy-C. 
2. E іп (x? ty") arctan (у/х)=С. 
2; Y In (x* + y?) —arctan (y/x)— C. 
4. xi—y*-Cx. 8; (y—3)— Cx. 
6. 2127 ey, 7. ylx=Iny+C, 
8. x*—3y? In (Cy). 9. In x=cos (/х)--С. 
10. x sin (y/x)^ C. ЗГ x 2xy—y 5-2, 
Exercise 7 (d) 
1. y-e*-4C. 2. y Ce*—x. 
3. y=Ce" =y. ^ 4. م ر‎ e 4. 
5. y=Ce*+-xe™, 6. y=(x+C) е“ 
7. y=Ce*—2 cos 2x—3 sin 2х, 
8. y=Ce*-+-2 cos хіп x. 
9. y=(sin® x--C) eff, й 
10. y= (cos x +sin xH Cet, 
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ANSWERS 4 : 93| 


Test Your Understanding vil 


1. (а). 2. (а), 3. (0). 4: 
6. (b). 7. (b)., `8. (5). 9. (а). 
Review Exercise MI S et қ 
й; і 
1. | y] oce E : 
2. — (x*-++y")+x- 1225 їп оу) 00) = 
3. с гэ, í Dopod 
4. tan an y lux qiie s Р 
52225 £1 
5. аса a) PTR | yl =C 


84 DE 


6. ч OU» 2 dy | 16x24p4-33 | xt. ia 
P ^ 


! 
7. 65% esc ipn ! 8i (#уз= TE í "d Hue 
9. xy4(y* —x*?)—C. 10. FS ON pna 
11. у=Се-'"+-- 28. 12. 22 (ееп Ecc x) (е, т Ч 
13. у--(х2--С) e. 14. y= sin 3х-сов 3х--(Х45С) ед, 
15. 50503 (1-аУ-х(1-ау) (14-09). АН gee 
16. 2000 units. ора д ун 
17. + іп (x*-- 1) Farctan Жана, уз эл 
18. y=2*) э р ж (6) i 
av (өз 
| Exercise 8 (a) 201-40 
1. No. They represent equal and opposite yectors. tot 
2. Yes. 3. Yes. n ts 
4. No, except when the trapezium isa parallelogram. : 
5 atbte 7 777 117815, ba) 2b— 2a. 
: y Exercise $ (c) 5) ! 
1. (4) 3. (i). —642, |... GI) 10 3. 
3. 242. 4. (i)—1, (i), 4, . (iii) 15. k 
5. (i) 7, (ii) 9, 6. (D 90°, (її) 180, е 
13. In a triangle АВС, c*-2?--5*—2ab cos C. | " 
Exercise 8 (d) 5 
13. 9 units. 14! —15 units. HO 


(93) 


11. 13i--1lj—k, 5i-5j— 10k. They are not equal. 
13. уу (i—j+k). 
М Exercise 8 (f) 
1. 54/3 sq. units. 2. 54/3 sq. units. 
3. 34/2 sq. units. 10. 1--214-4К, magnitude 421. 
11. 6 (i+j), magnitude. 64/2. 
12. —2i+-6j—10k ; magnitude 4140. 
A Exercise 8 (2) 
1. (a) 12," (b -12. pA 
4. (а) 5 си, units, (b) 12 cu. units, 
5 100 cu. units. 
Exercise 8 (Л) 
1. (a) 2i+9j—2k, (b) —i+9j+6k. 
2. (а) 26i—j--17k, (Б) —131—9j--2k, 
(c) —13i4-10j—19k, (4) 131—10j--19k, 
(e) —26i+-j—17k, (f) ACCU 
12. к/2, 7/3. 
, Test Ycur Understanding VIII 
1. (d). 2. (d). 3.(0. |. 4 (а). 5. (b). 
6. (a). 7. (с). > 8. (d). 9, (d). 10. (b). 
Review Exercise VIII 
1. cos-! 2/5,/202. 255 
3. +(5i—j— 5k). 47-22 
1 
5. 5/2. 8. + 759 (3i—j+7k). 
9. 16. 10. 6. 
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по „ Exercise 8 (0 

(0 7i—10j--k, (i) —Ti--10j—k.. 

(i), —i—3)—7k, (1) -4-10)--8К, 

209 4i— ie (ivy) 91—10j--3k. 
5 Js P 3 4. 6. 

4. 7. кот (1745-24-19. 

1 

. Жор, СЭН. 
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11. 
12. 


224: 15. —15i--10j— ok, з44- к. 
. @ —15, (й) 2/3. 
. —Ili+122j—85k, —46i-+66j+ 34k. 


aww = 


RN үрә 


о (-33 уу? шт) 9( ЗУУ 593) 


y3 û j. us E 


13 хээ 17 units, 41 units ; 455 sq. unit: 433- sq. units 020 
sq. units ; 3396 cu. units. ši E. 


Exercise 9 n 


(Ri) o . 


3 
of) etg) 


euo 22 5907, @ (337. 542) 4 


‚ (а) (1, 0, 0), (5) (0, 1,0), | 2 
(c) (0, 0, 1), (4) (—1, 0, 0), 

(е) (0, —1, 0), (7) (0,0, —D. , Qc jt -.H 

. (a) 7/4, (b) сов"! (-5). e 

Exercise 9 (5) Ef 


. (а) 13 units, 17 units, 438 units. m ы 


(b) ¥120 units, 54/2 units, 469 units. 


‚ (а) 4254 units, 4): ( a 19102) 
(c) 4/59 units. i ; 
` ` Exercise 9 (c) 
i жер 9 5 B 4 
‚ (—37, 67,0). E 4. (8, 21, — 14). : 
4:-3. | 2 6. 3:--2. 
. (4, —5, 5). 8. (1, 2, 2). eae 
Exercise 9 (d) 


т=(21+3}—ЫЮ-+@—}-+-2Ю). 
r=(i—j-+2k)+ 2i Fj +2). A 
SS E 


E a 
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6.) вг-(8-14:5):4--2/-246) His 
Л: r—Qi--j- 3k) --((— 3i--j— 8k). 
EA SUE | 2*3 


MOT. 7 ( 
" itr Ah к " iò де ї 
4 2 6935122] | 
SM БУИ zl | 
0. 2р--25-- т 
| Exercise 9 (е) 
з V 
1. cos `" 5709 2. cos 1/59 
МУГ 1997 470 
-1 tas Мази 
5 0987 T \ бузы: Yes 
8. (972) У ОТО ууу 
х-3 yl ze 44) 
19:32: CTS aT A3 
п. 2029, رودا یراک‎ (sj 


12\ (3/5. "is її, Ж 
13: 15 ход "ыыр ct 


М. 4/3 : x=y=z, dy - ; 
“үдс tov н Ё 
15. 214; хэ == ; (8, —9, 19.05, 29, 5). : 
бене ә л) 
Lorje2 e % |2. к. 6-421-26)-415. | 
Ba TUN ү | © 4. 3х--4у-5:4-4:-0. | 
5. “5-24-00 2,6 тары. | 
7. x+y+z= 5 27 а 8 к. G@+b)=1, x+2=1. 
9. 5582у-32-17.. 410. 3x—4z--1—0. ) 
11. 44257 Ж 12. 4х-3у4-22-3. і 
Pee Yer 
Bee 9) : 
ло 2 м 1 
1. - 2 7274 ae | 
ко | 
? 2 4 VC $ 3 i) ` 
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ANSWERS 
1 : | 
Жі: гет “776, 28х--17)4-92--0, 
Ауд x—10p—5z=0, 8. 5x—y4z-14. 
9. х--7у--13:4-96:40, ) 
10. 2х--у-22--3--0,х-2у-%-3- 0. 
11. y—3z+6=0. 15. 4х-у-22--6--0. 
16. 6х--у-16--0. 
17. (r.nı—1)(n, .nj-—(r.mn,—1)(n, . nj. 
18. [r n; n.J=[ an, nj]. 19.. x. (b—a2)xxi-- [а уа), 
Exercise 9 (h) 
1 (х 2-и-42--2х-3--0. £] 


(ii). х2--у2--25-2у-422-27-40. 

(iii) х24-у2--22-44х--2у--62--11550/ 

@) | ж--3 | =2. G) |-8-91-4 
(iii) |х-4644-4101-43, 
x1--y?--z2— 6x —4y4-22—22—0. 

| r—--2j--3k) | —4. 

(i) Centre (0, 0, 0), radius:- 5 units, ki 
(ii) Centre (1, —2, 0), radius= 45 units, : 

(iii). Centre (—3, 4, —5), radius 8 units, 
(iv) Centre (—2, —3, 4), radius=6 units. 

Centre 3k, radius —-3 2 units. , 

Centre (4, —3, 5), radius 10 units. 
xt--y?4- 22-14, 

(y—i—j).(x—j—)—-0, Centre it-fj+ 18, radius 2/2. , 
х24-У14-23-2х--4у4-424-3-- =0, centre (1,2, —2), tadius= ¥6 
units, 

(4, —2, 1). зарн 

Centre ( +2} 3, 5%), radius=2 units 
3х2--3у7- 323-4х-44у-442--1-80, 

Centre (- i быт) n ) radius 4/126. 


3:3:£3)1-E32*--10x—2)—22— 42 = 20, 
хару +2—4х—6 бу--22--2-- =0. 
4x1 4-4y? -4z? — а Ua 


Сепіте (2^ 3-3 15 у a 4/37. 


"en 


1. 
7. 


OY 2 


1. 


9 


Hib & 
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\ Test Your Uunderstanding IX 
(). 2, (d. 3 (). 4 (b. 5. @ 6. (b). 
(c). 8. (à. 9. (д. 10. (а). ! 
Review Exercise IX , 

8 023.5, “ale 29 
(repe ne 7. 
Cos n Deo iios CA 2 
кті! Ipe atl. pt = 

(k4, 1, —зу.‏ ; چ حح 


(M) € эатэчэхЯ 


Я 1177 7 
12 : п. (5 ъ=) 
EDS ана i 
1 13. Er 
doy (07 715. 23x: -14y 112-0. 


4х--7у--224-11:20 57 18.7 143 —5y 4-3z 216: 
x?-py3M-pz— Ax: 12y F42 55 95 centre (2, 21; — 2), 
radius— 414, 


#+у°--:2#—6х—4у+102-12==0. и 


Mar 10 (a) 


‚ (а), (d), (f) 


yi 70 jd 90 (o Я 
gd hus oct 10 ( (0) 


(а) It is hot or it is blowing. 

(5) Itis hot. and it is blowing. 

(c) It is bot but it i$ not blowing. 

(d) Itis not hot butitis blowing. . ; 

(a) p--q (where p= He must stop ; = Не will faint). 

(b) ра (where p='The'sky is blue ; g=The grass is green): ' 
(c) pq (where p=He is intelligent ; ‚ 4==5һе.1з beautiful). 
(d) pq (where p=Ice is cold ; q—10 is a prime). 

0) pq Gi) ра (ii) ра (v) Pip. q ® ра бі) p +. 
True for all statements p,q, г: (а).” 

False for all statements.p, q, r £ (b), (d), (7), (8). 

Sometimes true arid sometimes false : (с), (е)/ 
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Өз ка 


Ехексїве 10 (е) 
(дар (Мар (Ор>а (д4, g 


()р-а (fT >P : 
() 15 (1 (91 (20! (01 (f) 0. 


con RS 1 
1 т is greater than € then 6 is greater than 5; If 6 isnot 


greater than 5, then + is not greater {һап + HI i is not 


1 Ө Ч 
greater than е then 6 is not greater than 5; 6 is greater than 


5 but ES is not greater than 1, 
Exercise 10(/)- 


Мо. 5; [didn’t take tea іп the evening today. 


Exercise 10 (8) 
(хану) Qt -Ey) (c Еу); Oech y+ 2) Quz EX xy) | 
хуга -x'zd-y'z4-za. i 4 


iz, abd, 9'2 xy xz Hy “Бә уй. 


"Test Your Understanding X 


паа) 3. (OVI brinda (91525-49 


(a) 7. (b) 8. (d) 9. (a) 10. (b) 
Review. Exercise X 


(0) Some roses are not red. 

(b) It is not a rainy day. 

(с) Some men are liars. 

(d) 141511, : 

(a) Either Saurabh knows English or he is smart. 

(b) Saurabh knows English and he is smart. 

(c) Saurabh does not know English but he is smart. 

(d) Saurabh neither knows English nor he is smart. 
Exercise 11 (a) 


10, 1, 2) if we are no 
{[Wı, Pal, [Was РД, ГУУ» Pal, [Ws, Ра], [Wi Wal, ІР, P3), . 
where square brackets indicate the resu 


immaterial. a Hee ста > ° 
бе | € ^(f Q9), а 
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13, 4, 5, бее, 18). 


(а) {13, 14, —., 18). ОО тер, 
(а) {0, 1, 2,....., 9} or (x:0 € x « 99): 
(5) (51, 52, ...., 500} ; (с) fx: 10 «x < 490); 


(d) {0}; (е) (0, 1, ....., 500) ; (f) 4. 
Yes, if the number of sprouts belongs to the set (51, 52, ..., 99). 
No, the occurrence of either excludes the other. 
А-42, 4, 6}, В--(1, 3,5). Yes. 

Exercise 11 (5) 
A U B=At the most one radio-set is defective ; А (1 В--д. 
S={1, 2, ..., 105}; ~ E={53, 54, —, 105}; E N F={2, 4, 6, 
22 ‚ 52}; E U F={1, 2, 3, —, 51, 52, 54, 56, ..., 102, 104). 
(а) Yes, Бесапвс А (Y В--%. 
(0) No, because E U F Æ S in аз much as 4 & S. 
$—5(52,3, -, 8): ~ A={1, 2,3}: ~ B={3, 4, —, 8); 
AN B=4;A U B-S ~ {3}; (Ау В--В--(1, 2}; 
(~A) U B=~A. A N Band each of the other events listed 
are mutually exclusive; also, ~B and (cA) (1 В аге mutually 


exclusive. ~A and ~B are exhaustive; ~A and A U B are 
exhaustive =B and A U В are exhaustive and so are ~B and 


^B, as well as ~B and (~A) U B А U B and (~A) U Bare 


exhaustive. 
` > Exercise 11 (с) 
@ x &) 2 a9 og (0 i 
(a) 4 (b) ЕЭ (©) T 
(0- in E tuae 
S (9s Vo wy рны 
JO ш 920 ёр 
Miss өмс 
< (b) hee A 5 


ME хүр, 
З a prep O I—p:p. 


ee С “ЕЙ ыы аға а 2 


Exercise 11 (4). 
(b) 02, (с) 0°5, 
(b) 056, (с) 07, 
(f). 04. 


0'6, 
07, 
0:3, 


Nw 


ANSWERS 
(а) 
(а) 
«s 46) 
1 iy 5 
оф из 
5 a i Me 
TAA 8. 0:95. 9. 06. 
10. (0) 04, (b) 077. n 
: Exercise;ll (е) 
0 (t 
2: 
5. Y 
| 8. 


6 


Also, (a). is P. (A | Ву and. () 1в.Р (BA). д 
3, 0°52:арргок. ^ 


(а), (b), (d) 92, (c) 01.7 
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4 ye 128077 
663 3M 7. 0:21 approx. ( 
66 200 1 ! 
(а) 149 > (5) 147. 969. 10. 7. 
Exercise 11(/) 
1. () 012, "Gi 018, (Ші) 058, (iv) 042, 
2. (a) 001, (b) 001. 
3. (а) ee (b) as (с) 07001, (4) 0°729. 
4. Р(Ау- j and P (B 4 ог else Р(4)- i and P B= 
PN not. 
5. Dinesh, Naresh + each ; Suresh * 6. 08645. 
7. 070256. 9. 075. 10. 0 Gi) 2. 
25 Бен үй MN 
11. 36. n. 0:525. 13 a SUN 14; 3 
37 dde b 
| 16. 280 17. 287 И ad 
Test Your Understanding XI ar 
1. (4). 2: (а). 3.) (с): £ 4, (d). Every superset of a 
sample space 15: ‘also a sample єрасс, 5. (d). 6. (a). 
7. (5). 8. (с). 9. (c). 10. (b). ТІ? (o. 
12. (с), 13. (a)....4.. (с). 2145. (©). 16. (d). . 
11. (a). 18.0 Ab), GD. (5). 
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еган 


76% 100 
+ 0:08 approximately ( 1900: (3) ) 
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Review Exercise XI 
Si is a sample point whereas {Si} is an elementary event. 
10--т). 3 
Aisthe event that the red die shows a 4 and B is the event 


that the number on each die is greater than 2. (a) А N B is 
the event that the red die shows a4 and the green die a 


number greater than 2. (5) P (jet. Р(В)- 2. 
P(A п B)= y P(A Ug B)= 1. 
The data are insufficient. 


(a) Independent. (5) Independent if the first marble is replaced 
before the second is drawn; not independent. otherwise. 
(c) Not independent but pairwise independent, 


1 1 1 
(а) sae (5) 3 (с) a 
4/2 H. 
112 i ex 
1/2 
F T 
219 
: 79 1/2 H 
T $ 
Ls 7/3 3 
D eH ы TEM. gea 


Here F denotes the fair coin and D the one that has a head on 
both sides. 


Yes. The events in (a), (5) and (c) are mutually exclusive and 
exhaustive. Hence the third Probability can be obtained by 
subtracting the sum of the first two from 1. 

1 


3 
0'01 (0:02, 0:03,......, 0:09, 0*1, 009......., 0°01 respectively), 
1 
(а) May be’; but not because tlie elements are listed in diffe- 
| Tent orders. Order of elements in listing a set is immaterial, 


PERS 
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14. 


17. 


18. 


20. 


22. 


(b) Yes. If S is one sample space, so are S U T, T being 
апу set, (с) No. $ (the impossible) and (а, b, с) (the sure) 
events have not been listed. (4) The doctor is misleading the 


patient ; the probability of his dying from this disease is 2. 


and по40; the events of various patients dying from the 
disease in question being independent. (e) No and no; the 
ratio of boys and girls will remain the same, no matter what 
the number of children, the tribe being a big one. (f) The 
probability of survival of the cancer patient from cancer is 


E Finally every one must die. 


10 
1 БУ 2 22 
(4) T (ii) 5i 15. ч 16. 18 
188 11 48 
(9 ж O 55" 60% 
881 090! 1922.951: 8011 
1001: 781 - jo0r 851 


(а) The sample spaces on which the events are defined are 
different in the two cases, (It is like solving two quadratic 
equations in x, getting x=1, 2 say for one and x=3, 4 say for 
the other and then saying — how can 1,2 be the same as 3, 
49 (b) the argument — probability of getting at least one 


six in four throws is 4. T — is fallacious. You can add the 


probabilities only if the events are mutually exclusive etc. 
(c) Same argument as.in(b). Тһе correct probability is 


491 < + and that is why De Mere's expectation was falsified 
in practice. s 


25, the probability being "506 approximately. Yes; 25 or 
more. 


Exercise 12 (a) 


942 


2. 


6 
8. 


9; 


~ The customer stands to lo: 
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°° "Exercise 12 (9): 


(а) 0:9688; 20587; 143483, 3 an 
(5):00:5:::825::1511 724: 135; 2:02 approx: 
5. To lose. 


| (©) dipq:pq с 
{ 7. 35;300. 


1125 paise. 
dide porcus р 
274 $2 2. | 
56 on ап average Rs. 5:26 2387 
the long run. ee per bet in 
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10., 
Exercise 12 (c) 
57 , (5 \ 
1 21 6 а) (2), (Б) “0087. 3. 0:9375. 4. 0-784, 
400, x) 
“Ч ese) (S 
6. (a) 


7. (a) 03292, (Б). 00823, (c) 00878. 


! 9. 1523x279 ; ; 
10. (i) (97), (й) 3(97%, (ш) 4950 (03) (:97)%, 
11. 05. 2 ; | 
12. 


13. Мсеап--1000; profit=Rs. 2000 > advertisement cost, Hence 
E 

14, :0:866.- 

15. vo ; student made a mistake somewhere, because variance 
16 > 12, the mean. It should bê the „other way. 4 and 12 
cannot be the mean and S.D. ofa binomial distribution in any 
order. [Why ?] 
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1. 
Үй 
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Test Your Understanding XII 
(0). 2. (дс 3. (a). 4.104). 5. (с). 6. (b). 
(c... 8. (4). 9. (c). 10. (d) 1. (c) 


Review Exercise XII 


Yes. 


No ; trials are not independent. Probability of a day. being a 


rainy day increases if this day follows a rainy day. 


0:1692, approx. 11. 3. 12. 0:5; n[2m i, ! 
G) 02461, (8) 04102. r SS 
2-22... Exercise 13 (a) 


| 
l 
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Тһе aptitude index of the employees for their job and their 
‘output respectively. 


48, (a) 


220115: 


X | 5 6 
| Y | 3.67] 3.78| 471| 481 


M * 
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15| 16 | 17 | Totals 


ки ЕГЕТТЕ өш 


(6) 


De O аа е 
ЛЫМИ 088 07) 


ЕЛЫ ES ШИ ША Rc 
ТН ТТТ: 


ШЕЛЕК 


11 |10 |11.5111 |14113 
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10. 
12. 


(e) Yes; the dots form sort of a band. Several straight lines 
can be drawn close to most of the points because close is 
quite vague. Wait till you reach the last scction of the 
chapter ; case would not be so vague then. 

Х--11:53, Ү--10:06, ox —407, ov—3:42. No, the dots are 

still close to a line. All lines close to these dots have nearly 

the same slope which is the same as that for exercise 6 above; 
Exercise 13 (b) ` 3 


те bir, (4) 4, (e —, T 
Кок. апы) Т ФЕ? (2) 4.08) 0, as per 


No. 3. Positive. 

Perfect positive correlation. 

Positive correlation. ` 6. < —°33 5,598 5: 13/196: 
:69. 8. 52. ( 
195. ; 10. “44. 

—'16. 14. 221. 

75. 


Test Your Understanding XIII 
(4).. 2. (d). 3. (5). AAC) 58 180 (8); 


(d). 7. (a). `8. (с), for all the parts. 9. (c). 
(c). 11. (c). 12. (4). : 13. (d). 
(а). 15. (с). 

Review Exercise XIII 
“98, 2. 81. 3. 769. 4. 092: 
0:78. 6. 0:4. Take N=40 ‘and Xx?--236. 
(a) Yes; curvilinear. (0). Considerably. smaller 
(с) Мо.. (4) Үез. (e) (i) —`06,, (ti) —'91, 
(tii) 185... “ж 
[г would be small even for strong relationship unless the rela- 
tionship is linear.] D 
(а) YEs 0 : 000 


(a) False (Е). The pairs of values.must relate {о the same 
unit of observation. 
(b) F. т will be low when the relationship is curvilinear. . 
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(с) F. It would be zero. 

(d) Not curvilinear but linear. 

(e) Е. Larger values of X are associated with smaller values 
о 


(f) Not necessarily. 
(g) Higher, not lower. 
(h) False. 
(i) F. If gives the mean of the various values of Y correspon- 
ding to the given value of X, 
(J) F. It is used to predict Y from X. 
(k) True. 
Exercise 14 (a) 


« 


All are false. ‘ 
10, 100 1000, 10000, 100000, 111, 1010, 1111, 10100. 
By 13: ІР 13 16: | 
(i) 1111, (й) 10111, (iii) 10100. | 
3. у М 15. 4. t 1 
Information is processed data: 
Exercise 14 (c) 
(c) and (4). 2. (b), (c) and (d). d | 
(a) to (d) at the time of problem-analysis ; | 
(е) while writing the algorithm and ( f) while looking for a 
method of solution. 
({(SP, СР), SP— СР}, (А,, As, Aa’, А,”) where Ae (SP—CP) ; 
Аз €» (loss is CP—SP) when SP—CP < 0, А”; + (no loss no 
gain) when SP—CP=0, А”, <> (profit is SP—CP) if 
SP—CP>0. Answer not unique. 
Calculates the maximum M of N given number ЕП), «- : 
КІМІ and tells which of these (Jth) is the maximum. 
(а) А and B would be interchanged. 
(b) Both A and В have the same value as B. 
"Test Your Understanding XIV 


(d). 2. (0). 3. (с). 4. (b). 5. (b). ! 
(г). 7. (0). 8. (с). 9. (с). 10. (4). 
Exercise 15 (a) 

(а) 37961, (Ьу) 200095. (с) (0079, (d) —'151. 

(e). -33149. (f) —5496. 
(a) 2. (b) 4. (с) —2. (4) 1. 
(e =3. (7) —4. 


Sw 
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3. (а) 37961. (Б) 20009'5. (с) “000079. (4) —151. 
(e) — 033149. (f) — 5496. 
4. (а) ‘3742684. (b) °374265E 4 (c) 1:2345Е4. 
(d) *00012345E4. (e) --0012345Е4. 
(f) *12345E4. 
5. (a) 3742600E—3 (b) 3742650E—3. 
(c) 12345000E —3. (d) 1234:5Е--3. 
(е) —12345E—3. (f) 1234500E—3. 
6. (a) 12:34E—3. (b) 12:34E—2. 
(с) 12:34Б1. (4) 12:34Е0. 
(е) 12:34E1. (f) 12:34Е2. 
(g) 12°34E3. (л) 12:34E4. 


7. (a) '372E8. (Б) '3I2ES. (с) :3765E—3. (d) "999810. 
(е) `1234Е4. (f) '57E—2. (в) ЇЕ l. ` (h) 2345E0. 
(УНСУЗ + 


sw [+ [e slal sl +| 1|2 | 


e pe ebsites] +f i]s | 
ө йо таре ре 
e opereque pe ow] ый ә 


(е) ҒЫНА ЕИ 


in О ИШИ e OEE АЛ ШІ 


25911Е--09 and —359'79E—2, the respective errors being 
‘1E 8(=107) and -- 9Е--3(----"009) or "004% and ‘09% upto 
three places of decimal. 


Exercise 15 (5) 
1 (a) `9999Е10. (b) `8888Е19. 
(с) `6678Е5.. (d) :8899E4. 


(е) '3665Е —5. : (f) °8772E—4. 
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(е) “176E—5. (A) °7374E—6. 

(i) `9887Е1. (Л) `6710Е2. 

(К) *8808E3. (4) *9801EI. 

(m) 71429Е8. (n) *159E6. 

(о) `1079Е95. (р) —`8605Е7. 

(с) `66781Е5. (d) `889911Е4. 

(е) *17608E— 5. (А) *737413E —6. 

(i) *988765E1. (Л *6710365E2. 

(К) '88089996E3. (J) *9801007342E1. 

(т) `14294Е3. (n) 15904E6. 

(о) *107912E95. 

(d) and (f). 3 

Exercise 15 (d) 

_ (a) “628Е6. (b) °127E8. (c) *679E—1. 
(d) Overflow. (e) Underflow. (7) “273Е0. 


All would change. (a) '62868E--06. 

Exercise 15 (е) 
2347, 2457, 1120, 1256, 1246, 1232, 1263, 1263, 1266, 
1266, 1260, 4270, 4268. 
3798, 4:568, 2:091, 291, 2:998, 2:666, :746, “846, “667, 
*555. 


Correct. 


Exercise 15 ( f) 
00982, “00451, “002956, :0076. 
:0004, “0002. :0005, “0005. For 37984 and 7:9125. 
35800, 26400, 31000, 4000, 
(a). —87, —1, —9, —2. (b) 87, 1, 9, 2. 


(c) Rounded off to 3 decimal places '243E—2, :379E—4, 
‘29E—3, '5b—3. 


(d) '243, *379E—2, ‘29E—1, “5Е--. 
Exercise 15 (g) 
(а) —'9. (b) —*3. (с) 79'18. (d) 0. (е) 33. 
7006 for both parts. 3. :0501 for both. 
With an error bound *5 cm for each. 
Exercise 15 (h) 


(a) `5265Е2, :5264E2. True value 52:654. The first. 
(b) :3841Е4, :3842Е4. True value 38411107. The first, 
'416E—2, “4166Е-2. The latter. 
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Ls 


ы» 


a 


9; 9991. True value 8:9991. The first output is less in error 
(because fewer operations were performed). 
"08, "0796. The latter. 
(а) *56E—1, :5574E— 1. (b) '4E—1, '4l74E—1. 
(c) '45E—2, :4509E—2. (d) "1E—1. ШІ) 
Inherent. 
Exercise 15 (i) 
(a) 7°39. (b) 1272. (c) 245, (а) 406. 


(а) 0°841. (b) —0°416. (с) 0863. (4) 0943. 
(е) Same аз for sin 3. 

(а) 0°650. (b) —0°506. (c) 0154. (d) —0°858. 
(a) “1823. (5) 70296. (с) —'6931. (d) '6931. 
No : 10986. 


Exercise i5 (j) 
(a) 1 and 2. (b) Oand1;1 and 2. (c) 2and 3, 
1:3. 4. (а) 209. (b) 2:38. (c) 2:96. 
(d) 2:16. 5. 73984, 
Exercise 15 (К) | 
(а) 2:706. (5) 2:620. (с) 1731. (d) 1:324. 
1406. к TEM 4. 105, 5. `588. 
Exercise 15 (1) 
(a) 1:813. (b) 1817. (с) 1856. (d) 4'264. 
(е) 2104. (f) 1325. 
177320, 2:2360, 2:6458. 4. 277984. `5, 5511. 
Exercise 15 (m) 
(а), (b) and (с). ` 2. Interchange first and second equa- 
tions for (a), and first and third for (b). 
(a) х1=1, x,—2. (b) х=`79, у=`70. 


(c) х= Ха--2, Хаз---1. 

(4) х,=2`56, хаз-1:72, xs=—1°06. 

Magnitude of the coefficient of the pivoted ‘variable should be 
greater than or equal to the sum of the magnitudes of the 
coefficients of the remaining variables, with at least one 
inequality being strict. 

хї=4615, x,—8461, x4—9231, ха--84 61, ху=46'15. 
Lesser iterations are required. 
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Exercise 15 (n) j 
(а) 0:696. (b) 07782. (c). 07771. (d) 114. 
The actual values are respectively 0:693, 0:7854, z/4 and 1:0. 


(a) 177683, (с) 1:7728, (с) 1:7904.. The respective 
errors are —0:0013, -0:0058, -—0:0234. The first. 


23:9944, —0'08, 4. (4) 0708, (b) 0:697, 


(c) 0:694. Actual value 0:693 to three decimal places. Errors- 
0:015, 0:004 and 0001. : 


(а) 0694, (Б) 0:693, (c) 01693. Simpson's rule; it 
converges earlier. 


Test Your Understanding XV 


12) 2. (5). 3. (о). 4. (b. 
(a). 6. (4). 7. (e). 8. (c). 
(a). 10. (b). 11. (c). 12. (4). 
©. м. (0). 15. (а). 16. 0). 


Review Exercise XV 


51252142. (а) n | 


Cie ENG ЕСТЕ ET: ИНЕ leg ше” 
Inherent, 5. 1342. 6. 2272. 7.4-3, —2] 
(0, П and (2, 31. 8. 14142: ` 9. 179999, 
0:6071, 12. 177483, 

Rounded off to two decimal places, x=2°12, y=14, 
2—3'06. 15. Only (с). i 
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TABLES AND APPENDICES 


Table 1 Values of Trigonometric Functions 
Table 2 Common Logarithms 
Table 3 Four-place Logarithms of Values.of Trigonometric 
Functions 
| Table 4 Squares and Square Roots 


Table 5 Cubes and Cube Roots 
Appendix 1 Binomial Probabilities 
Appendix 2 Binomial Coefficients 
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: 1 SIDDHANTA 
IRST PRINTED EDITION OF THE SURYA 
Po ier India, c. 1867. This is the oldest Hindu work on astronomy 
The earliest trigonometric tables are the ones in Surya Siddhanta, 
A page from Surya Siddhanta giving values of sines is герго- 
duced above. The values given above are remarkably close to 


the modern values. 
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suy 998 259 us) 302 urs s09 эзчү 
„OL LEE.L 600.1 69c.L 91£1. 1066. ӘТ. 105 
112 96v.L 600.1 6+. Over. 1166. veel. ov 
E 199.2 600.1 965.1. LIEIL #166. SOET. 0£ 
0% vt8.L 800.1 OLL.L 1801. 8166. 9171.- 02 
05 910.8 800.1 666.1. ша. 2266. үс. 401 
100.8 902.8 800.1 Т.З SCI. <266. бісі. 00, 
at S0v.8 100.1 Svt.8 8611. 6266. 0611. 909$ 
0с 9198 100.1 9$$.8 691T. 2566. TOIT. ov 
06 568.8 900.1 шз бет. 9666. ап. Ж 
4% $90.6 900.1 010.6 опт. 6666. EOF. 10 
06 606,6 900.1 <22.6 0801. T66. LOT. at 
0098 195.6 900.7 vIS.6 1507. Sv66. Spot. (099 
jor 6Е8.6 500.1 88L.6 1701. 3766: 9101. 105 
© €T.01 $00.1 80.01 7660. 1566. 1860. v 
е 1514 500.1 66.01 £960. ¥S66. 8560. 10 
1% 94.01 ғ00.1 TL.01 ¥£60. 1666. 6760. 106 
105 ог #00.1 90.11 #060. 6566. 1060. 101 
0058 ПА 700.1 сул! 5180. 2966. 2180. (00,5 
Al 8,11 700.1 8.17 9980. $966. £v80. 10S 
0 144) £00.1 50.01 9180. 1966. 9180. 409 
06 254 £00.1 IL eI 1810. 6966. 8810, 13 
E ЄС.Є1 £00.1 02.61 85/0. 1166. 9510. 02 
105 91.1 £00.1 £L.£T 6210. #166. 1510. 101 
100,98 те ©00.1 06.91 6690. 9/66. 8690. 00.7 
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401 02.5 810.1 922,5 216 
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1. Strictly according to the new C.B.S.E. syllabus. 

2. Simple yet rigorous exposition. 

3. (i) Contains short biographical notes and portraits of famous 
mathematici. 


(4) Graded exercises, summary, review exercise and | 
historical notes in each chapter. 


(ili) Selected questions set at CBSE, IITJEE, AIIMS, Roorkee 
Ent. Tests, etc 
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